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AUTHOR'S  PREFACE 

This  book  contains,  with  slight  variations,  the  material  given  in 
my  course  at  the  University  of  Paris.  I  have  modified  somewhat 
the  order  followed  in  the  lectures  for  the  sake  of  uniting  in  a  single 
volume  all  that  has  to  do  with  functions  of  real  variables,  except 
the  theory  of  differential  equations.  The  differential  notation  not 
being  treated  in  the  <<  Classe  de  Math^matiques  sp^iales,"  *  I  have 
treated  this  notation  from  the  beginning,  and  have  presupposed  only 
a  knowledge  of  the  formal  rules  for  calculating  derivatives. 

Since  mathematical  analysis  is  essentially  the  science  of  the  con- 
tinuum, it  would  seem  that  every  course  in  analysis  should  begin, 
logically,  with  the  study  of  irrational  numbers.  I  have  supposed, 
however,  that  the  student  is  already  familiar  with  that  subject  The 
theory  of  incommensurable  numbers  is  treated  in  so  many  excellent 
well-known  works  t  that  I  have  thought  it  useless  to  enter  upon  such 
a  discussion.  As  for  the  other  fundamental  notions  which  lie  at  the 
basis  of  analysis,  —  such  as  the  upper  limit,  the  definite  integral,  the 
double  integral,  etc.,  —  I  have  endeavored  to  treat  them  with  all 
desirable  rigor,  seeking  to  retain  the  elementary  character  of  the 
work,  and  to  avoid  generalizations  which  would  be  superfluous  in  a 
book  intended  for  purposes  of  instruction. 

Certain  paragraphs  which  are  printed  in  smaller  type  than  the 
body  of  the  book  contain  either  problems  solved  in  detail  or  else 

*Aii  interestiiig  aoconnt  of  French  methods  of  instruction  in  mathematics  will 
be  found  in  an  article  by  Pierpont,  BuUetin  Amer.  Math.  Society,  Vol.  VI,  2d  series 
(1900),  p.  225.— Trans. 

t  Such  booka  are  not  common  in  English.  The  reader  is  referred  to  Pierpont, 
Theory  of  Functions  of  Real  Variablea,  Ginn  &  Company,  Boston,  1906;  Tannery, 
Let;on8  d*arithtnitique,  1900,  and  other  foreign  works  on  arithmetic  and  on  real 
fanctioDs. 
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supplementary  matter  which  the  reader  may  omit  at  the  first  read- 
ing without  inconvenience.  Each  chapter  is  followed  by  a  list  of 
examples  which  are  directly  illustrative  of  the  methods  treated  in 
the  chapter.  Most  of  these  examples  have  been  set  in  examina- 
tions. Certain  others,  which  are  designated  by  an  asterisk,  are 
somewhat  more  difficult.  The  latter  are  taken,  for  the  most  part, 
from  original  memoirs  to  which  references  are  made. 

Two  of  my  old  students  at  the  !6cole  Normale,  M.  !6mile  Cotton 
and  M.  Jean  Clairin,  have  kindly  assisted  in  the  correction  of  proofs ; 
I  take  this  occasion  to  tender  them  my  hearty  thanks. 

E.  QOURSAT 
Jandaby  27,  1902 


TKANSLATOK'S  PKEFACE 

The  translation  of  this  Coarse  was  undertaken  at  the  suggestion 
of  Professor  W.  F.  Osgood,  whose  review  of  the  original  appeared 
in  the  July  number  of  the  Bulletin  of  the  American  Maihematvoal 
Society  in  1903.  The  lack  of  standard  texts  on  mathematical  sub- 
jects in  the  English  language  is  too  well  known  to  require  insistence. 
I  earnestly  hope  that  this  book  will  help  to  fill  the  need  so  generally 
felt  throughout  the  American  mathematical  world.  It  may  be  used 
conveniently  in  our  system  of  instruction  as  a  text  for  a  second  course 
in  calculus,  and  as  a  book  of  reference  it  will  be  found  valuable  to 
an  American  student  throughout  his  work. 

Few  alterations  have  been  made  from  the  French  text.  Slight 
changes  of  notation  have  been  introduced  occasionally  for  conven- 
ience, and  several  changes  and  additions  have  been  made  at  the  sug- 
gestion of  Professor  Croursat,  who  has  very  kindly  interested  himself 
in  the  work  of  translation.  To  him  is  due  all  the  additional  matter 
not  to  be  found  in  the  French  text,  except  the  footnotes  which  are 
signed,  and  even  these,  though  not  of  his  initiative,  were  always 
edited  by  him.  I  take  this  opportunity  to  express  my  gratitude  to 
the  author  for  the  permission  to  translate  the  work  and  for  the 
sympathetic  attitude  which  he  has  consistently  assumed.  I  am  also 
indebted  to  Professor  Osgood  for  counsel  as  the  work  progressed 
and  for  aid  in  doubtful  matters  pertaining  to  the  translation. 

The  publishers,  Messrs.  Ginn  &  Company,  have  spared  no  pains  to 
make  the  typography  excellent  Their  spirit  has  been  far  from  com- 
mercial in  the  whole  enterprise,  and  it  is  their  hope,  as  it  is  mine, 
that  the  publication  of  this  book  will  contribute  to  the  advance  of 
mathematicB  in  America.  ^  j,  HBDKICK 

August,  1004 
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CHAPTER  I 

DERIVATIVES  AHD  DIFFERENTIALS 

L  FUNCTIONS  OF  A  SINGLE  VARIABLE 

1.  Limits.  When  the  successive  values  of  a  variable  x  approach 
nearer  and  nearer  a  constant  quantity  a,  in  such  a  way  that  the 
absolute  value  of  the  difference  x  —  a  finally  becomes  and  remains 
less  than  any  preassigned  number,  the  constant  a  is  called  the 
limit  of  the  variable  x.  This  definition  furnishes  a  criterion  for 
determining  whether  a  is  the  limit  of  the  variable  x.  The  neces- 
sary and  sufficient  condition  that  it  should  be,  is  that,  given  any 
positive  number  c,  no  matter  how  small,  the  absolute  value  of  a;  —  a 
should  remain  less  than  c  for  all  values  which  the  variable  x  can 
assume,  after  a  certain  instant. 

Numerous  examples  of  limits  are  to  be  found  in  Geometry 
and  Algebra.  For  example,  the  limit  of  the  variable  quantity 
x  =  (a*  —  m") / (a  —  m),  as  m  approaches  a,  is  2 a ;  for  x  —  2a  will 
be  less  than  c  whenever  m  —  a  is  taken  less  than  c.  Likewise,  the 
variable  «  =  a  —  1  /n,  where  n  is  a  positive  integer,  approaches  the 
limit  a  when  n  increases  indefinitely ;  for  a  —  a:  is  less  than  c  when- 
ever n  is  greater  than  1/c.  It  is  apparent  from  these  examples  that 
the  successive  values  of  the  variable  x,  as  it  approaches  its  limit,  may 
form  a  continuous  or  a  discontinuous  sequence. 

It  is  in  general  very  difficult  to  determine  the  limit  of  a  variable 
quantity.  The  follovnng  proposition,  which  we  will  assume  as  self- 
evident,  enables  us,  in  many  cases,  to  establish  the  existence  of  a  limit. 

Ani/  variaJble  quantitj/  which  never  decreases,  and  which  always 
remains  less  than  a  constant  quantity  L,  approaches  a  limit  I,  which 
is  less  t/ian  or  at  most  equal  to  L. 

Similarly,  any  variable  quantity  which  never  increases,  and  which 
always  remains  greater  than  a  constant  quantity  //,  approaches  a 
Hmit  I',  which  is  yreater  than  or  else  equal  to  L'. 
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For  example,  if  each  of  an  infinite  series  of  positive  terms  is 
less,  respectively,  than  the  corresponding  term  of  another  infinite 
series  of  positive  terms  which  is  known  to  converge,  then  the  first 
series  converges  also;  for  the  sum  2.  of  the  first  n  terms  evidently 
increases  with  n,  and  this  sum  is  constantly  less  than  the  total  sum 
5  of  the  second  series. 

2.  Functions.  When  two  variable  quantities  are  so  related  that 
the  value  of  one  of  them  depends  upon  the  value  of  the  other,  they 
are  said  to  be  functions  of  each  other.  If  one  of  them  be  sup- 
posed to  vary  arbitrarily,  it  is  called  the  independent  variable.  Let 
this  variable  be  denoted  by  x,  and  let  us  suppose,  for  example, 
that  it  can  assume  all  values  between  two  given  numbers  a  and  b 
(a  <  b).  Let  y  be  another  variable,  such  that  to  each  value  of  x 
between  a  and  by  and  also  for  the  values  a  and  b  themselves,  there 
corresponds  one  definitely  determined  value  of  y.  Then  y  is  called 
a  function  of  x,  defined  in  the  interval  (a,  b) ;  and  this  dependence 
is  indicated  by  writing  the  equation  y  =if(x).  For  instance,  it  may 
happen  that  y  is  the  result  of  certain  arithmetical  operations  per- 
formed upon  X,  Such  is  the  case  for  the  very  simplest  functions 
studied  in  elementary  mathematics,  e.g.  polynomials,  rational  func- 
tions, radicals,  etc. 

A  function  may  also  be  defined  graphically.  Let  two  coordinate 
axes  OXf  Oy  be  taken  in  a  plane ;  and  let  us  join  any  two  points  A 
and  B  of  this  plane  by  a  curvilinear  arc  A  CB,  of  any  shape,  which 
is  not  cut  in  more  than  one  point  by  any  parallel  to  the  axis  Oy, 
Then  the  ordinate  of  a  point  of  this  curve  will  be  a  function  of  the 
abscissa.  The  arc  A  CB  may  be  composed  of  several  distinct  por- 
tions which  belong  to  different  curves,  such  as  segments  of  straight 
lines,  arcs  of  circles,  etc. 

In  short,  any  absolutely  arbitrary  law  may  be  assumed  for  finding 
the  value  of  y  from  that  of  x.  The  word  function,  in  its  most  gen- 
eral sense,  means  nothing  more  nor  less  than  this :  to  every  value  of 
X  corresponds  a  value  of  y, 

3.  Continuity.  The  definition  of  functions  to  which  the  infini- 
tesimal calculus  applies  does  not  admit  of  such  broad  generality. 
Let  y  =f(x)  be  a  function  defined  in  a  cei'tain  interval  (a,  b),  and 
let  Xq  and  x^  4-  h  be  two  values  of  x  in  that  interval.  If  the  differ- 
ence/(iCo  4-  h)—f(xo)  approaches  zero  as  the  absolute  value  of  h 
approaches  zero,  the  function  f(x)  is  said  to  be  continuous  for  the 
value  Xq,     From  the  very  definition  of  a  limit  we  may  also  say  that 
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a  function  f(x)  is  eontinuotis  for  x=iXoif,  corresponding  to  every 
positive  number  c,  no  matter  how  small,  we  can  find  a  positive  num* 
her  7,  such  that 

for  every  value  of  h  less  than  rf  in  absolute  value,*  We  shall  say  that 
a  function  f(x)  is  continuous  in  an  interval  (a,  b)  if  it  is  continuous 
for  every  value  of  x  lying  in  that  interval,  and  if  the  differences 

each  approach  zero  when  h,  which  is  now  to  be  taken  only  positive, 
approaches  zero. 

In  elementary  text-books  it  is  usually  shown  that  polynomials, 
rational  functions,  the  exponential  and  the  logarithmic  function, 
the  trigonometric  functions,  and  the  inverse  trigonometric  functions 
ai'C  continuous  functions,  except  for  certain  particular  values  of 
the  variable.  It  follows  directly  from  the  definition  of  continuity 
that  the  sum  or  the  product  of  any  number  of  continuous  functions 
is  itself  a  continuous  function ;  and  this  holds  for  the  quotient  of 
two  continuous  functions  also,  except  for  the  values  of  the  variable 
for  which  the  denominator  vanishes. 

It  seems  superfluous  to  explain  here  the  reasons  which  lead  us  to 
assume  that  functions  which  are  defined  by  physical  conditions  are, 
at  least  in  general,  continuous. 

Among  the  properties  of  continuous  functions  we  shall  now  state 
only  the  two  following,  which  one  might  be  tempted  to  think  were 
self-evident,  but  which  really  amount  to  actual  theorems,  of  which 
rigorous  demonstrations  will  be  given  later,  f 

I.  If  the  function  y  =f(x)  is  continuous  in  the  interval  (a,  b),  and 
if  N  is  a  number  between  f(a)  andf(b)y  then  the  equation  f(x)  =  N 
has  at  least  one  root  between  a  and  b. 

II.  There  exists  at  least  one  value  of  x  belonging  to  the  interval 
(a,  b)f  inclusive  of  its  end  points,  for  which  y  takes  on  a  value  M 
which  is  greater  than,  or  at  least  equal  to,  the  value  of  the  function  at 
any  other  point  in  the  interval.  Likewise,  there  exists  a  value  of  x 
for  which  y  takes  on  a  value  m,  than  which  the  function  assumes  no 
smaller  value  in  the  interval. 

The  numbers  M  and  m  are  called  the  maximum  and  the  minimum 
values  of  f(x)f  respectively,  in  the  interval  (a,  b).     It  is  clear  that 

*  The  notation  |  a  |  denotes  the  absolute  value  of  a. 
t  See  Chapter  IV. 
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the  value  of  x  for  which /(a;)  assumes  its  maximum  value  M,  or  the 
value  of  X  corresponding  to  the  minimum  m,  may  be  at  one  of  the 
end  points,  a  or  h.  It  follows  at  once  from  the  two  theorems  above, 
that  if  iV  is  a  number  between  M  and  m,  the  equation /(as)  =  N  has 
at  least  one  root  which  lies  between  a  and  h, 

4.  Examples  of  diacontinttities.  The  functions  which  we  shall  study 
will  be  in  general  continuous,  but  they  may  cease  to  be  so  for 
certain  exceptional  values  of  the  variable.  We  proceed  to  give 
several  examples  of  the  kinds  of  discontinuity  which  occur  most 
frequently. 

The  function  y  =  l/(a;  —  a)  is  continuous  for  every  value  x^  of 
X  except  a.  The  operation  necessary  to  determine  the  value  of  y 
from  that  of  x  ceases  to  have  a  meaning  when  x  is  assigned  the 
value  a ;  but  we  note  that  when  x  is  very  near  to  a  the  absolute 
value  of  y  is  very  large,  and  y  is  positive  or  negative  with  a;  —  a. 
As  the  differqice  x  —  a  diminishes,  the  absolute  value  of  y  increases 
indefinitely,  so  as  eventually  to  become  and  remain  greater  than  any 
preassigned  number.  This  phenomenon  is  described  by  saying  that 
y  becomes  infinite  when  x^^a.  Discontinuity  of  this  kind  is  of 
great  importance  in  Analysis. 

Let  us  consider  next  the  function  y  =  sin  1/x.  As  x  approaches 
zero,  1  /x  increases  indefinitely,  and  y  does  not  approach  any  limit 
whatever,  although  it  remains  between  + 1  and  —  1.  The  equation 
sin  l/x=i  A,  where  |  ^1 1  <  1,  has  an  infinite  number  of  solutions 
which  lie  between  0  and  c,  no  matter  how  small  c  be  taken.  What- 
ever value  be  assigned  to  y  when  a;  =  0,  the  function  under  con- 
sideration cannot  be  made  continuous  for  x  =  Q. 

An  example  of  a  still  different  kind  of  discontinuity  is  given  by 
the  convergent  infinite  series 

When  X  approaches  zero,  S(x)  approaches  the  limit  1,  although 
5(0)  =  0.  For,  when  as  =  0,  every  term  of  the  series  is  zero,  and 
hence  S  (0)  =  0.  But  if  a;  be  given  a  value  different  from  zero,  a 
geometric  progression  is  obtained,  of  which  the  ratio  is  1/(1  -f  x% 
Hence 

5(.)  =  _f!_  =  ^!(l±fl)  =  l4-.«; 
1  -      1  aj«  ^      ' 
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and  the  limit  of  S(x)  is  seen  to  be  1.  Thus,  in  this  example,  the 
function  approaches  a  definite  limit  as  x  approaches  zero,  but  that 
limit  is  different  from  the  value  of  the  function  for  x  =  0. 

5.  DeriTfttiyee.   Let /(a;)  be  a  continuous  function.     Then  the  two 

terms  of  the  quotient 

f(x  +  h)^f(x) 

h 

approach  zero  simultaneously,  as  the  absolute  value  of  h  approaches 
zero,  while  x  remains  fixed.  If  this  quotient  approaches  a  limit, 
this  limit  is  called  the  derivative  of  the  function  /(x),  and  is  denoted 
by  y*y  or  by  /'  (x)^  in  the  notation  due  to  Lagrange. 

An  important  geometrical  concept  is  associated  with  this  analytic 
notion  of  derivative.  Let  us  consider,  in  a  plane  XOYy  the  curve 
AMB,  which  represents  the  function  y  =/(x),  which  we  shall  assume 
to  be  continuous  in  the  interval  (a,  b).  Let  M  and  M^  be  two  points 
on  this  curve,  in  the  interval  (a,  6),  and  let  their  absciss®  be  x  and 
2  4-  A,  respectively.  The  slope  of  the  straight  line  MM*  is  then 
precisely  the  quotient  above.  Now  as  h  approaches  zero  the  point 
M*  approaches  the  point  A/;  and,  if  the  function  has  a  derivative, 
the  slope  of  the  line  MM*  approaches  the  limit  y*.  The  straight  line 
MM%  therefore,  approaches  a  limiting  position,  which  is  called  the 
tangent  to  the  curve.    It  follows  that  the  equation  of  the  tangent  is 

where  X  and  Y  are  the  running  coordinates. 
To  generalize,  let  us  consider  any  curve  in  space,  and  let 

be  the  coordinates  of  a  point  on  the  curve,  expressed  as  functions  of 
a  variable  parameter  t  Let  M  and  M*  be  two  points  of  the  curve 
corresponding  to  two  values,  t  and  f  +  A,  of  the  parameter.  The 
equations  of  the  chord  MM*  are  then 

f(f  +  h)  -f(t)      4,(t-\-h)-i,{t)      tlf(t  +  h)  -  ^(t) 

If  we  divide  each  denominator  by  h  and  then  let  h  approach  zero, 
the  chord  MM*  evidently  approaches  a  limiting  position,  which  is 
given  by  the  equations 

f'(t)      ^'(t)       ^*(t) 
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provided,  of  course,  that  each  of  the  three  functions /(^),  ^(^),  ^(t) 
possesses  a  derivative.  The  determination  of  the  tangent  to  a  curve 
thus  reduces,  analytically,  to  the  calculation  of  derivatives. 

Every  function  which  possesses  a  derivative  is  necessarily  con- 
tinuous, but  the  converse  is  not  true.  It  is  easy  to  give  examples 
of  continuous  functions  which  do  not  possess  derivatives  for  par- 
ticular values  of  the  variable.  The  function  y  =  ajsinl/x,  for 
example,  is  a  perfectly  continuous  function  of  x,  for  x  =  0,*  and  y 
approaches  zero  as  x  approaches  zero.  But  the  ratio  y/x  =  sin  1  /x 
does  not  approach  any  limit  whatever,  as  we  have  already  seen. 

Let  us  next  consider  the  function  y  =  xK  Here  y  is  continuous 
for  every  value  of  x ;  and  y  =  0  when  x  =  0.  But  the  ratio  y /x = sc~* 
increases  indefinitely  as  x  approaches  zero.  For  abbreviation  the 
derivative  is  said  to  be  infinite  for  x  =  0 ;  the  curve  which  repre- 
sents the  function  is  tangent  to  the  axis  of  y  at  the  origin. 

Finally,  the  function 

1 

y  = 1 

1  +  e^ 

is  continuous  at  x  =  0,*  but  the  ratio  y/x  approaches  two  different 
limits  according  as  x  is  always  positive  or  always  negative  while 
it  is  approaching  zero.  When  x  is  positive  and  small,  e^^"  is  posi- 
tive and  very  large,  and  the  ratio  y/x  approaches  1.  But  if  x 
is  negative  and  very  small  in  absolute  value,  e^^*  is  very  small,  and 
the  ratio  y/x  approaches  zero.  There  exist  then  two  values  of  the 
derivative  according  to  the  manner  in  which  x  approaches  zero :  the 
curve  which  represents  this  function  has  a  corner  at  the  origin. 

It  is  clear  from  these  examples  that  there  exist  continuous  func- 
tions which  do  not  possess  derivatives  for  particular  values  of  the 
variable.  But  the  discoverers  of  the  infinitesimal  calculus  confi- 
dently believed  that  a  continuous  function  had  a  derivative  in  gen- 
eral. Attempts  at  proof  were  even  made,  but  these  were,  of  course, 
fallacious.  Finally,  Weierstrass  succeeded  in  settling  the  question 
conclusively  by  giving  examples  of  continuous  functions  which  do  not 
possess  derivatives  for  any  values  of  the  variable  whatever.f  But 
as  these  functions  have  not  as  yet  been  employed  in  any  applications, 

*  After  the  value  zero  has  been  assigned  to  y  for  a;  =  0. — Translator. 

t  Note  read  at  the  Academy  of  Sciences  of  Berlin,  July  18, 1872.  Other  examples 
are  to  be  found  in  the  memoir  by  Darboux  on  discontinuous  functions  {Annates  de 
I'Ecole  Normaie  Sup^rieure,  Vol.  IV,  2d  series).  One  of  Weierstrass's  examples  is 
given  later  (Chapter  IX). 
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we  shall  not  consider  them  here.  In  the  future,  when  we  say  that 
a  function  f{x)  has  a  derivative  in  the  interval  (a,  6),  we  shall  mean 
that  it  has  an  uniqite  finite  derivative  for  every  value  of  x  between 
a  and  b  and  also  for  x  =i  a(Ji  being  positive)  and  for  x  =  b{h  being 
negative),  unless  an  explicit  statement  is  made  to  the  contrary. 

6.  Saooessive  deriTativM.  The  derivative  of  a  function  f(x)  is  in 
general  another  function  of  x,f*(x),  ltf*(x)  in  turn  has  a  deriva* 
tive,  the  new  function  is  called  the  second  derivative  of  /(x),  and  is 
represented  by  y"  or  by  f"(x).  In  the  same  way  the  third  deriva- 
tive y'",  or  f'"(x)y  is  defined  to  be  the  derivative  of  the  second,  and 
so  on.  In  general,  the  »th  derivative  t^'\  or  /^"^(x),  is  the  deriva- 
tive of  the  derivative  of  order  (n  —  1).  If,  in  thus  forming  the 
successive  derivatives,  we  never  obtain  a  function  which  has  no 
derivative,  we  may  imagine  the  process  carried  on  indefinitely.  In 
this  way  we  obtain  an  unlimited  sequence  of  derivatives  of  the  func- 
tion f(x)  with  which  we  started.  Such  is  the  case  for  all  functions 
which  have  found  any  considerable  application  up  to  the  present 
time. 

The  above  notation  is  due  to  Lagrange.  The  notation  D^y,  or 
D^f{x)y  due  to  Cauchy,  is  also  used  occasionally  to  represent  the 
nth  derivative.     Leibniz'  notation  will  be  given  presently. 

7.  Rolle's  theorem.  The  use  of  derivatives  in  the  study  of  equa- 
tions depends  upon  the  following  proposition,  which  is  known  as 
Rollers  Theorem: 

Let  a  and  b  be  two  roots  of  the  equation  f(x)  =  (?.  If  the  function 
f(x)  is  continuums  and  possesses  a  derivative  in  the  irUerval  (a,  6), 
ths  eqttationf'(x)  =.  0  has  at  least  one  root  which  lies  between  a  and  b. 

For  the  function  f(x)  vanishes,  by  hypothesis,  for  «  =  a  and  x  =  b. 
If  it  vanishes  at  every  point  of  the  interval  (a,  6),  its  derivative  also 
vanishes  at  every  point  of  the  interval,  and  the  theorem  is  evidently 
fulfilled.  If  the  function  f(x)  does  not  vanish  throughout  the  inter- 
val, it  will  assume  either  positive  or  negative  values  at  some  points. 
Suppose,  for  instance,  that  it  has  positive  values.  Then  it  will  have 
a  maximum  value  M  for  some  value  of  x,  say  Xi,  which  lies  between 
a  and  b  (§  3,  Theorem  II).     The  ratio 

/(a?i  +  A)-/fa) 
h  ' 
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where  h  is  taken  positive,  is  necessarily  negative  or  else  zero. 
Hence  the  limit  of  this  ratio,  i.e.  f^(xi),  cannot  be  positive;  i.e. 
/'(*i)S  0.     But  if  we  consider /'(aji)  as  the  limit  of  the  ratio 

fix. -h)^  fix,) 
-A 

where  h  is  positive,  it  follows  in  the  same  manner  that  /'(^)  ^  0. 
From  these  two  results  it  is  evident  that/'(asi)  =  0. 

8.  Law  of  the  mean.  It  is  now  easy  to  deduce  from  the  above 
theorem  the  important  law  of  the  mean:* 

Let  f(x)  be  a  continuous  function  which  has  a  derivative  in  the 
interval  (a,  b).     Then 

(1)  f(P)-n<^)  =  (J>-a)f{c), 

where  c  is  a  number  between  a  and  b. 

In  order  to  prove  this  formula,  let  ^  (x)  be  another  function  which 
has  the  same  properties  as  f{x),  i.e.  it  is  continuous  and  possesses  a 
derivative  in  the  interval  (a,  b).  Let  us  determine  three  constants, 
Ay  By  C,  such  that  the  auxiliary  function 

^{x)=  Af{x)Jt-  B^{x)'\-  C 

vanishes  for  x  =  a  and  for  x  =  b.  The  necessary  and  sufficient 
conditions  for  this  are 

Af(a)  +  B4,{a)^-  C  =  0,         Af(b)-\-Bft,(b)^-  C  =  0; 

and  these  are  satisfied  if  we  set 

A  =  4^(0)- 4^ (b)y        B  =f(b)  -/(a),      C  =f(a)  ^ (b) ^f(b) ^ (a). 

The  new  function  ^(x)  thus  defined  is  continuous  and  has  a  derivative 
in  the  interval  (a,  b).  The  derivative  ^'(x)  =  A  f'(x)  +  B  ^'(x)  there- 
fore vanishes  for  some  value  c  which  lies  between  a  and  6,  whence, 
replacing  A  and  B  by  their  values,  we  find  a  relation  of  the  form 

(!•)  i4>  (6)  -  «  (a)]  /'(«)  =  [/(6)  -  /(«)]  *'(4 

It  is  merely  necessary  to  take  ^  (x)  =  x  in  order  to  obtain  the  equality 
which  was  to  be  proved.  It  is  to  be  noticed  that  this  demonstration 
does  not  presuppose  the  continuity  of  the  derivative /'(a;). 


* "  Formule  des  accroissements  finis."  The  French  also  use  '*  Formale  de  la 
moyenne"  as  a  synonym.  Other  English  synonyms  are  "Average  value  theorem  " 
and  •'  Mean  value  theorem."  —  Trans. 
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From  the  theorem  just  proven  it  follows  that  if  the  deriyative 
f(x)  is  zero  at  each  point  of  the  interval  (a,  6),  the  function  /(«) 
has  the  same  value  at  every  point  of  the  interval ;  for  the  applica- 
tion of  the  formula  to  two  values  Xi,  x^  belonging  to  the  interval 
(a,  h)^  gives  f(xi)=f(z^.  Hence,  if  two  functions  have  the  same 
derivative,  their  difference  is  a  constant;  and  the  converse  is  evi- 
dently true  also.  J(f  a  fimetian  F(x)  be  ffiven  whose  derivtUive  ie 
/(x)f  <Ul  other  fimetiane  which  have  the  same  derivative  arefmmd  by 
adding  to  F{x)  an  arbitrary  constant.* 

The  geometrical  interpretation  of  the  equation  (1)  is  very  simple. 
Let  us  draw  the  curve  A  MB  which  represents  the  function  y  =/(x) 
in  the  interval  (a,  h).  Then  the  ratio  \_f(b)  —/(«)]/(*  —  a)  is  the 
slope  of  the  chord  AB,  while  f\e)  is  the  slope  of  the  tangent  at  a 
X>oiiit  C  of  the  curve  whose  abscissa  is  e.  Hence  the  equation  (1) 
expresses  the  fact  that  there  exists  a  point  C  on  the  curve  A  MB, 
between  A  and  B,  where  the  tangent  is  parallel  to  the  chord  AB, 

If  the  derivative  f'(x)  is  continuous,  and  if  we  let  a  and  b  approach 
the  same  limit  Xq  according  to  any  law  whatever,  the  number  e, 
which  lies  between  a  and  b,  also  approaches  Xq,  and  the  equation  (1) 
shows  that  the  limit  of  the  ratio 

b  —  a 

is  /'(^o)*  The  geometrical  interpretation  is  as  follows.  Let  us 
consider  upon  the  curve  y  ==f(x)  a  point  M  whose  abscissa  is  Xq, 
and  two  points  A  and  B  whose  abscissae  are  a  and  b,  respectively. 
The  ratio  [/(^) —/(«)]/(*  —  a)  is  equal  to  the  slope  of  the  chord 
AB,  while  /'(a?©)  is  the  slope  of  the  tangent  at  M.  Hence,  when 
the  two  points  A  and  B  approach  the  point  M  according  to  any  law 
whatever,  the  secant  ilB  approaches,  as  its  limiting  position,  the 
tangent  at  the  point  M. 

*  This  theorem  is  sometimes  applied  without  due  regard  to  the  conditions  imposed  in 
its  statement.  Let /(x)  and  0(z) ,  for  example,  be  two  continuous  functions  which  have 
derivatiyes /'(«),  ^'(x)  in  an  interval  (a,  b) .  If  the  relation  /'(x)  0(aj)  -  f{x)  0'(aj)  =  0 
is  satisfied  by  these  four  functions,  it  is  sometimes  accepted  as  proved  that  the  deriva- 
tive of  the  function//  0,  or  [/'(ar)  ^  (x)  —  f{x)  ^'(aj)]  /0',  is  zero,  and  that  accordingly 
f/^iB  constant  in  the  interval  (a,  &).  But  this  conclusion  is  not  absolutely  rigorous 
unless  the  function  ^  (x)  does  not  vanish  in  the  interval  (a,  h) .  Suppose,  for  instance, 
that  0  (x)  and  0'(x)  both  vanish  for  a  value  c  between  a  and  h,  A  function /(x)  equal 
to  Ci0(x)  between  a  and  c,  and  to  Ct0(x)  between  c  and  h,  where  C\  and  C3  are  dif- 
ferent constants,  is  continuous  and  has  a  derivative  in  the  interval  (a,  6),  and  we  have 
/'(x) 0 (x)  —fix) i/{x)  =  0  tot  every  value  of  x  in  the  interval.  The  geometrical 
interpretation  is  apparent. 
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This  does  not  hold  in  general,  however,  if  the  derivative  is  not 
continuous.  For  instance,  if  two  points  be  taken  on  the  curve 
y  =  x',  on  opposite  sides  of  the  y  axis,  it  is  evident  from  a  figure 
that  the  direction  of  the  secant  joining  them  can  be  made  to  approach 
any  arbitrarily  assigned  limiting  value  by  causing  the  two  points  to 
approach  the  origin  according  to  a  suitably  chosen  law. 

The  equation  (1')  is  sometimes  called  the  generalized  law  of  the 
mean.  From  it  de  I'Hospital's  theorem  on  indeterminate  forms  fol- 
lows at  once.     For,  suppose  /(a)  =  0  and  ^(a)  =  0.     Replacing  b 

by  a;  in  (l^j  we  find 

f(x)_f'(x^) 

where  Xi  lies  between  a  and  x.  This  equation  shows  that  if  the 
ratio  /'(^)/^'(^)  approaches  a  limit  as  x  approaches  a,  tJie  ratio 
f{x)/^(x)  approaches  the  same  limits  iff(a)^(i  and  ^(a)  =  0. 

9.  Generalixations  of  the  law  of  the  mean.  Various  generalizations  of  the  law 
of  the  mean  have  been  suggested.  The  following  one  is  due  to  Stieltjes  (Bulletin 
de  la  SociMi  MatMmatiqrie,  Vol.  XVI,  p.  100).  For  the  sake  of  definiteness  con- 
sider three  functions,  /(x),  0r(x),  A(x),  each  of  which  has  derivatives  of  the  first 
and  second  orders.  Let  a,  &,  c  be  three  particular  values  of  the  variable  {a<b<c). 
Let  ^  be  a  number  defined  by  the  equation 


and  let 


0(aj)  = 


f{a)  g{a)  h(a) 

f{b)  g{b)  h{b) 

f{c)  g{c)  h(c) 

/(a)  g{a)  h(a) 

/W  gW  h(b) 

fix)  g(x)  h(x) 


1    a    aS 

"A 

1    6    6« 

1    c    c« 

1    a    aS 

"A 

1    6    2is 

1    «    x« 

=  0, 


be  an  auzttiary  function.    Since  this  function  vanishes  when  x  =  6  and  when 
X  =  c,  its  derivative  must  vanish  for  some  value  {*  between  b  and  c.    Hence 


/(a)    g(a)    h{a) 
fib)    g{b)    h(b) 

fV)    ff'it)    *'(» 


"A 


1  a  a^ 
1  6  &> 
0    1    2f 


=  0. 


If  6  be  replaced  by  x  in  the  left-hand  side  of  this  equation,  we  obtain  a  function 
of  X  which  vanishes  when  x  =  a  and  when  x  =  6.  Its  derivative  therefore  van- 
ishes for  some  value  of  x  between  a  and  6,  which  we  shall  call  {.  The  new 
equation  thus  obtained  is 


=  0. 


Finally,  replacing  f  by  x  in  the  left-hand  side  of  this  equation,  we  obtain  a  func- 
tion of  X  which  vanishes  when  x  =  {  and  when  x  =  ^    Its  derivative  vanishes 


/(«) 

1,(0)    h{a) 

1    a    a' 

/'(«) 

/(«)    »'«) 

-A 

0    1   2| 

/'(« 

STif)    h'ii) 

0    1   2f 
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for  some  value  if,  which  lies  hetween  (  and  f;  and  therefore  between  a  and  e. 
Hence  A  mnst  have  the  value 


"'U 


f(a)    g(a)    h(a) 

/'(«    fl^U)    *'(0 
/"W    rw    *"(if) 


where  ( lies  between  a  and  5,  and  if  lies  between  a  and  e. 

This  proof  does  not  presuppose  the  continuity  of  the  second  derlTatives 
f"{z),  ^'(x),  h"{z).  If  these  derivatives  are  continuous,  and  if  the  values  a,  b,  e 
approach  the  same  limit  zo*  we  have,  in  the  limit, 


lim^  =  — 
L2 


/  (aso)  g  (xo)  h  (flBo) 
r{xo)  /(«o)  h'{xo) 
/"(Xo)    r(«o)    V'(«o) 


Analogous  expressions  exist  for  n  functions  and  the  proof  follows  the  same 
lines.  If  only  two  functions /(x)  and  g  (x)  are  taken,  the  formuisB  reduce  to  the 
law  of  the  mean  if  we  set  g  (x)  =  1. 

An  analogous  generalization  has  been  given  by  Schwarz  {Annali  di  Mathd' 
nutticOt  2d  series,  Vol.  X). 

n.   FUNCTIONS  OF  SEVERAL  VARIABLES 

10.  Introduction.  A  variable  quantity  «  whose  value  depends  on 
the  values  of  several  other  variables,  x,  y,  x,  ••-,  ty  which  are  in- 
dependent of  each  other,  is  called  a  function  of  the  independr 
ent  variables  05,  y,  x,  •••,  <;  and  this  relation  is  denoted  by  writing 
a>  =/(»,  y,  X,  •  •  • ,  t).  For  definiteness,  let  us  suppose  that  <■>  =  f(x,  y) 
is  a  function  of  the  two  independent  variables  x  and  y.  If  we  think 
of  X  and  y  as  the  Cartesian  coordinates  of  a  point  in  the  plane, 
each  pair  of  values  (x,  y)  determines  a  point  of  the  plane,  and  con- 
versely. If  to  each  point  of  a  certain  region  A  in  the  xy  plane, 
bounded  by  one  or  more  contours  of  any  form  whatever,  there 
corresponds  a  value  of  o>,  the  function  f(xy  y)  is  said  to  be  defined 
in  the  region  A, 

Let  (xq,  yo)  he  the  coordinates  of  a  point  Mq  lying  in  this  region. 
The  function  f(Xf  y)  is  said  to  be  continuous  for  the  pair  of  values 
(^09  yo)  iff  corresponding  to  any  preassigned  positive  number  c,  another 
positive  number  rj  exists  such  that 

|/(a;o  +  A,  yo  +  *)  -/(a;o,  yo)|  <  c 

whenever  |  ^|  <  i;  and  |  A;|  <  i;. 

This  definition  of  continuity  may  be  interpreted  as  follows.  Let 
us  suppose  constructed  in  the  xy  plane  a  square  of  side  2  jf  about 
Mo  as  center^  with  its  sides  parallel  to  the  axes.     The  point  M*, 
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whose  coordinates  are  o^o  +  A,  ^o  +  ^>  ^^^  li®  inside  this  square,  if 
I A I  <  i;  and  |  A;  |  <  17.  To  say  that  the  function  is  continuous  for  the 
pair  of  values  (xq,  y^  amounts  to  saying  that  by  taking  this  square 
sufftciently  small  we  can  make  the  difference  between  the  value  of 
the  function  at  Mq  and  its  value  at  any  other  point  of  the  square  less 
than  c  in  absolute  value. 

It  is  evident  that  we  may  replace  the  square  by  a  circle  about 
(oco,  yo)  AS  center.  For,  if  the  above  condition  is  satisfied  for  all 
points  inside  a  square,  it  will  evidently  be  satisfied  for  all  points 
inside  the  inscribed  circle.  And,  conversely,  if  the  condition  is 
satisfied  for  all  points  inside  a  circle,  it  will  also  be  satisfied  for  all 
points  inside  the  square  inscribed  in  that  circle.  We  might  then 
define  continuity  by  saying  that  an  1;  exists  for  every  c,  such  that 
whenever  VA*  +  Aj'  <  1;  we  also  have 

|/(«o  +  ^,  yo  +  *)  -/(«oi  yo)|  <  t 

The  definition  of  continuity  for  a  function  of  3,  4,  •  •  • ,  n  inde- 
pendent variables  is  similar  to  the  above. 

It  is  clear  that  any  continuous  function  of  the  two  independent 
variables  x  and  y  is  a  continuous  function  of  each  of  the  variables 
taken  separately.    However,  the  converse  does  not  always  hold.* 

IL  Partial  derivatives.  If  any  constant  value  whatever  be  substi- 
tuted for  y,  for  example,  in  a  continuous  function  /(a;,  y),  there 
results  a  continuous  function  of  the  single  variable  x.  The  deriva- 
tive of  this  function  of  a;,  if  it  exists,  is  denoted  by  /^(^y  V)  o^  hy  <i>^ 
Likewise  the  symbol  «>,,  OTf^(Xy  y),  is  used  to  denote  the  derivative 
of  the  function  f{x,  y)  when  x  is  regarded  as  constant  and  y  as  the 
independent  variable.  The  functions  /^  (x,  y)  and  /,  (a;,  y)  are  called 
the  partial  derivatives  of  the  function  f{x,  y).  They  are  themselves, 
in  general,  functions  of  the  two  variables  x  and  y.  If  we  form  their 
partial  derivatives  in  turn,  we  get  the  partial  derivatives  of  the  sec- 
ond order  of  the  given  function /(a;,  y).  Thus  there  are  four  partial 
derivatives  of  the  second  order, /^ (a;,  y),/^(aj,  y),f^(x,  y),/^(a;,  y). 
The  partial  derivatives  of  the  third,  fourth,  and  higher  orders  are 

*  Consider,  for  instance,  the  function /(x,  y),  which  is  equal  to2zy/{x^  +  y*)  when 
the  two  Ysriables  z  and  y  are  not  both  zero,  and  which  is  zero  when  x  =  y  =  0.  It  is 
evident  that  this  is  a  continuous  function  of  x  when  y  is  constant,  and  viee  versa. 
Nevertheless  it  is  not  a  continuous  function  of  the  two  independent  variables  x  and  y 
for  the  pair  of  values  z  =  0,  y  =  0.  For,  if  the  point  (z,  y)  approaches  the  origin  upon 
the  line  x  =  y«  the  function/ (x,  y)  approaches  the  limit  1,  and  not  zero.  Such  functiona 
have  been  studied  by  Baire  in  his  thesis. 
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defined  similarly.  In  general,  given  a  function  «>  =f(Xy  y^  x,  "  *>  0 
of  any  number  of  independent  variables,  a  partial  derivative  of  the 
nth  order  is  the  result  of  n  successive  differentiations  of  the  function 
/,  in  a  certain  order,  with  respect  to  any  of  the  variables  which  occur 
in  /.  We  will  now  show  that  the  result  does  not  depend  upon  the 
order  in  which  the  differentiations  are  carried  out 
Let  us  first  prove  the  following  lemma : 

Let  CO  =f{x,  y)  be  a  function  of  the  two  variables  x  and  y.     Then 
fxt  =^/wxf  p^'ovided  that  these  two  derivatives  are  continuous. 

To  prove  this  let  us  first  write  the  expression 

U  =/(«  4-  Ax,  y  4-  Ay)  -f(x,  y  +  Ay)  -/(a  +  Aac,  y)  +/(«,  y) 

in  two  different  forms,  where  we  suppose  that  x,  y,  Ax,  Ay  have 
definite  values.     Let  us  introduce  the  auxiliary  function 

where  t;  is  an  auxiliary  variable.     Then  we  may  write 

^=«(y  +  Ay)-*(y). 
Applying  the  law  of  the  mean  to  the  function  ^  (v),  we  have 

U  =  ^y  ili„(y  +  $Ay),  where  0  <$<!', 

otf  leplacing  ^y  by  its  value, 

U  =  Ay [/,(«  +  Ax,  y  +  ^Ay)  -/,(«,  y  +  ^Ay)]. 

If  we  now  apply  the  law  of  the  mean  to  the  function/, (u,  y  +  ^Ay), 
regarding  u  as  the  independent  variable,  we  find 

U=:^x ^yf^(x  +  d' Ax,  y  4-  ^Ay),       0  <$'<!. 

From  the  symmetry  of  the  expression  U  in  x,  y,  Ax,  Ay,  we  see  that 
we  would  also  have,  interchanging  x  and  y, 

U=^^y  Ax/^(x  +  d|  Ax,  y  4-  ^i Ay), 

where  $i  and  $[  are  again  positive  constants  less  than  unity.  Equat- 
ing these  two  values  of  U  and  dividing  by  Ax  Ay,  we  have 

/^(x  4-  ^I Ax,  y  +  ^lAy) =^(x  +  d'Ax,  y  4-  ^Ay). 

Since  the  derivatives /ey(^i  y)  ^^^  fvxi^t  V)  ^^  supposed  continuous, 
the  two  members  of  the  above  equation  approach  /^^(x,  y)  and 
y^(x,  y),  respectively,  as  Ax  and  Ay  approach  zero,  and  we  obtain 
the  theorem  which  we  wished  to  prove. 
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It  is  to  be  noticed  in  the  above  demonstration  that  no  hypothesis 
whatever  is  made  concerning  the  other  derivatives  of  the  second  order, 
f^  and  f^  The  proof  applies  also  to  the  case  where  the  function 
/(«,  y)  depends  upon  any  number  of  other  independent  variables 
besides  x  and  y^  since  these  other  variables  would  merely  have  to 
be  regarded  as  constants  in  the  preceding  developments. 

Let  us  now  consider  a  function  of  any  number  of  independent 
variables, 

and  let  O  be  a  partial  derivative  of  order  n  of  this  function.  Any 
permutation  in  the  order  of  the  differentiations  which  leads  to  O 
can  be  effected  by  a  series  of  interchanges  between  two  successive 
differentiations;  and,  since  these  interchanges  do  not  alter  the 
result,  as  we  have  just  seen,  the  same  will  be  true  of  the  permuta- 
tion considered.  It  follows  that  in  order  to  have  a  notation  which 
is  not  ambiguous  for  the  partial  derivatives  of  the  nth  order,  it  is 
sufficient  to  indicate  the  number  of  differentiations  performed  with 
respect  to  each  of  the  independent  variables.  For  instance,  any  nth 
derivative  of  a  function  of  three  variables,  <■>  =/(a;,  y,  «),  will  be 
represented  by  one  or  the  other  of  the  notations 

where  />  +  g^  +  ^  =  ^-^  Either  of  these  notations  represents  the 
result  of  differentiating  /  successively  p  times  with  respect  to  a;, 
q  times  with  respect  to  y,  and  r  times  with  respect  to  «,  these  oper- 
ations being  carried  out  in  any  order  whatever.  There  are  three 
distinct  derivatives  of  the  first  order,  Z^,  /,,  f^ ;  six  of  the  second 
order,  /^,  /^,  /^,  /^,  /^,  /„ ;  and  so  on. 

In  general,  a  function  of  p  independent  variables  has  just  as  many 
distinct  derivatives  of  order  n  as  there  are  distinct  terms  in  a  homo- 
geneous polynomial  of  order  n  in  />  independent  variables ;  that  is, 

(n  +  1)  (n  +  2)  ♦  ■  ■  (n  4-^  -  1) 
1.2.  ...(^-2)(2>-l)      ' 

as  is  shown  in  the  theory  of  combinations. 

FTo/sticdL  rules.  A  certain  number  of  practical  rules  for  the  cal- 
culation of  derivatives  are  usually  derived  in  elementary  books  on 


•The  notation /, ,>|^^r (%,  y,  2)  is  used  instead  of  the  notation /e^^^^r (x,  y,  2)  for 
simplicity.  Thus  the  notation /cy(z,  y),  used  in  place  of /^yCz,  y),  is  simpler  and 
equally  clear.  —  Trans. 
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the  Calculus.    A  table  of  such  rules  is  appended,  the  function  and 
its  derivative  being  placed  on  the  same  line : 

where  the  symbol  log  denotes  the  natural  logarithm ; 
y  =  log  a,  y'  =  -  > 

X 

y  =  sin  a,  y'  =  cos  a; ; 

y  =  cos  a;,  y'  =  —  sin  a; ; 

1 


y  =  arc  sm  x,  y'  = 


±vr^' 


y  =  arctana:,  y=__; 

y  =  uVf  y'=  u'i;  + ww'; 

u                                          ,      u'v  —  uv', 
y  =  -,  y'  = ; 

y  =/(«!  V,  it),  y,  =  «,/.  4-  v«/v  +  Wsfw 

The  last  two  rules  enable  us  to  find  the  derivative  of  a  function 
of  a  function  and  that  of  a  composite  function  HfutAt/w  ^^  ^^' 
tinuous.  Hence  we  can  find  the  successive  derivatives  of  the  func- 
tions studied  in  elementary  mathematics,  —  polynomials,  rational 
and  irrational  functions,  exponential  and  logarithmic  functions, 
trigonometric  functions  and  their  inverses,  and  the  functions  deriv- 
able from  all  of  these  by  combination. 

For  functions  of  several  variables  there  exist  certain  formulae 
analogous  to  the  law  of  the  mean.  Let  us  consider,  for  definite- 
ness,  a  function  /(x,  y)  of  the  two  independent  variables  x  and  y. 
The  difference /(«  +  h,  y  +  k)  —fix,  y)  may  be  written  in  the  form 

f(x  +  A,  y  +  *)-/(«,  y)  =  lf(x  +  A,  y  +  *)-/(«,  y4-  A)] 

to  each  part  of  which  we  may  apply  the  law  of  the  mean.    We 
thus  find 

f(x  -t-  A,  y  4-  A)  -/(«,  y)  =  hf^(x  +  ^A,  y  +  A)  +  kf^(x,  y  +  B'k), 

where  $  and  ^  each  lie  between  zero  and  unity. 

This  formula  holds  whether  the  derivatives /„  and/,  are  continu- 
ous or  not.     If  these  derivatives  are  continuous,  another  formula, 
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similar  to  the  above,  but  involving  only  one  undetermined  number 
$,  may  be  employed.*  In  order  to  derive  this  second  formula,  con- 
sider the  auxiliary  function  ^(Q  =/(«  +  ht,  y  -^  kt),  where  x,  y,  A, 
and  k  have  determinate  values  and  t  denotes  an  auxiliary  variable. 
Applying  the  law  of  the  mean  to  this  function,  we  find 

<^(1) -  +(0)  =  ff^XB),      0  <  ^  <  1. 

Now  ^(t)  is  a  composite  function  of  t,  and  its  derivative  ^'(^)  is 
equal  to  hf^  (x -^^  ?U,  y  +  kt)  +  kf^  (x  +  ht,  y-^-kt))  hence  the  pre- 
ceding formula  may  be  written  in  the  form 

f(x  4-  A,  y  +  *)  -/(a,  y)  =  hf,(x  +  eh,  y4-^A;)  + Aj/^oj+dA,  y+Bk). 

12.  Tangent  plane  to  a  surface.  We  have  seen  that  the  derivative 
of  a  function  of  a  single  variable  gives  the  tangent  to  a  plane  curve. 
Similarly,  the  partial  derivatives  of  a  function  of  two  variables  occur 
in  the  determination  of  the  tangent  plane  to  a  surface.     Let 

(2)  z  =  F(x,  y) 

be  the  equation  of  a  surface  S^  and  suppose  that  the  function  F(x,  y), 
together  with  its  first  partial  derivatives,  is  continuous  at  a  point 
(a^o)  yo)  of  the  xy  plane.  Let  z^  be  the  corresponding  value  of  «, 
and  3fo  {x^,  yo,  Zq)  the  corresponding  point  on  the  surface  S,  If 
the  equations 

(3)  x=f(t),    y^fKt),    z^i,(t) 

represent  a  curve  C  on  the  surface  S  through  the  point  M^^  the 
three  functions  f(t),  ^(t),  ^(t),  which  we  shall  suppose  continuous 
and  differentiable,  must  reduce  to  oso,  y^y  zq,  respectively,  for  some 
value  to  of  the  parameter  t  The  tangent  to  this  curve  at  the  point 
Mo  is  given  by  the  equations  (§  5) 

^  ^  f(to)  ♦'(M  nQ  *   . 

Since  the  curve  C  lies  on  the  surface  5,  the  equation  ^(t)=Flf(t)j  ^^)] 
must  hold  for  all  values  of  t;  that  is,  this  relation  must  be  an  identity 

*  Another  formula  may  be  obtained  which  involves  only  one  undetermined  number  $, 
and  which  holds  even  when  the  derivatives/^  and/y  are  discontinuous.  For  the  applica- 
tion of  the  law  of  the  mean  to  the  auxiliary  function  0(Q  =/(z  +  A<,  y  +  ifc)  ^./(x,  y  4.  JbQ 
givei 

0(1)-0(O)  =  0'(^,  0<tf<l, 

or 

fix  +  h,y  +  k)  -fix,  y)  =  hf^z  +  tf^i,  y  +  *)  +  k/y{z,  y  +  $k),    0<$<\, 

The  operations  performed,  and  hence  the  final  formula,  all  hold  provided  the  deriva- 
tives/«  and  /y  merely  exist  at  the  points  («  +  ^<,  y  +  Jb) ,  (x,  y  +  Jb<) ,  0  ^  <  ^  1. — Trans. 
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in  t  Taking  the  derivative  of  the  second  member  by  the  rule  for 
the  derivative  of  a  composite  function,  and  setting  t  =  to,  we  have 

(5)  f(M=/W^.,  +  «'WF,.. 

We  can  now  eliminate /'(^o))  ^'(to),  ^'(^o)  between  the  equations  (4) 
and  (5),  and  the  result  of  this  elimination  is 

(6)  ^-«o  =  (^-«o)^a^+(r-yo)F,.. 

This  is  the  equation  of  a  plane  which  is  the  locus  of  the  tangents  to 
all  curves  on  the  surface  through  the  point  Mq,  It  is  called  the  tan- 
gent plane  to  the  surface. 

IS.  PMMf»  fRMi  iBotnMBti  to  dafivatiTM.  We  have  defined  the  suooeesive 
derivstivee  in  terms  of  each  other,  the  derivatives  of  order  n  being  derived  from 
those  of  order  (n  —  1),  and  so  forth.  It  is  natural  to  inquire  whether  we  may 
not  define  a  derivative  of  any  order  as  the  limit  of  a  certain  ratio  directly,  with- 
out the  intervention  of  derivatives  of  lower  order.  We  have  already  done  some- 
thing of  this  kind  for/sy  ($  11);  for  the  demonstration  given  above  shows  that/^ 
is  the  limit  of  the  ratio 

/(x  +  Ag,  y  +  Ay)  -/(g  +  Ax,  y)  ~/(g,  y  +  Ay)  +/(x,  y) 

Ax  Ay 

as  Ax  and  Ay  both  approach  zero.    It  can  be  shown  in  like  manner  that  the 

second  derivative  /''  of  a  function  /(x)  of  a  single  variable  is  the  limit  of  the 

ratio 

f(X  +  ^1  +  A,)  ~/(X  +  hi)  -f(x  +  A,)  +/(g) 

hifh 
as  ht  and  As  both  approach  zero. 

For,  let  us  set 

/!(*)=/(« +  Ai)-/(x), 

and  then  write  the  above  ratio  in  the  form 

/i(g  +  A,)-/i(x)^/{(x  +  gA,)  0<^<1; 

fix  +  h  +  0Ki,-f'(x  +  eh,)  ^^,^^  ^ ^^  ^  ^^^^   „^^^j 

The  limit  of  this  ratio  is  therefore  the  second  derivative  f*\  provided  that 
derivative  is  continuous. 

Passing  now  to  the  general  case,  let  us  consider,  for  definiteness,  a  function  d 
three  independent  variables,  w  =/(x,  y,  z).    Let  us  set 

^«  =/(x  +  h,  y,  z)  -/(x,  y,  z), 

aJ«  =/(x,  y^'k.t)  -/(x,  y,  z), 

Ai«  =/(x,  y,%-\-l)  -/(x,  y,  z), 

where  ^  w,  aJ  w,  A^  w  are  the  firtA  iwcreiMini^  of  w.  If  we  consider  A,  J;,  2  as  given 
oonstants,  then  these  three  first  increments  are  themselves  functions  of  x,  y,  z, 
tnd  we  may  form  the  relative  increments  of  these  functions  corresponding  to 
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increments  hi,  ku  h  of  the  variables.  This  gives  us  the  second  increments, 
A^i  A^w,  A*i  Ay  ftf,  •  •  • .  This  process  can  be  continued  indefinitely ;  an  increment 
of  order  n  would  be  defined  as  a  first  increment  of  an  increment  of  order  (n  —  1). 
Since  we  may  invert  the  order  of  any  two  of  these  operations,  it  will  be  suffi- 
cient to  indicate  the  successive  increments  given  to  each  of  the  variables.  An 
increment  of  order  n  would  be  indicated  by  some  such  notation  as  the  following: 

A(")«  =  aJ»  A^^  . . .  Ai'  aJi  . . .  aJ>  a1»  . . .  A['f{x,  y,  «), 

where  p  +  q  +  r  =  n,  and  where  the  increments  h,  Jk,  I  may  be  either  equal  or 
unequal.  This  increment  may  be  expressed  in  terms  of  a  partial  derivative  of 
order  n,  being  equal  to  the  product 

hl?lt  •  •  •  hpk\  •  •  •  kqli  -  •  •  Ir 

xfxp^^ix  +  ^1^1  +  -..  +  tfpAp,  y  +  «fci  +  •  •  •  +  ^Jkg,  «  +  ^'«i  +  . .  •  +  ^X), 

where  every  0  lies  between  0  and  1.  This  formula  has  already  been  proved  for 
first  and  for  second  increments.  In  order  to  prove  it  in  general,  let  us  assume 
that  it  holds  for  an  increment  of  order  (n  —  1),  and  let 

0(x,  y,  «)  =  A*« . . .  A^Ajt . . .  aJ'aJ  . . .  aJt/. 

Then,  by  hypothesis, 

0(x,y,z)  =Aj..  -hpki"  'kgli-  "lrfxP-\gi^(x+$iht+' " -hBphp,  y+ •••,«+•••). 

But  the  nth  increment  considered  is  equal  to  0(2  +  hi,  y,  z)  —  0(x,  y,  z) ;  and  if  we 
apply  the  law  of  the  mean  to  this  increment,  we  finally  obtain  the  formula  sought 
Conversely,  the  partial  derivative /x^yv^r  is  the  limit  of  the  ratio 

A*'A*«-.-^A*t...A^A^-'A,V 

hihf  • '  'hpkik%' '  'kqli' '  •  If 

as  all  the  increments  h,  k,  I  approach  zero. 

It  is  interesting  to  notice  that  this  definition  is  sometimes  more  general  than 
the  usual  definition.  Suppose,  for  example,  that  u  =f(x,  y)  =  0  (x)  +  ^  (y)  is  a 
function  of  x  and  y,  where  neither  ^  nor  ^  has  a  derivative.  Then  ia  also  has 
no  first  derivative,  and  consequently  second  derivatives  are  out  of  the  question, 
in  the  ordinary  sense.  Nevertheless,  if  we  adopt  the  new  definition,  the  deriva- 
tive/ay is  the  limit  of  the  fraction 

f(x  -f  fe,  y  -f  fc)  -/(g  -f  h,  V)  -fix,  y  +  *)  +/(«,  v) 

hk  ' 

which  is  equal  to 

0(g  +  ^)  -f  \^(y  +  fc)  -  »(g  +  ^)  -  ^(y)  -  0(g)  -  ^(y  +  *)  +  »(g)  +  ^(y) 

_ 

But  the  numerator  of  this  ratio  is  identically  zero.  Hence  the  ratio  approachea 
zero  as  a  limit,  and  we  find/cy  =  0.* 

•A  similar  remark  may  be  made  regarding  functions  of  a  single  variable.    For 
example,  the  fnnction/(z)  =  x*  cosl/z  has  the  derivative 

r(x)  =  3aj«cosi  +  ajsini, 

''  X  X 

and/'(z)  has  no  derivative  for  2  =  0.    Bat  the  ratio 

/(2n>)-2/(nr)-f/(0). 

or  8  a  coe  (1  /  2  a)  —  2  a  cos  (1  /  a) ,  has  the  limit  zero  when  a  approaches  zero. 
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III.  THE  DIFFERENTIAL  NOTATION 

The  differential  notation,  which  has  been  in  use  longer  than  any 
other,*  is  due  to  Leibniz.  Although  it  is  by  no  means  indispensable, 
it  possesses  certain  advantages  of  symmetry  and  of  generality  which 
are  convenient,  especially  in  the  study  of  functions  of  several  varia- 
bles.    This  notation  is  founded  upon  the  use  of  infinitesimals. 

14.  DifferentialB.  Any  variable  quantity  which  approaches  zero  as 
a  limit  is  called  an  infinitely  smaU  quantity,  or  simply  an  i^fintteii- 
noL  The  condition  that  the  quantity  be  variable  is  essential,  for 
a  constant,  however  small,  is  not  an  infinitesimal  unless  it  is  zero. 

Ordinarily  several  quantities  are  considered  which  approach  zero 
simultaneously.  One  of  them  is  chosen  as  the  standard  of  compari- 
son, and  is  called  the  principal  infinitesimal.  Let  a  be  the  principal 
infinitesimal,  and  p  another  infinitesimal.  Then  ff  is  said  to  be  an 
infinitesimal  of  higher  order  with  respect  to  a,  if  the  ratio  fi/a 
approaches  zero  with  or.  On  the  other  hand,  fi  is  called  an  infini- 
tesimal of  the  first  order  with  respect  to  a,  if  the  ratio  fi/a 
approaches  a  limit  K  different  from  zero  as  a  approaches  zero.  In 
tlus  case 

^  =  ^  +  €, 

a 
▼here  e  is  another  infinitesimal  with  respect  to  a.    Hence 

^d  Ka  is  called  the  principal  part  of  /3.  The  complementary  term 
<i:c  is  an  infinitesimal  of  higher  order  with  respect  to  a.  In  general, 
if  we  can  find  a  positive  power  of  a,  say  a»,  such  that  /3/a" 
approaches  a  finite  limit  K  different  from  zero  as  a  approaches 
^1^)  fi  is  called  an  infinitesimal  of  order  n  with  respect  to  a.  Then 
we  have 

or 

^^  term  JTo*  is  again  called  the  principal  part  of  fi. 

Having  given  these  definitions,  let  us  consider  a  continuous  func- 
tion y— y^^a;),  which  possesses  a  derivative  f\x).     Let  Ax  be  an 

'  '  '  '        "  '  ^     I      ■■  ■     I  -^■.—       ■  ■  ■■■■.,  ■    -     I  ■■     -    ^     -■  .1     I  ,     .     ,,  I       M  ■■■■■!    IIM^M^^^M^— M^M— ^ 

*  With  the  possible  exception  or  Newton's  notation. —Tiuors. 
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increment  of  x,  and  let  Ay  denote  tlie  corresponding  inclement  of  y. 
From  the  very  definition  of  a  derivative,  we  have 

where  c  approaches  zero  with  Ax.     If  Aa;  be  taken  as  the  principal 

infinitesimal,  Ay  is  itself  an  infinitesimal  whose  principal  part  is 

/'(aj) Ax*    This  principal  part  is  called  the  differential  of  y  and  is 

denoted  by  dy, 

dy=f'(x)^. 

When  f(x)  reduces  to  x  itself,  the  above  formula  becomes  cKse  =  Ax ; 
and  hence  we  shall  write,  for  symmetry, 

dy^f'(x)dx, 

where  the  increment  dx  of  the  independent  variable  «  is  to  be  given 
the  same  fixed  value,  which  is  otherwise  arbitrary  and  of  course 

variable,  for  all  of  the  several  dependent 
functions  of  x  which  may  be  under  consid- 
eration at  the  same  time. 

Let  us  take  a  curve  C  whose  equation  is 
y  =f(x),  and  consider  two  points  on  it,  M 
and  3f' ,  whose  abscissae  are  x  and  a;  +  cZx, 
respectively.    In  the  triangle  MTN  we  have 

NT  =  MN  tan  Z  TMN  =  dxf\x). 
Fko.  1 

Hence  NT  represents  the  differential  dy, 
while  Ay  is  equal  to  iVAf .  It  is  evident  from  the  figure  that  M^T 
is  an  infinitesimal  of  higher  order,  in  general,  with  respect  to  NT^ 
as  M*  approaches  Af,  unless  MT  is  parallel  to  the  x  axis. 

Successive  differentials  may  be  defined,  as  were  successive  deriv- 
atives, each  in  terms  of  the  preceding.  Thus  we  call  the  differ- 
ential of  the  differential  of  the  first  order  the  differential  of  the 
second  order,  where  dx  is  given  the  same  value  in  both  cases,  as 
above.     It  is  denoted  by  c^y: 

d^y  =  d(dy)  =  lf%x)dx;\dx  =r(x)(dxy. 

Similarly,  the  third  differential  is 

d»y  =  d(d^y)  =  [/"(aj)  dx';\  dx  =f\x)  (dx)\ 


y 

A 

T 

^ 

N 

0 

J 

'  < 

} 

X 

•  Strictly  speaking,  we  should  here  exclude  the  case  where /'(«)  =  0.  It  is,  how- 
ever, convenient  to  retain  the  same  definition  of  dy  =f'{x)  £kx  in  this  case  also, 
even  though  it  is  not  the  principal  part  of  A^.— Trans. 
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and  so  on.     In  general,  the  differential  of  the  differential  of  order 

The  deriyatives  /'(«),  /"(«),  •  •  •,  /^"X^)>  *  •  •  can  be  expressed,  on 
the  other  hand,  in  terms  of  differentials,  and  we  have  a  new  nota- 
tion for  the  derivatives : 

y.g,    r-%    ...,   ^.g,    .... 

To  each  of  the  rules  for  the  calculation  of  a  derivative  corresponds 
a  rule  for  the  calculation  of  a  differential.    For  example,  we  have 

dx^  =  mse^'^dx,  da' =  a' log  a  dx; 

dx 
d  log  x  =  —  I  d  sin  x  =  cos  xdx;        •  •  • ; 

X 

dx  _  dx 

a  arc  sin  x  = >  d  arc  tan  x  = 


iVT-a^  !  +  »« 

Let  us  consider  for  a  moment  the  case  of  a  function  of  a  function. 
Let  y  =f(u)y  where  t^  is  a  function  of  the  independent  variable  x. 
Then  ^,  ^ 

whence,  multiplying  both  sides  by  dx^  we  get 

y^dM=^f(u)xu^dx\ 
that  is, 

dy  =sf*(u)du. 

The  formula  for  Hy  is  therefore  the  same  as  if  t«  were  the  inde- 
pendent variable.  This  is  one  of  the  advantages  of  the  differential 
notation.    In  the  derivative  notation  there  are  two  distinct  formulae, 

to  represent  the  derivative  of  y  with  respect  to  x,  according  as  y  is 
given  directly  as  a  function  of  x  or  is  given  as  a  function  of  a;  by 
means  of  an  auxiliary  function  u.  In  the  differential  notation  the 
same  formula  applies  in  each  case.* 

If  y  =:f(Uf  V,  w)  is  a  composite  function,  we  have 

yx  =  «x/«  +  v^f^  +  Wj„y 
at  least  lifuyfv^fw  are  continuous,  or,  multiplying  by  cte, 

y^dx  =  u^dxf^  4-  v^dxf^  +  w^dxf„ ; 


*  This  particular  advantage  is  slight,  however ;  for  the  last  formula  ahove  is  equally 
wen  a  general  one  and  covers  hoth  the  cases  mentioned.  —  Trans. 


du  —  udv 
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that  is, 

dy  =/udu  +f^dv  +f^dw. 

Thus  we  have,  for  example, 

d(uv)  =  udv  +  v  du,        ^(")  ==  "■       ^ 

The  same  rules  enable  us  to  calculate  the  successive  differentials. 
Let  us  seek  to  calculate  the  successive  differentials  of  a  function 
y  z=f(u)f  for  instance.     We  have  already 

dy=/*(u)du. 

In  order  to  calculate  d^y,  it  must  be  noted  that  du  cannot  be  regarded 
as  fixed,  since  u  is  not  the  independent  variable.  We  must  then 
calculate  the  differential  of  the  composite  function /'(tt)<fu,  where  u 
and  du  are  the  auxiliary  functions.     We  thus  find 

d^^y  =f"(u)du^  -\-f(u)d*u. 

To  calculate  d^y,  we  must  consider  c^y  as  a  composite  function,  with 
te,  du,  cPu  as  auxiliary  functions,  which  leads  to  the  expression 

cPy  =f\u)dv^  +  Sf\u)dud^u^f(u)d^u ; 

and  so  on.  It  should  be  noticed  that  these  formulae  for  d^y^  d^y^ 
etc.,  are  not  the  same  as  if  te  were  the  independent  variable,  on 
account  of  the  terms  d!^Uy  d^u,  etc.* 

A  similar  notation  is  used  for  the  partial  derivatives  of  a  function 
of  several  variables.  Thus  the  partial  derivative  of  order  n  of 
f(Xy  y,  «),  which  is  represented  by  fxp^t^f  in  our  previous  notation, 
is  represented  by 

a*/ 

in  the  differential  notation.f  This  notation  is  purely  symbolic,  and 
in  no  sense  represents  a  quotient,  as  it  does  in  the  case  of  functions 
of  a  single  variable. 

15.  Total  differentials.  Let  <■>  =f(x,  y,  z)  he  2l  function  of  the 
three  independent  variables  x,  y,  z.    The  expression 

dia=:^dx  +  ^dy'\-  ^  dz 
ox  oy  Cz 

*  This  disadvantage  would  seem  completely  to  offset  the  advantage  mentioned 
above.    Strictly  speaking,  we  should  distinguish  between  d|y  and  (^,  etc.  —Trans. 

t  This  use  of  the  letter  d  to  denote  the  partial  derivatives  of  a  function  of  seyeral 
variables  is  due  to  Jacobi.  Before  his  time  the  same  letter  d  was  used  as  is  used  for 
the  derivatives  of  a  function  of  a  single  variable. 
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is  called  the  total  differential  of  <■>,  where  dx,  dy,  dz  are  three  fixed 
increments,  which  are  otherwise  arbitrary,  assigned  to  the  three 
independent  variables  x,  y,  z.     The  three  products 

di^'      d^^y'      t^ 

are  called  partial  differentials. 

The  total  differential  of  the  second  order  eJ^o)  is  the  total  differ- 
ential of  the  total  differential  of  the  first  order,  the  increments 
dxy  dy,  dz  remaining  the  same  as  we  pass  from  one  differential  to 
the  next  higher.     Hence 

cdi^  ,        vdw  vdiA 

€Pw=d(dw)=^'7r-dx'{"^ — dy  +  -^dz; 

or,  expanding, 

<^«=     (     ^dx  +  ^-^dy  +  -r-^dz)dx 
\    car  oxoy   "      oxoz     ] 

+  2^-^dxdy'\-2^^dxdZ'^2-r-4'dydz. 
oxoy  oxoz  oyoz 

If  ^/  be  replaced  by  df*,  the  right-hand  side  of  this  equation 
becomes  the  square  of 

^dx  +  ^dy  +  ^/dz. 

ox  oy   ^      oz 

We  may  then  write,  symbolically, 

it  being  agreed  that  df^  is  to  be  replaced  by  d^f  after  expansion. 

In  general,  if  we  call  the  total  differential  of  the  total  differential 
of  order  (n  —  1)  the  total  differential  of  order  n,  and  denote  it  by 
(^a>,  we  may  write,  in  the  same  symbolism, 


''--$'- ^'i^y^t'-T' 


where  df*  is  to  be  replaced  by  d^f  after  expansion ;  that  is^  in  our 
ordinary  notation, 
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where 


^      p\q\r\ 

is  the  coefficient  of  the  term  aP^cT  in  the  development  of  (a  +  h'\-e)\ 
For,  suppose  this  formula  holds  for  e^o>.  We  will  show  that  it  then 
holds  for  <2^'^^o>;  and  this  will  prove  it  in  general,  since  we  have 
abeady  proved  it  for  n  =  2.     From  the  definition,  we  find 

whence,  replacing  ^+^/by  ^/"■''S  the  right-hand  side  becomes 


or 


Hence,  using  the  same  symbolism,  we  may  write 

Note,   Let  us  suppose  that  the  expression  for  c^cu,  obtained  in  anj 
way  whatever,  is 

(7)  dia  =  Pdx+  Qdy  +  R  dz, 

where  P,  Q,  R  are  any  functions  x,  y,  z.     Since  by  definition 

*"  =  ^ '^  ■•"  a^ '^J' + 1; '^*' 

we  must  have 

(s-'')'^+(5-«)'"'*(fe-'')'^-'». 

where  dx,  dy,  dz  are  any  constants.     Hence 

The  single  equation  (7)  is  therefore  equivalent  to  the  three  separate 
equations  (8) ;  and  it  determines  all  three  partial  derivatives  at  once. 
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In  general^  if  the  nth  total  differential  be  obtained  in  any  way 
whatever,  _         ^^     ,  «  ,  ^ . , 

then  the  coefficients  C^^  are  respectively  equal  to  the  corresponding 
nth  deriyatives  multiplied  by  certain  numerical  factors.  Thus  all 
these  deriyatiyes  are  determined  at  once.  We  shall  haye  occasion 
to  use  these  facts  presently. 

16.  Saooessive  differentialt  of  composite  functions.  Let «  =  F(«,  t;, «;) 
be  a  composite  function,  ii,  Vy  w  being  themselyes  functions  of  the 
independent  yariables  Xy  y,  z,  t.  The  partial  deriyatiyes  may  then  be 
written  down  as  follows : 

dx      du  dx  dv  dx  dw  dx 

d^_d£du  dFdv  dFdw 

dy       du  dy  dv  dy  dw  dy 

dt^  _dFdu  d£dv^  dFdjff 

dx       du  dx  dv  dx  dw  dx 

^  _^^  ,^dv  dFdw 

dt       du  dt  dv  dt  dw  dt 

If  these  four  equations  be  multiplied  by  dx,  dy,  dx,  dt,  respeotiyely, 
and  added,  the  left-hand  side  becomes 

•^dx  +  -r-dy'\--^dx-\-  -^dt, 
ex  oy    *^       ex  cy 

that  is,  dta ;  and  the  coefficients  of 

dF  dF^  dF 

du  dv  dw 

on  the  right-hand  side  are  du,  dv,  dw,  respectiyely.    Hence 

dF  dF  dF 

(9)  ^'^^^'^'^'dv^^'^dw  ^^* 

and  we  see  that  the  expression  of  the  total  differential  of  the  first 
order  of  a  composite  function  is  the  same  as  if  the  auxiliary  functions 
were  the  independent  variables.  This  is  one  of  the  main  advantages 
of  the  differential  notation.  The  equation  (9)  does  not  depend,  in 
form,  either  upon  the  number  or  upon  the  choice  of  the  independent 
yariables ;  and  it  is  equivalent  to  as  many  separate  equations  as 
there  are  independent  variables. 

To  calculate  d^ia,  let  us  apply  the  rule  just  found  for  dm,  noting 
that  the  second  member  of  (9)  involves  the  six  auxiliary  functions 
If,  V,  w,  du,  dv,  dw.    We  thus  find 
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d^F  ^F  d^F  dF 

ovr  cuov  ouow  cu 

d^F  d^F  d^F  dF 

+  ^~5"  d'*''dv  4-  -5-T  dv^      +  ^-3—  dvdw  +  q-  rf"v 

d^F  d^F  d^F  dF 

•f- ^    ^    dudw-{-^   ^    dvdw+  -^-r   dw^     + -^  drw, 
ouow  ovow  ow*  ow 

or,  simplifying  and  using  the  same  symbolism  as  above, 

^         /dF  ^     ,   dF  ^     ,  dF  ^   \w  ,   dF  ^      .   ^^  ^      .   ^^  ^ 
\^tt  ov  ow      I         ou  ov  ow 

This  formula  is  somewhat  complicated  on  account  of  the  terms  in 
d^u,  d^v,  d^Wy  which  drop  out  when  u,  v,  w  are  tiie  independent 
variables.  This  limitation  of  the  differential  notation  should  be 
borne  in  mind,  and  the  distinction  between  d^ia  \tl  the  two  cases 
carefully  noted.  To  determine  d^  o>,  we  would  apply  the  same  rule 
to  c^'fu,  noting  that  d^ia  depends  upon  the  nine  auxiliary  functions 
tt,  Vj  w,  du,  dvy  dw,  d^Ufd^Vyd^w;  and  so  forth.  The  general  expres- 
sions for  these  differentials  become  more  and  more  complicated; 
e^fu  is  an  integral  function  of  du,  dv,  dw,  d^u,  "*,  d*u,€t*Vy  c^w,  and 
the  terms  containing  cP^u,  d^v,  d^w  are 

dF^     ,  dF.      ,  dF. 
ou  ov  ow 

If,  in  the  expression  for  e^<i>,  u,  v,  w,  du,  dv,  dw,  •  •  •  be  replaced  by 
their  values  in  terms  of  the  independent  variables,  d^io  becomes  an 
integral  polynomial  in  dx,  dy^  dz,  >"  whose  coefficients  are  equal 
(Gi,'Notef  §  15)  to  the  partial  derivatives  of  w  of  order  n,  multiplied 
by  certain  numerical  factors.  We  thus  obtain  all  these  derivatives 
at  once. 

Suppose,  for  example,  that  we  wished  to  calculate  the  first  and 
second  derivatives  of  a  composite  function  o>=/(u),  where  te  is  a 
function  of  two  independent  variables  u  =  ^(Xy  y).  If  we  calculate 
these  derivatives  separately,  we  find  for  the  two  partial  derivatives 
of  the  first  order 

fAr^K  dio dtodu         d(o diadu 

^  dx       du  dx  dy       du  dy 

Again,  taking  the  derivatives  of  these  two  equations  with  respect 
to  Xy  and  then  with  respect  to  y,  we  find  only  the  three  following 
distinct  equations,  which  give  the  second  derivatives: 
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(11) 


dxdy 


du\dx) 


^w  dudu      dm   d^u 
du*  dx  dy       du  dx  dy 

du*  \dyj        du    ^y* 


The  second  of  these  equations  is  obtained  by  differentiating  the 
first  of  equations  (10)  with  respect  to  y,  or  the  second  of  them  with 
respect  to  o^  In  the  differential  notation  these  five  relations  (10) 
and  (11)  may  be  written  in  the  form 


(12) 


dm  = 


dm  . 

^-7  du*  4-  Q-  dru. 
our  du 


If  du  and  d*u  in  these  formulse  be  replaced  by 


du  ,       du  .  ,     d*u  ,  -  .  rt  ^^    ,     1     .  ^««  •»  • 

-dx  +  ^dy    and     —dx' +  2^^rfa:rfy  +  ^dy«, 


do; 


redpectively,  the  coefficients  of  dx  and  dy  in  the  first  give  the  first 
partial  deriyatives  of  oi,  while  the  coefficients  of  dx%  2  dx  dy,  and 
dy*  in  the  second  give  the  second  partial  derivatives  of  a». 

17.  IHfferenti«lt  of  a  product  The  formula  for  the  total  differential 
of  order  n  of  a  composite  function  becomes  considerably  simpler 
in  certain  special  cases  which  often  arise  in  practical  applications. 
Thus,  let  us  seek  the  differential  of  order  n  of  the  product  of  two 
functions  «  =  uv.    For  the  first  values  of  n  we  have 

dm  =s  V du -{- u dv,     d^m  =  vd^u-{-2dudv-{-ud^Vy     •••; 

and,  in  general,  it  is  evident  from  the  law  of  formation  that 

tt^m  =  vd^u-{-  Cidud^'^u  +  C2d*vd^~*u-\ \-ud^v, 

where  Cj,  Cj,  •  •  •  are  positive  integers.  It  might  be  shown  by  alge- 
braic induction  that  these  coefficients  are  equal  to  those  of  the 
expansion  of  (a  4-  b)* ;  but  the  same  end  may  be  reached  by  the 
following  method,  which  is  much  more  elegant,  and  which  applies 
to  many  similar  problems.  Observing  that  Ci,  C,,  •  •  •  do  not  depend 
upon  the  particular  functions  u  and  v  employed,  let  us  take  the 
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special  functions  u  =  ^,  v  =  e*',  where  x  and  y  are  the  two  inde- 
pendent variables,  and  determine  the  coefficients  for  this  case.  We 
thus  find 

du^e'dXf    d^u  =  e'dx^f     •••, 
dv  =  e^di/f     d^v  =  e^dy%     •  •  •; 

and  the  general  formula,  after  division  by  ef^"*"^,  becomes 

(dx  4-  dyy  =  £to"  4-  Cidydx*-^  +  C^d/dx*'^  H \-  dtf. 

Since  dx  and  dy  are  arbitrary,  it  follows  that 

^       n      ^       n(n— 1)  ^       n(n  —  1)  •••(n  —  o  +  l) 

^'  =  i'     ^•=      1:2     '    •••'     ^'  =  -^ 1.2.\.^  ^'      ••' 

and  consequently  the  general  formula  may  be  written 

1  1.  •  ^ 

This  formula  applies  for  any  number  of  independent  variables. 
In  particular,  if  u  and  v  are  functions  of  a  single  variable  x,  we 
have,  after  division  by  c^,  the  expression  for  the  nth  derivative  of 
the  product  of  two  functions  of  a  single  variable. 

It  is  easy  to  prove  in  a  similar  manner  formulss  analogous  to 
(13)  for  a  product  of  any  number  of  functions. 

Another  special  case  in  which  the  general  formula  reduces  to  & 
simpler  form  is  that  in  which  t«,  t;,  u;  are  integral  linear  functions 
of  the  independent  variables  2,  y,  «. 

ters   ax -if   by+  ez+f  , 
v^  a'a-f  *'y+  c'z+f, 

where  the  coefficients  a,  a\  a",  b,  b\  •  •  •  are  constants.    For  then  we 

have 

du=s  adx-\-  bdy-\-  cdz, 

dv  =  a'dx  +  b'dy  +  c'cfo, 

dw  =  a"dx  +  b"dy  +  c"dz, 

and  all  the  differentials  of  higher  order  d^Uy  d^v,  d^w,  where  n>l, 
vanish.  Hence  the  formula  for  e^o>  is  the  same  as  if  u,  t;,  w  were 
the  independent  variables ;  that  is, 


( 
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(dF  dF  dF      V** 

■;r-  du  +  -T-  dv  +  ■^-  dw  ]    . 
cu  cv  eta      / 

We  proceed  to  apply  this  remark. 

18.  Homogeneoat  functions.  A  function  ^(x,  y,  «)  is  said  to  be 
homogeneous  of  degree  m,  if  the  equation 

is  identically  satisfied  when  we  set 

u  =itx,        V  s^ty,        ta=t  tic. 

Let  us  equate  the  differentials  of  order  n  of  the  two  sides  of  this 
equation  with  respect  to  t,  noting  that  u,  v,  w  are  linear  in  t,  and  that 

du=iX  dty        dv  ssydt,        dwssz  dt. 

The  remark  just  made  shows  that 

If  we  now  set  t  ^  ly  u,  Vf  w  reduce  to  x,  y,  «,  and  any  term  of 
the  development  of  the  first  member, 

becomes 

^^ 

whence  we  may  write,  symbolically, 

which  reduces,  for  n  =  1,  to  the  well-known  formula 

dih         dik        ddi 
««(«,y,«)  =  «^+y^+«^. 

Various  notations.  We  have  then,  altogether,  three  systems  of  nota- 
tion for  the  partial  deriyatiyes  of  a  function  of  several  variables,  — 
that  of  Leibniz,  that  of  Lagrange,  and  that  of  Cauchy.  Each  of 
these  is  somewhat  inconveniently  long,  especially  in  a  complicated 
calculation.  For  this  reason  various  shorter  notations  have  been 
devised.     Among  these  one  first  used  by  Monge  for  the  first  and 
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Beoond  derivatiyes  of  a  function  of  two  variables  is  now  in  common 
use.     If  «  be  the  function  of  the  two  yariables  x  and  y,  we  set 

^      dx  dy  dx^  dxdy  dy* 

and  the  total  differentials  dz  and  dPz  are  given  by  the  formulae 

dz=:  pdx-^-q  dy, 
d^z  =  rdx^  -i- 2  8  dx  dy  -{- 1  dy^. 

Another  notation  which  is  now  coming  into  general  use  is  the 
following.  Let  ;s;  be  a  function  of  any  number  of  independent  vari- 
ables Xif  x^f  Xzf ' " y  x^\  then  the  notation 

is  used,  where  some  of  the  indices  a^  a^,  -",  a„  may  be  zeros. 

19.  Appllcatioiis.  Let  y  =  f{x)  be  the  equation  of  a  plane  curve  C  with 
respect  to  a  set  of  rectangular  axes.  The  equation  of  the  tangent  at  a  point 
M{x,  y)  is 

T-y  =  y'{X-x). 

The  slope  of  the  normal,  which  is  perpendicular  to  the  tangent  at  the  point  of 
tangency,  is  —  1/y^;  and  the  equation  of  the  normal  is,  therefore, 

(r-y)y'+(X-x)  =  0. 

Let  P  be  the  foot  of  the  ordinate  of  the  point  if,  and  let  T  and  ^  be  the 
points  of  intersection  of  tlie  x  axis  with  the  tangent  and  the  normal,  respectively. 

The  distance  PN  is  called  the  subnormal; 
Pr,  the  subtangent;  MN^  the  normal;  and 
JIT,  the  tangent 

From  the  equation  of  the  normal  the  ab- 
scissa of  the  point  ^  is  x  +  ^,  whence  the 
subnormal  is  ±  yy".  If  we  agree  to  call  the 
length  PN  the  subnormal,  and  to  attach  the 
sign  +  or  the  sign  —  according  as  the  direc- 
tion PN  is  positive  or  negative,  the  subnormal 
will  always  be  yy'  for  any  position  of  the  curve 
C.    Likewise  the  subtangent  is  —y/y'. 

The  lengths  JT^  and  UT  are  given  by  the  triangles  MPN  and  UPTi 

MN=^/^P  -^-PN^  =  y  Vl  +  y^, 
MT  =  ^MP  +  P^  =  -Vl  +  2^. 

Various  problems  may  be  given  regarding  these  lines.  Let  us  find,  for 
instance,  all  the  curves  for  which  the  subnormal  is  constant  and  equal  to  a  given 
number  a.  This  amounts  to  finding  all  the  functions  y  =/(x)  which  satisfy 
the  equation  yy'  =  a.    The  left-hand  side  is  the  derivative  of  y'/2,  while  (he 
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right-hand  side  is  the  deriTative  of  ax.  These  functions  can  therefore  differ 
only  by  a  constant ;  whence 

which  is  the  equation  of  a  parabola  along  the  z  axis.  Again,  if  we  seek  the 
curves  for  which  the  subtangent  is  constant,  we  are  led  to  write  down  the  equa- 
tion y^/y  =  1/a ;  whence 

X  * 

logy  =  -  +  log  C,    or    y=  C^, 

which  is  the  equation  of  a  transcendental  cunre  to  which  the  x  axis  is  an  asymp- 
tote.   To  find  the  curves  for  which  the  normal  is  constant,  we  have  the  equation 


y  Vl  +  y^  =  a, 


or 


yy'    _ 


=  1. 


The  first  member  is  the  derivatiye  of  —  y/a^  —  j^ ;  hence 


or 


-  Vo«-y«  =  «  +  C, 

(X  +  C)«  +  y«  =  a», 

which  is  the  equation  of  a  circle  of  radius  a,  whose  center  lies  on  the  x  axis. 

The  curves  for  which  the  tangent  is  constant  are  transcendental  curves,  which 
we  shall  study  later. 

Let  y  =  /(x)  and  F  =  F(2)  be  the  equations  of  two  curves  C  and  C^  and  let 
U^  M'  be  the  two  points  which  correspond  to  the  same  value  of  x.  In  order  that 
the  two  subnormals  should  liave  equal  lengths  it  is  necessary  and  sufficient  that 

TT'=±yy'i 

that  is,  that  F*  =  ±  y*  +  C,  where  the  double  sign  admits  of  the  normals*  being 
directed  in  like  or  in  opposite  senses.    This  relation  is  satisfied  by  the  curves 


and  also  hy  tke  curves 


y«  =  ^(a?-x^. 


whksh  giTM  an  euj  construction  for  the  normal  to  the  ellipse  and  to  the  hyperbola. 


1.  Let  p=/(^  be  the  equation  of  a  plane  curve  in  polar  coordinates.  Through 
the  pole  O  draw  a  line  perpendicular  to  the  radius 
vector  03f,  and  let  T  and  N  be  the  points  where  this 
line  cuts  the  tangent  and  the  normal.  Find  expres- 
sions for  the  distances  OT^  ON^  iOT,  and  MT  in 
terms  of  f{0)  and  /'{$), 

Find  the  curves  for  which  each  of  these  distances, 
in  turn,  is  constant. 

2.  Let  y  =  /(x),  z=0(x)  be  the  equations  of  a 
skew  curve  r,  i.e.  of  a  general  space  curve.    Let  N  Fio.  8 
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be  the  point  where  the  normal  plane  at  a  pohit  Jf,  that  is,  the  plane  perpendicu- 
lar to  the  tangent  at  Jf ,  meets  the  z  axis ;  and  let  P  be  the  foot  of  the  perpen- 
dicolar  from  M  to  the  z  axis.  Find  the  canree  for  which  each  of  the  distances 
PN  and  MN^  in  torn,  is  constant. 

[Note,  These  ennres  lie  on  paraboloids  of  revolution  or  on  spheres.] 

8.  Determine  an  integral  polynomial  f(x)  of  the  seventh  degree  in  x,  given 
that  f(x)  +  1  is  divisible  by  {x  -  1)«  and  f{x)  -  1  by  («+ 1)«.  GeneraUze  the 
problem. 

4.  Show  that  if  the  two  integral  polynomials  P  and  Q  satisfy  the  relation 

Vl-P«  =  QVl-aj«, 

then 

dP  ndx 


vi-p«   vrrj? 

where  n  is  a  positive  integer. 
[Note,  From  the  relation 

(a)  l-P»=Q»(l-«») 
it  follows  that 

(b)  -2PP'=Q[2Q'(l-««)-2^]. 

The  equation  (a)  shows  that  Q  is  prime  to  P;  and  (b)  shows  that  P'  is  dividble 
byQ.] 

6*.  Let  B(x)  be  a  polynomial  of  the  fourth  degree  whose  roots  are  all  dif- 
ferent, and  let  X  =  U*/  F  be  a  rational  function  of  t,  such  that 

where  Ri  (Q  is  a  polynomial  of  the  fourth  degree  and  P/  Q  is  a  rational  function. 
Show  that  the  function  U/  V  satisfies  a  relation  of  the  form 

dx  kdt 


VR(x)      VBi  (Q 
where  kiatk  constant  [Jacobi.] 

[Note,  Each  root  of  the  equation  £(U'/  F)  =  0,  since  it  cannot  cause  Rix) 
to  vanish,  must  cause  UV  —  VU\  and  hence  also  dx/dJt^Ui  vanish.] 

0*.  Show  that  the  nth  derivative  of  a  function  y  =  ^  (u),  where  u  is  a  f mic- 
tion of  the  independent  variable  x,  may  be  written  in  the  form 

(a)  g  =  ^.«'(„)  +  ^^"(„)  +  ...  +  _^^.,(«). 

where 

(b) 


.       d»tt*     k    d"tt*-i  .  ik(Jk-l)    .(l»tt*-« 
(to»       1        dx^  1.2  dx» 

+  (-l)*-i*u*-ig        (ik=l,2,...,n). 


[First  notice  that  the  nth  derivative  may  be  written  in  the  form  (a),  where  the 
coefficients  Ai^  ^j,  •  •  •,  -4„  are  independent  of  the  form  of  the  function  ^(ii). 
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T6  find  their  Talues,  MtXv)  equal  to  ic,  «*,*.•,  u"  sacceieiTely,  and  solye  the 
resulting  equations  for  ^i,  A^,  •  •  • ,  A^,    The  result  is  the  form  (b).] 

7*.  ShowthatthenthderivatiTeof  ^(x^is 

^t^  =  (2«)»0(«)(a^  +  n(n  -  1)  (2 «)»-V»- *>(«•)  +  •  •  • 


dx^ 


where  p  yaries  from  asero  to  the  last  positiye  integer  not  greater  than  n/2,  and 
where  0(O(aB^  denotes  the  ith  deriyative  with  respect  to  x. 
Apply  this  result  to  the  functions  e-«^,  arc  sin  ob,  arc  tan  x. 

8*.  If  OS  =  cos  ii,  show  that 

d»-i(l-x«)"»-*      ,     ,.      ,1.3.6.   ■(2m-l)    , 

^ ; =  (—  1)"»-* ^ ^  sin  mtc 

dK«-i  ^       '  m 

[Olikdk  Rodkigukh.] 

9.  Show  that  Legendre's  polynomial, 

1  d» 

2.4.6...2nda?»^  '* 

ntisfies  the  differential  equation 

Hence  deduce  the  coefficients  of  the  polynomial. 

10.  Show  that  the  four  functions 

jfi  =  sin  (narc  sin«),  yz  =  sin  (n  arc  cosx), 

ys  =  cos  (n  arc  sin  «),  ^4  =  cos (n  arc  cosx), 

8iUisfy  the  differential  equation 

(1  -  aJ»)y"  -  zy'  +  n«y  =  0. 

Hence  deduce  the  developments  of  these  functions  when  they  reduce  to  poly* 
Hernials. 

11*.  Proye  the  formula 

1 

[Halphbh.] 

12.  Eyery  function  of  the  form  z  =  x  0  (y /«)  +  ^  iv/x)  satisfies  the  equation 

rx«  +  2«xy  +  <^  =  0, 
wbateyer  be  the  functions  ^  and  ^. 

18.  The  function  z  =  x^(x  +  y)  +  y^(x  +  y)  satisfies  the  equation 

r^2s+«  =  0, 
idiateyer  be  the  fonctions  f  and  ^, 
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14.  The  function  t  =/[«  +  ^(y)]  saUsfies  the  equation  pss:qr^  whatever 
be  the  functions /and  0. 

16.  The  function  z  =  XF^{y/z)  +  y~*^(y/x)  satisfies  the  equation 

rx^  +  2  aacy  +  *y*  +  JMB  +  W  =  »'«» 
whatever  be  the  functions  ^  and  ^. 

16.  Show  that  the  function 

y  =  |«-ai|^(«)  +  |«-ai|0i(«)  +  ...  +  |x-a,|^(x), 

where  ^i  (x),  ^a  (x),  •  •  • ,  ^  (x),  together  with  their  derivatives,  ^l  (x),  ^  (x),  •  •  • , 
04  (x),  are  continuous  functions  of  x,  has  a  derivative  which  is  discontinuous 
for  X  =  Cli,  cis,  •  •  • ,  On. 

17.  Find  a  relation  between  the  first  and  second  derivatives  of  the  function 
X  =/(Xi,  tt),  where  u  =  0(Xfl,  Xs) ;  xi,  Xt,  Xs  being  tliree  independent  variables, 
and /and  ^  two  arbitrary  functions. 

18.  Let/(x)  be  the  derivative  of  an  arbitrary  function /(x).    Show  that 

tt  dx*  ~  «  dx* 
where  u  =  [f(x)]-i  and  v  =/(x)  [f(x)]-i, 

19*.  The  nth  derivative  of  a  function  of  a  function  u  =  ^  (y),  where  y  =  i^  (x), 
may  be  written  in  the  form 

where  the  sign  of  summation  extends  over  all  the  positive  integral  solutions  of 
the  equation  i  +  2j  +  8A  + |-tt  =  n,  and  where  p  =  {+y  +  ...  +  ib. 

[Faa  de  Bbuho,  Quarterly  Journal  cf  Maihematici^  Vol.  I,  p.  869.] 
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IMPUaX  FUHCnOHS     FUHCnOHAL  DSTSRMIHAHT8 

CHAKOS  OF  VARIABLB 

L  IMPLICIT  FUNCTIONS 

80.  A  particiilar  case.  We  frequently  have  to  study  functions  for 
which  no  explicit  expressions  are  known,  but  which  are  given  by 
means  of  unsolyed  equations.  Let  us  consider,  for  instance,  an 
equation  between  the  three  variables  x,  y,  z, 

(1)  Fix,  y,  z)  =  0. 

This  equation  defines,  under  certain  conditions  which  we  are  about 
to  investigate,  a  function  of  the  two  independent  variables  x  and  y. 
We  shall  prove  the  following  theorem : 

Let  X  ^  Xq,  y  =s  y^,  z  =:i  Zo  be  a  set  of  values  which  satisfy  the  equa- 
tion (1),  and  let  us  suppose  that  the  function  F,  together  with  its  first 
derivativeSf  is  continuous  in  the  neighborhood  of  this  set  of  values.* 
If  the  derivative  F,  does  not  vanish  for  x  =  a;©,  y  =  yo  «  =  «o>  there 
exists  one  and  only  one  continuous  function  of  the  independent  variables 
X  and  y  which  satisfies  the  equation  (1),  and  which  assumes  the  value  x^ 
when  X  and  y  assume  the  values  Xq  and  yo,  respectively. 

The  derivative  F,  not  being  zero  for  x  =  Xo,y  =  yQfZ  =  Zq,  let  us 
suppose,  for  definiteness,  that  it  is  positive.  Since  F,  F.,  F^,  F,  are 
supposed  continuous  in  the  neighborhood,  let  us  choose  a  positive 
number  I  so  small  that  these  four  functions  are  continuous  for  all 
sets  of  values  x,  y,  z  which  satisfy  the  relations 

(2)  \x^Xo\<l,        |y-yo|^^,        \z-Zo\<l, 
and  thati  for  these  sets  of  values  of  x,  y,  z, 

F,(x,y,z)>P, 

•In  a  reeent  article  {Btdletin  de  la  SocUti  Mathimatiqxie  de  France,  Vol.  XXXI, 
1903,  pp.  184-192)  Gtouraat  has  ihown,  by  a  method  of  snocessive  approximations,  that 
it  is  not  necessary  to  make  any  assumption  whatever  regarding  F^  and  Fy,  even  as  to 
their  existence.  His  proof  makes  no  use  of  the  existence  of  F^  and  Fy.  His  general 
theorem  and  a  sketch  of  his  proof  are  given  in  a  footnote  to  §  25. — Thajts. 
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where  P  is  some  positive  number.  Let  Q  be  another  positive  num- 
ber greater  than  the  absolute  values  of  the  other  two  derivatives 
F^j  F^  in  the  same  region. 

Giving  X,  y,  z  values  which  satisfy  the  relations  (2),  we  may  then 
write  down  the  following  identity : 

F(x,  y,  z)  -  F(a:o,  yo,  «o)  =  F{x,  y,  z)  -  F(x^y  y,  z)  -f  F{x^y  y,  z) 

-  J^(«o,  yo,  z)'\'F(xo,  yo,  z)  -F(xo,  yo,  «o) ; 

or,  applying  the  law  of  the  mean  to  each  of  these  differences!  and 
observing  that  F(xo,  y©,  «o)  =  0, 

F(x,  y,  «)  =     (x  -  «o)  -^x[«o  +  $(x  -  a;o),  y,  «] 

+  (y  -  yo)  ^y  [«o,  yo  +  ^'(y  -  yo),  «] 

+  (»  -  «o)  ^,  [aJo,  yo,  «o  4-  ^"(«  -  «o)]- 
Hence  F(x,  y,  «)  is  of  the  form 

(S'i     ^^(*'y'*)=    ^(«,  y>«)(«-«o) 

^^     <  +5(x,y,  «)(y-yo)  +  C'(«,y,«)(«-a?o), 

where  the  absolute  values  of  the  functions  A(x,  y,  z),  B(x^  y,  «), 
C(a;y  y,  ;;;)  satisfy  the  inequalities 

M|<Q,         \B\<Q,         \C\>P 

for  all  sets  of  values  of  x,  y,  z  which  satisfy  (2).  Xow  let  c  be  a 
positive  number  less  than  l^  and  -q  the  smaller  of  the  two  numbers 
/  and  Pt/iQ.  Suppose  that  x  and  y  in  the  equation  (1)  are  given 
definite  values  which  satisfy  the  conditions 


\x  -  ajol  <  i;,  |y  -  yol  <  i;, 

and  that  we  seek  the  number  of  roots  of  that  equation,  x  being 
regarded  as  the  unknown,  which  lie  between  «o  —  c  and  «o  +  c  In 
the  expression  (3),  for  F(Xy  y,  z)  the  sum  of  the  first  two  terms  is 
always  less  than  2Qi;  in  absolute  value,  while  the  absolute  value  of 
the  third  term  is  greater  than  Pc  when  z  is  replaced  by  «o  ±  c  From 
the  manner  in  which  17  was  chosen  it  is  evident  that  this  last  term 
determines  the  sign  of  F,  It  follows,  therefore,  that  F(a;,  y,  ^^  _  c)  <0 
and  F(x^  y,  «o  +  c)  >  0 ;  hence  the  equation  (1)  has  at  least  one  root 
which  lies  between  «o  —  c  &n<i  ^0  +  <•  Moreover  this  root  is  unique, 
since  the  derivative  F,  is  positive  for  all  values  of  z  between  «o  —  c 
and  «o  +  c.  It  is  therefore  clear  that  the  equation  (1)  has  one  and 
only  one  root,  and  that  this  root  approaches  z^  mx  and  y  approach 
a^o  and  y^,  respectively. 
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Let  us  investigate  for  just  what  values  of  the  variables  x  and  y 
the  root  whose  existence  we  have  just  proved  is  defined.  Let  h  be 
the  smaller  of  the  two  numbers  I  and  PI/2Q ;  the  foregoing  reason- 
ing shows  that  if  the  values  of  the  variables  x  and  y  satisfy  the 
inequalities  \x  —  Xo\<hy  \i/  ^  yo\<  h,  the  equation  (1)  will  have  one 
and  only  one  root  which  lies  between  «o  —  ^  and  Zq'\'  L  Let  i2  be  a 
square  of  side  2h,  about  the  point  M^^x^^  y^,  with  its  sides  parallel 
to  the  axes.  As  long  as  the  point  (Xy  y)  lies  inside  this  square, 
the  equation  (1)  uniquely  determines  a  function  of  x  and  y,  which 
remains  between  z^-^l  and  Zq'\'1,  This  function  is  continuous,  by 
the  above,  at  the  point  Afo,  and  this  is  likewise  true  for  any  other 
point  Ml  oi  R)  for,  by  the  hypotheses  made  regarding  the  fimc- 
tion  F  and  its  derivatives,  the  derivative  F,(a;i,  yi,  «i)  will  be  posi- 
tive at  the  point  Afi,  since  \xi  —  Xq\<1,  \y\—yQ\<l,  \»\  —  »q\<1' 
The  condition  of  things  at  M^  is  then  exactly  the  same  as  at  Afo, 
and  hence  the  root  under  consideration  will  be  continuous  for 

Since  the  root  considered  is  defined  only  in  the  interior  of  the 
region  R^  we  have  thus  far  only  an  element  of  an  implicit  function. 
In  order  to  define  this  function  out- 
side of  R,  WQ  proceed  by  successive 
steps,  as  follows.  Let  Z  be  a  con- 
tinuous path  starting  at  the  point 
(aBo>  ^o)  ^^'^  ending  at  a  point  (X,  Y) 
outside  of  R,  Let  us  suppose  that 
the  variables  x  and  y  vary  simul- 
taneously in  such  a  way  that  the  *^ 
point  (x,  y)  describes  the  path  Z. 
If  we  start  at  (xq,  y^  with  the  value 
z^  of  «,  we  have  a  definite  value  of  this  root  as  long  as  we  remain 
inside  the  region  R.  Let  M^  {x^,  y^)  be  a  point  of  the  path  inside  U, 
and  «i  the  corresponding  value  of  «.  The  conditions  of  the  theorem 
being  satisfied  for  a?  =  Xi,  y  =  yj,  «  =  «j,  there  exists  another  region 
Rif  about  the  point  Mi^  inside  which  the  root  which  reduces  to  «i  for 
«  =  «i>  y  =  yi  is  uniquely  determined.  This  new  region  R^  will 
have,  in  general,  points  outside  of  R,  Taking  then  such  a  point  AT, 
on  the  path  X,  inside  R^  but  outside  12,  we  may  repeat  the  same  con- 
struction and  determine  a  new  region  U„  inside  of  which  the  solu- 
tion of  the  equation  (1)  is  defined;  and  this  process  could  be 
repeated  indefinitely,  as  long  as  we  did  not  find  a  set  of  values  of 
05,  y, «  for  which  F,  a  0.    We  shall  content  ourselves  for  the  present 
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with  these  statements ;  we  shall  find  occasion  in  later  ohiqiters  to 
treat  certain  analogous  problems  in  detail 

81.  DeriTatiyes  of  implicit  functions.  Let  us  return  to  the  region 
R,  and  to  the  solution  z  =  ^(x,  y)  of  the  equation  (1),  which  is  a 
continuous  function  of  the  two  variables  x  and  y  in  this  region. 
This  function  possesses  derivatiyes  of  the  first  order.  For,  keeping 
y  fixed,  let  us  give  x  an  increment  Aa;.  Then  z  will  have  an  incre- 
ment ^f  and  we  find,  by  the  formula  derived  in  §  20, 

F(x  -f  Aa;,  y,  «  4-  A«)  -  F{x,  y,  z) 
=  Aa;F.(a;  +  ^Aa;,  y,  «  +  A«)  +  A«F,(a;,  y,  «  +  tf'A«)« 0. 

Hence 

Ag_      F^jx^-e^x.y.z  +  ^z), 

Aa;  F.(aj,  y,  «4-^'A«)      ' 

and  when  Ax  approaches  zero,  A«  does  also,  since  «  is  a  continuous 
function  of  x.  The  right-hand  side  therefore  approaches  a  limit, 
and  z  has  a  derivative  with  respect  to  x : 

££  =  -:& 
dx  f/ 

In  a  similar  manner  we  find 

dy  F,' 

Note,  If  the  equation  F=0  is  of  degree  m  in  z,  it  defines  m 
functions  of  the  variables  x  and  y,  and  the  partial  derivatives  dz/dx, 
dz/dy  also  have  m  values  for  each  set  of  values  of  the  variables 
X  and  y.  The  preceding  formulae  give  these  derivatives  without 
ambiguity,  if  the  variable  z  in  the  second  member  be  replaced  by 
the  value  of  that  function  whose  derivative  is  sought. 

For  example,  the  equation 

a?*  4-  y*  4-  «*  -  1  =  0 
defines  the  two  continuous  functions 


+  VI  —x^  —  y^        and         —  Vl  —  a;*  —  y* 

for  values  of  x  and  y  which  satisfy  the  inequality  aj*  -f  y*  <  1. 
The  first  partial  derivatives  of  the  first  are 

—  x  — y 

Vl  -  ««  -  y«'  Vl  -  a«  -  y«' 
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and  the  partial  derivatives  of  the  second  are  found  bjr  merely  chang- 
ing the  signs.  The  same  results  would  be  obtained  bjr  using  the 
formula 

d»  __    X         ^^  _    y 

dx         z  dy         z 

replacing  c  by  its  two  values^  successively. 


22.  Applications  to  surfaces.  If  we  interpret  x,  y, «  as  the  Cartesian 
co5rdinates  of  a  point  in  space,  any  equation  of  the  form 

(4)  F(aj,y,«)  =  0 

represents  a  surface  S.  Let  (x^,  y^,  z^  be  the  coordinates  of  a  point 
A  of  this  surface.  If  the  function  F,  together  with  its  first  deriva- 
tives, is  continuous  in  the  neighborhood  of  the  set  of  values  otq,  y^y  Zq, 
and  if  all  three  of  these  derivatives  do  not  vanish  simultaneously 
at  the  point  A,  the  surface  S  has  a  tangent  plane  at  A.  Suppose, 
for  instance,  that  F,  is  not  zero  for  x  =s  Xq,  y  =  y^^,  z  =  Zq,  Accord- 
ing to  the  general  theorem  we  may  think  of  the  equation  solved 
for  z  near  the  point  A,  and  we  may  write  the  equation  of  the  surface 
in  the  form 

«  =  «(«,  y), 

where  ^(a;,  y)  is  a  continuous  function;  and  the  equation  of  the 
tangent  plane  at  A  is 

^--=(i)/^-*«)+(|).(^-y»)- 

Replacing  dz/dx  and  dz/dy  by  the  values  found  above,  the  equation 
of  the  tangent  plane  becomes 

If  F,  =  0,  but  F^^  Of  B,t  A,  we  would  consider  y  and  z  ad  inde- 
pendent variables  and  :b  as  a  function  of  them.  We  would  then 
find  the  same  equation  (5)  for  the  tangent  plane,  which  is  also  evi- 
dent a  priori  from  the  symmetry  of  the  left-hand  side.  Likewise 
the  tangent  to  a  plane  curve  F(x,  y)  =  0,  at  a  point  (aro,  y^^  is 

If  the  three  first  derivatives  vanish  simultaneously  at  the  point  A^ 


U/."(»y/."U/.~®' 
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the  preceding  reasoning  is  no  longer  applicable.  We  shall  see  later 
(Chapter  III)  that  the  tangents  to  the  various  curves  which  lie  on 
the  surface  and  which  pass  through  A  form,  in  general,  a  cone  and 
not  a  plane. 

In  the  demonstration  of  the  general  theorem  on  implicit  functions 
we  assumed  that  the  derivative  F^  did  not  vanish.  Our  geometrical 
intuition  explains  the  necessity  of  this  condition  in  general.  For, 
if  F^  =  0  but  F^  ^  0,  the  tangent  plane  is  parallel  to  the  z  axis, 
and  a  line  parallel  to  the  z  axis  and  near  the  line  a;  =  Xq,  y  =  ^q 
meets  the  surface,  in  general,  in  two  points  near  the  point  of 
tangency.  Hence,  in  general,  the  equation  (4)  would  have  two 
roots  which  both  approach  Zq  when  x  and  y  approach  x^  and  y^ 
respectively. 

If  the  sphere  a?"  +  y*  +  «'  —  1  =  0,  f or  instance,  be  cut  by  the  line 
y  =  0,  a;  =  1  +  c,  we  find  two  values  of  «,  which  both  approach  zero 
with  c ;  they  are  real  if  c  is  negative,  and  imaginary  if  c  is  positive. 

23.  Sncoesaive  derivatives.   In  the  formula  for  the  first  derivatives, 

ax""    fJ       dy"     fJ 

we  may  consider  the  second  members  as  composite  functions,  z  being 
an  auxiliary  function.  We  might  then  calculate  the  successive  deriv- 
atives, one  after  another,  by  the  rules  for  composite  functions.  The 
existence  of  these  partial  derivatives  depends,  of  course,  upon  the 
existence  of  the  successive  partial  derivatives  of  F(x,  y,  z). 

The  following  proposition  leads  to  a  simpler  method  of  determin- 
ing these  derivatives. 

If  several  functions  of  an  independent  variable  satisfy  a  relation 
F  =0f  their  derivatives  satisfy  the  equation  obtained  by  eqtuUing  to 
zero  the  derivative  of  the  left-hand  side  formed  by  the  rule  for  differ- 
entiating  composite  functions.  For  it  is  clear  that  if  F  vanishes 
identically  when  the  variables  which  occur  are  replaced  by  func- 
tions of  the  independent  variable,  then  the  derivative  will  also  van- 
ish identically.  The  same  theorem  holds  even  when  the  functions 
which  satisfy  the  relation  F  =  0  depend  upon  several  independent 
variables. 

Now  suppose  that  we  wished  to  calculate  the  successive  derivatives 
of  an  implicit  function  y  of  a  single  independent  variable  x  defined 
by  the  relation 

F(x,  y)  =  0. 
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We  find  sacoesuTely 

d^F  ^F  d^F  d^F  d^F 

9 

from  which  we  could  calculate  successivelj  y*,  y",  y"',  •  ••. 

Example,  Given  a  function  y  =  /(x),  we  may,  inyenely,  consider  y  as  the 
independent  variable  and  x  as  an  implicit  fonction  of  y  defined  by  the  equation 
y  =  f(x).  If  the  derivatiye  f'{x)  does  not  vanish  for  the  value  Xo,  where 
yo  =  /(xo),  there  exists,  by  the  general  theorem  proved  above,  one  and  only  one 
function  of  y  which  satisfies  the  relation  y  =  /(x)  and  which  takes  on  the  value 
Xo  for  y  =  yo.  This  function  is  called  the  inverse  of  the  function  /  (x).  To  cal- 
culate the  successive  derivatives  Xy,  Xy*,  XyS,  •  •  •  of  this  function,  we  need  merely 
difEerenUate,  regarding  y  as  the  independeut  variable,  and  we  get 

1   =      r(x)     Xy, 

0   =    /"(X)  (Xy)»  +         /'(X)Xy., 

0   =r-(X)  (Xy)t   +  8/-(X)XyXy.   + /'(X)  X,P, 


whence 

It  should  be  noticed  that  these  f  ormulsB  are  not  altered  if  we  exchange  Xy  and 
/'(x),  Xys  and  /''(x),  XyS  and  f'''{x),  •  •  • ,  for  it  is  evident  that  the  relation  between 
the  two  functions  y  =  /(x)  and  x  =  0  (y)  is  a  reciprocal  one. 

As  an  application  of  these  formulsB,  let  us  determine  all  those  functions 
y=/(x)  which  satisfy  the  equation 

y'y'"  -  3y"«  =  0. 

Taking  y  as  the  independent  variable  and  x  as  the  function,  this  equation 
becomes 

XyS  =  0. 

Bat  the  only  functions  whose  third  derivatives  are  zero  are  polynomials  of  at 
most  the  second  degree.    Hence  x  must  be  of  the  form 

x=  Ciy«+  C,y+  Ct, 

where  Cu  Ct,  C%  are  three  arbitrary  constants.  Solving  this  equation  for  y, 
we  see  that  the  only  functions  y  =  /(x)  which  satisfy  the  given  equation  are 
of  the  form  _-^^ 

y  =  a  :t  V6x  +  c, 
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where  a,  6,  c  are  three  arbitrary  constants.  This  equation  represents  a  parabola 
whose  axis  is  parallel  to  the  x  axis. 

24.  Partial  derivatlTea.  Let  us  now  consider  an  implicit  function 
of  two  variables,  defined  bjr  the  equation 

(6)  F(x,y,z)  =  0. 

The  partial  derivatives  of  the  first  order  are  given,  as  we  have  seen, 
by  the  equations 

^  '  dx       dz  dx       '         dy      dz  dy 

To  determine  the  partial  derivatives  of  the  second  order  we  need 
only  differentiate  the  two  equations  (7)  again  with  respect  to  x  and 
with  respect  to  y.  This  gives,  however,  only  three  new  equations, 
for  the  derivative  of  the  first  of  the  equations  (7)  with  respect  to  y 
is  identical  with  the  derivative  of  the  second  with  respect  to  x. 
The  new  equations  are  the  following: 

a«F  dz    d»F  (dz\    dF  d^z 
'^   dxdz  dx  ^  a««  \dx/  "^  dz  dx*  ""  ' 

I   d*F        d*F  dz  a*F  dz      d^Fdzdz      dF  d^z 

^  ^   ^  dxdy      dx  dz  dy         dy  dz  dx       ds?  dx  dy      dz  dxdy''    ' 

dy'  ■*"     dydz  dy  ^  d:^  [dy)  "^  dz    dy'    "  "' 

The  third  and  higher  derivatives  may  be  found  in  a  similar  manner. 
By  the  use  of  total  differentials  we  can  find  all  the  partial  deriva- 
tives of  a  given  order  at  the  same  time.     This  depends  upon  the 
following  theorem : 

If  several  functions  u,  v,  m^,  •  • .  of  any  number  of  ind^>endent  varu- 
ables  x,y,Zf'"  satisfy  a  relation  F  =  0,  the  total  differentials  satisfy 
the  relation  dF=  0,  which  is  obtained  by  forming  the  total  differential 
of  Fas  if  all  the  variables  which  occur  in  F  were  independent  variables. 

In  order  to  prove  this  let  F(w,  v,  w;)  =  0  be  the  given  relation  between 
the  three  functions  u^  v,  w  of  the  independent  variables  x,  y,  z,  t.  The 
first  partial  derivatives  of  u,  v,  w  satisfy  the  four  equations 

da  dx       dv  dx       dw  dx        ' 

^^,^dvdFdw_ 
du  dy       dv  dy       dw  dy        * 
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du  a«        dv  dz       dw  dz  "    * 

dFdu   .?^££.?£;^_/> 
du  dt        dv  dt       dw  dt 

Moltdplying  these  equations  bjr  dx,  dy^  dz,  dt,  respectiveljr,  and 
adding,  we  find 

-^du'{--^dv'{--^dw=^dF=0. 
cu  ov  &w 

This  shows  again  the  advantage  of  the  differential  notation,  for  the 
preceding  equation  is  independent  of  the  choice  and  of  the  number 
of  independent  variables.  To  find  a  relation  between  the  second 
total  differentialB,  we  need  merely  apply  the  general  theorem  to  the 
equation  c{F=0,  considered  as  an  equation  between  u,  v,  w,  du, 
dv,  dw,  and  so  forth.  The  differentials  of  higher  order  than  the 
first  of  those  variables  which  are  chosen  for  independent  variables 
must,  of  course,  be  replaced  by  zeros. 

Let  us  apply  this  theorem  to  calculate  the  successive  total  differ- 
entials of  the  implicit  function  defined  by  the  equation  (6),  where 
X  and  y  are  regarded  as  the  independent  variables.    We  find 

dF  dp  dp 

/dF,    ^dF,    ^  SF  ,Y>  ,  dF^         . 

and  the  first  two  of  these  equations  may  be  used  instead  of  the  five 
equations  (7)  and  (8) ;  from  the  expression  for  dz  we  may  find  the 
two  first  derivatives,  from  that  for  d^z  the  three  of  the  second  order, 
etc.     Consider  for  example,  the  equation 

which  gives,  after  two  differentiations, 

Ax dx  -{■  A'ydy  +   A "z  dz  =  0, 

Adx*  +  A'dy^+    A"d%* -h  A"zd^z  =  0, 

whence 

,   __      Axdx-\- A'ydy, 

A^  ' 

and,  introducing  this  value  of  dz  in  the  second  equation,  we  find 

- A(Ax*-^A"z^dx^-{-2AA'xi/dxdy-\'A'(A'y*+A"z^)dj^ 

A"^z* 
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Using  Mongers  notatioiii  we  have  then 

Ax  A'y 

ACAa^  +  A^z")  AA'xy  A'(AY  •\' A"**) 

*■""■  A"*z*         '       *~       A"*z*'  A"*^ 

This  method  is  evidently  general,  whatever  be  the  number  of  the 
independent  variables  or  the  order  of  the  partial  derivatives  which 
it  is  desired  to  calculate. 

Bxample,  Let  z  =/(x,  y)  be  a  function  of  x  and  y.  Let  us  try  to  calonlate 
the  diflerentials  of  the  first  and  second  orders  dx  and  dPx^  regarding  y  and  z  as 
the  independent  variables,  and  x  as  an  implicit  function  of  them.  First  of  all, 
we  have 

dx  dy   ^ 

Since  y  and  z  are  now  the  independent  variables,  we'  must  set 

d>y  =  d>z  =  0, 
and  consequently  a  second  differentiation  gives 

^  =  ^<^  +  2^(lx#y  +  ^dy»  +  ^cPaj. 
bjfi  dxdy  dy*  dx 

In  Monge's  notation,  using  p,  q,  r,  «,  t  for  the  derivatives  of  /(x,  y),  these 
equations  may  be  written  in  the  form 

dz  =  pdx-{-qdyf 

0  =  rdafi  +  2  8dxdy  +  tdy*  +  pd>x. 
From  the  first  we  find 

dx=^-g^y, 
P 

and,  substitating  this  value  of  dx  in  the  second  equation, 

«  rdafl'h2{pS'-qr)dydz  4'tg'r~2pgs +  !>«<) dy* 

The  first  and  second  partial  derivatives  of  x,  regarded  as  a  function  of  y  and 
s,  therefore,  have  the  following  values : 


=  _,        _  =  -?!, 


dx  ^1  dx 

dz      p          dy  p 

—  —  ^1.          g^g  _  qr-ps  d^x  ^Zpqs-pH  —  ^r 

a«*  ""      p«'        dydz"      pfi     *  5y*~              p« 

As  an  application  of  these  formulae,  let  us  find  all  those  functions  /(x,  y) 
which  satisfy  the  equation 

If,  in  the  equation  z  =/(x,  y),  x  be  considered  as  a  function  of  the  two  inde- 
pendent variables  y  and  «,  the  given  equation  reduces  to  XyS  =  0.    This  ny*a«i 
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that  OBy  is  independent  of  y ;  and  hence  Xy  =  0  (z),  where  0  (2)  is  an  arbitraiy 
function  of  z.    This,  in  turn,  may  be  written  in  the  form 

cy 
which  shows  that  x^y ^{z)  is  independent  of  y .    Hence  we  may  write 

where  ^  (s)  is  another  arbitrary  function  of  s.  It  is  clear,  therefore,  that  all  the 
fonctions  z  =/(x,  y)  which  satisfy  the  given  equation,  except  those  for  which  y^ 
Tsnishes,  are  found  by  solving  this  last  equation  for  z.  This  equation  represents 
a  surface  generated  by  a  straight  line  which  is  always  parallel  to  the  xy  plane. 

25.  The  general  theorem.   Let  us  consider  a  system  of  n  eqiuUions 


(E) 


Fiixi,  «„  . . .,  ajp ;  Ml,  M„  .  • .,  t/,)  =  0, 

f 

I F^(Xi,  «„  •   •,  ajp ;  Ml,  M,,  .  .,  M,)  =  0. 


between  the  n  4-i>  variables  Ui^  Ufy  •••,  u,;  Xi,  x^,  •••,  a;,.  Suppose 
that  these  equations  are  satisfied  for  the  values  Xi  =  a/l,  *  "1  ^p  =  o^y 
Ui  =  t^,  • .  •,  te,  =  uj;  ^Ao^  the  functions  F^  are  eon^muou^  and  possess 
first  partial  derivatives  which  are  continuous,  in  the  neighborhood  of 
this  system  of  values;  and,  finally,  that  the  determinant 

dFi    dFi  dFi 

hii     duf  du^ 

dFi    ^Ft  ^F% 


As 


dui     duf 


du. 


dui     du^  du^ 

does  not  vanish  for 

a^ssajj,        t**  =  i4,         (t  =  l,  2,  ...,^;  A;  =  1,  2,  .-,  n). 

Under  these  conditions  there  exists  one  and  only  one  system  of  eon" 
tvMMUs  functions  Ui  =  ^(xi,  Xf,  •  •  •,  x^,),  *",  u^ss  i^^(xi,  x^,  •  ••,  x^,) 
which  satisfy  the  equations  (E)  and  which  reduce  to  t4>  1^9  ***i  ^t 
/oraJi=rajJ,  ...,«,  =  4.* 

•  In  his  paper  quoted  above  (ftn.,  p.  35)  Oouisat  proves  that  the  same  condnsion 
may  be  reached  without  making  any  hypotheses  whatever  regarding  the  derivatives 
IFf/dzj  of  the  functions  Fi  with  regard  to  the  z's.  Otherwise  the  hypotheses  remain 
exactly  as  stated  above.  It  is  to  be  noticed  that  the  later  theorems  regarding  the 
existence  of  the  derivatives  of  the  functions  0  would  not  follow,  however,  without 
•ome  assumptions  regarding  dFi/dxj.    The  proof  given  is  based  on  the  following 
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The  determinant  A  is  called  the  Jacobian,*  or  the  Functional  Deter- 
minant, of  the  n  functions  Fj,  Fj,  •  •  •,  7*'^  with  respect  to  the  n  vari- 
ables Ui,  Ut,  '•',  u^.     It  is  represented  by  the  notation 

/)(«!,  «j,   ••.,  ?/„) 

We  will  begin  by  proving  the  theorem  in  the  special  case  of  a 
system  of  two  equations  in  three  independent  variables  x,  y,  z  and 
two  unknowns  u  and  v. 

(9)  Fi(a;,  y,  «,  M,  v)=0, 

(10)  F,(aj,y,  «,  w,  t;)  =  0. 

These  equations  are  satisfied,  by  hypothesis,  f or  a;  =  a^,  y  =  ^o,  ^  =  ^9 
u  =  1^,  t;  =  Vq  ;  and  the  determinant 

du    dv        dv    du 

does  not  vanish  for  this  set  of  values.  It  follows  that  at  least  one 
of  the  derivatives  dFi/dv,  dF^/dv  does  not  vanish  for  these  same 
values.  Suppose,  for  definiteness,  that  dFi/dv  does  not  vanish. 
According  to  the  theorem  proved  above  for  a  single  equation,  the 
relation  (9)  defines  a  function  v  of  the  variables  x,  y,  z,  u, 

which  reduces  to  Vq  for  a;  =  aj^,  y  =  y^,  «  =  «q,  w  =  Wq.  Beplacing  v 
in  the  equation  (10)  by  this  function,  we  obtain  an  equation  between 
Xf  y,  Zy  and  u, 

^(x,  y,  z,  u)  =  F^[x,  y,  z,  w,  f{x,  y,  z,  w)]  =  0, 

lemma:  I«</i(aJi,«2f  •■•.«i>;  «if«2f-  -.Wn)!  ■■./«(«i»  «j»  •••i«p;  Wi»  ««.  •••,  w»)  ^  « 
functioiu  ofthen-\-p  variables  X{  OTid  U|.,  which^  together  voUh  the  n^pctrtial  derivch 
tivea  ^/{/dutf  are  continuous  near  a;i  =  0,  xj  =  0,  •  •  • ,  «p  =  0,  t£x  =  0,  •  •  • ,  m„  =  0.  If 
the  n  functions  fi  and  the  n^  derivatives  dfi/du^  all  vanish  for  this  system  of  values, 
then  the  n  equations 

culmit  one  and  only  one  system  of  solutions  of  the  form 


• 


wTiere  0i,  ^a,  •••,  ^n  «»"«  continuous  functions  of  the  p  variables  Xi,  Zs,  ••  *,  Xp  whU^ 
all  approach  zero  as  the  variables  aU  approach  zero.  The  lemma  is  proved  by  means  of 
asuiteof  functions  ttj'"^  =/<(xi,Xa,  ••,  Xp;  tt}"*"^),  i4"»-^>,  •,  ui"-*^  (»  =  1, 2, ....  n), 
where  i^^^  =  0.  It  is  shown  that  the  suite  of  functions  t^"*^  thus  defined  approaehes  a 
limiting  function  Ui,  which  1)  satisfies  the  given  equations,  and  2)  constitutes  the  only 
solution.  The  passage  from  the  lemma  to  the  theorem  consists  in  an  easy  tranafoima- 
tion  of  the  equations  (£)  into  a  form  similar  to  that  of  the  lemma.  — Trans. 
*  Jacobi,  Crelle^s  Journal,  Vol.  XXII. 
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which  is  satisfied  for  x  =  XQ,y  =  yQ,z  =  Zg,u^u^.    Now 


and  from  equation  (9), 


d^     dF^     ay,  df, 

du       du        dv  du 


du        dv  du         ' 


whence,  replacing  df/du  by  this  value  in  the  expression  for  d^/du^ 
we  obtain 

I>(Ft,  F,) 
d^  __        D(u,  v) 

'du  ""~       dF\ 

dv 

It  is  evident  that  this  derivative  does  not  vanish  for  the  values  Xq, 
yof  «o>  ^'  Hence  the  equation  ^  =  0  is  satisfied  when  u  is  replaced 
by  a  certain  continuous  function  u  =  i^(x,  y,  z),  which  is  equal  to 
f^  when  a  =  iCo,  y  =  y©*  «  =  «o;  ^^f  replacing  u  by  ^(a;,  y,  z)  in 
f(x,  y,  Zf  u),  we  obtain  for  v  also  a  certain  continuous  function. 
The  proposition  is  then  proved  for  a  system  of  two  equations. 

We  can  show,  as  in  §  21,  that  these  functions  possess  partial 
derivatives  of  the  first  order.  Keeping  y  and  z  constant,  let  us 
give  X  an  increment  Ao;,  and  let  ^u  and  ^v  be  the  corresponding 
increments  of  the  functions  u  and  v.  The  equations  (9)  and  (10) 
then  give  us  the  equations 

where  c,  c',  c",  tf,  tf',  nf*  approach  zero  with  Ax,  Au,  Av.     It  follows 
that 


Ax 


When  Ax  approaches  zero,  Au  and  Av  also  approach  zero ;  and  hence 
€f  c',  c",  Tf,  If',  tf"  do  so  at  the  same  time.  The  ratio  Au/Ao;  therefore 
approaches  a  limit;  that  is,  u  possesses  a  derivative  with  respect  to  x : 
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dFi  dF^  dFt  dFt 

du  dx    dv  dv    dx 

dx^"  dFi  dFj  dFi  dF% 

du    dv  dv    du 

It  follows  in  like  manner  that  the  ratio  Av/Ao;  approaches  a  finite 
limit  dv/dx,  which  is  given  by  an  analogous  formula.  Practically, 
these  derivatives  may  be  calculated  by  means  of  the  two  equations 

dx        du   dx       dv    dx        ' 

dF^      dF^du      dF^dv 

dx        du   dx       dv    dx'~    ' 

and  the  partial  derivatives  with  respect  to  y  and  z  may  be  found  in 
a  similar  manner. 

In  order  to  prove  the  general  theorem  it  will  be  sufficient  to  show 
that  if  the  proposition  holds  for  a  system  of  (n  —  1)  equations,  it 
will  hold  also  for  a  system  of  n  equations.  Since,  by  hypothesis, 
the  functional  determinant  A  does  not  vanish  for  the  initial  values 
of  the  variables,  at  least  one  of  the  first  ininors  corresponding  to  the 
elements  of  the  last  row  is  different  from  zero  for  these  same  values. 
Suppose,  for  definiteness,  that  it  is  the  minor  which  corresponds  to 
dF^/du^  which  is  not  zero.     This  minor  is  precisely 

D(uiyUi,'",u^_^)  ' 

and,  since  the  theorem  is  assumed  to  hold  for  a  system  of  (n  —  1) 
equations,  it  is  clear  that  we  may  obtain  solutions  of  the  first  (n  —  1) 
of  the  equations  (E)  in  the  form 

where  the  functions  ^j  are  continuous.  Then,  replacing  Ui,  •  •  •,  t/,., 
by  the  functions  ^i,  •  •  •,  ^,_i  in  the  last  of  equations  (E),  we  obtain 
a  new  equation  for  the  determination  of  u^, 

H^u  ««,••>  ajp  ;  w,)  =  F, (aji,  a;,,  . . .,  a;, ;  <^i,  <^„  •  •  -,  <^,_i,  u^)  =  0. 

It  only  remains  for  us  to  show  that  the  derivative  d^/du^  does 
not  vanish  for  the  given  set  of  values  x^,  a^,  - -- ,  x^,  t^i  for,  if  so,  we 
can  solve  this  last  equation  in  the  form 

where  ^  is  continuous.  Then,  substituting  this  value  of  u^  in 
^t9  *")  ^n-v  ^^^  would  obtain  certain  continuous  functions  for 
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^u  ^9  " ' f  ^n-i  ^^^*     ^^  order  to  show  that  the  derivative  in  ques- 
tion does  not  vanish,  let  us  consider  the  equation 


a*  _  aF,  a<^i 

du^      dui  du^ 

,   ^P,     04,,.,   1   dF. 

(11) 

The  derivatives  a^,/ai«,,  d^/du^y  •••,  d^»_^/du^  are  given  by  the 
(n— 1)  equations 


(12) 


I 

at«i    a^,  att,_i  aw,       aw,        ' 


and  we  may  consider  the  equations  (11)  and  (12)  as  n  linear  equa- 
tions for  d^i/du^,  •  •  •,  a^,_i/aw„  d^/du^f  from  which  we  find 

a^  D(F,,  F„  ...,  F,,0  ^  D(F,,  F.,  ■•■,  F,) 

^    i)(Ml,  11,,     ••,!*«_ l)  ^(t*l,  «t,  •    -tMi,) 

It  follows  that  the  derivative  d^/du^  does  not  vanish  for  the  initial 
Values,  and  hence  the  general  theorem  is  proved. 

The  successive  derivatives  of  implicit  functions  defined  by  several 
equations  may  be  calculated  in  a  manner  analogous  to  that  used  in 
the  case  of  a  single  equation.  When  there  are  several  independent 
variables  it  is  advantageous  to  form  the  total  differentials,  from 
which  the  partial  derivatives  of  the  same  order  may  be  found. 
Consider  the  case  of  two  functions  u  and  v  of  the  three  variables 
Xf  y,  z  defined  by  the  two  equations 

F(x,y,z,u,v)=0, 

♦(«>  y>  «>  t«,  v)=0. 

The  total  differentials  of  the  first  order  du  and  dv  are  given  by  the 
two  equations 

dF  dF  dF  dF  dF 

_&,+  _dy+_d*+_rf«+_rf„=0, 

likewise,  the  second  total  differentials  d^u  and  d!^v  are  given  by  the 
^nations 
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<&  + 


"^'dv      )    ^  du  'dv  * 

d^     \(2)     d^  ^        ^*  ^ 
dxA [--^dvj    +  ^  cPm  +  J- cPv  =  0, 

and  80  forth.  In  the  equations  which  give  d'*u  and  d^v  the' deter- 
minant of  the  coefficients  of  those  differentials  is  equal  for  all  values 
of  n  to  the  Jacobian  D  (F,  ^)/D(Uf  v),  which,  by  hypothesis,  does  not 
vanish. 

86.  Inveraion.  Let  ki,  us,  •  •  • ,  u^  be  n  functions  of  the  n  independent  vari- 
ables Xi,  Xs,  •  •  • ,  OBn,  such  that  the  Jacobian  D  (ui,  Us,  •  •  • ,  u^/D(zu  Xj*  "  * «  x.) 
does  not  vanish  identically.    The  n  equations 


*  *  • 


^     '  I  "•  =  0ii(Xl,  Xj,  ...,x,) 

define,  inversely,  Xi,  Xs,  •  •  • ,  Xn  as  functions  of  ui,  ua*  •  •  •  i  Ur.  For,  taking  any 
system  of  values  xj,  xj,  •  •  • «  xj,  for  which  the  Jacobian  does  not  vanish,  and 
denoting  the  corresponding  vtUues  of  ui,  us,  •  •  •,  Um  by  Kii  uj,  •  •  • ,  u^,  there 
exists,  according  to  the  general  theorem,  a  system  of  functions 

xi  =  ^i(ui.  Ma,  •  •  •,  u»),     xj  =  ^2(ui,  uj,  • . .,  m),     . . .,     X,  =  ^,(Ui,  «!,•••,  11,)^ 

which  satisfy  (13),  and  which  take  on  the  values  x^,  xJ,  •  •  • ,  xJ*  respectively^ 
when  ui  =  ttj,  •  •  • ,  u»  =  u^.  These  functions  are  called  Uie  iwoeneB  of  the  func- 
tions 01,  ^1  •  "t  ^,  and  the  process  of  actually  determining  them  is  called 
an  invertion. 

In  order  to  compute  the  derivatives  of  these  inverse  functions  we  need  merely 
apply  the  general  rule.    Thus,  in  the  case  of  two  functions 

u=/(x,  y),  «  =  0(x,  y), 

if  we  consider  u  and  v  as  the  independent  variables  and  z  and  y  as  invsne 
functions,  we  have  the  two  equations 


whence 


'--i'-^'i'y^     '^-'i'^^%^' 


by  dy  .  dz  dx 


dfdit>      dfdif> 

%*y 

dfdiff      dfd^ 

dx  dy      dy  dx 

dx  dy      dy  dx 

have  then,  finally,  the  formulsB 

d0 

Bf 

dx  _           dy 

dx 
dv 

dy 

du~dfd<ft      dfd<t>' 

dfdi>      dfd4>' 

dx  dy      dy  dx 

dx  dy      dy  dx 
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9y  _         dx  ay_  ax 


axdydyax  dx  dy      By  dx 

87.  Tangents  to  skew  corves.  Let  us  consider  a  curve  C  repre- 
sented by  the  two  equations 

(14)  (^i(«^,y,*)=o, 

and  let  a^o,  ^q,  Xq  ^  the  oo5rdinates  of  a  x>oint  Mq  of  this  curve,  such 
that  at  least  one  of  the  three  Jacobians 

dFidFi_dF\dFi        dFidFt  ^dFidF^        dFi  dF^      cF^  dF^ 

dy    dz         dz    dy  vz    dx        dx    dz  dx    dy        dy    dx 

does  not  vanish  when  Xy  y,  z  are  replaced  by  x^,  y^,  Zq,  respectively. 
Suppose,  for  definiteness,  that  2>(Fi,  F^)/D(y,  z)  is  one  which  does 
not  vanish  at  the  point  M^,  Then  the  equations  (14)  may  be  solved 
in  the  form 

y  =  *(«)»  «  =  ^(aj), 

where  ^  and  ^  are  continuous  functions  of  x  which  reduce  to  y^  and 
«o)  respectively,  when  a;  =  a^Q.  The  tangent  to  the  curve  C  at  the 
point  Mq  is  therefore  represented  by  the  two  equations 


X-«o 


where  the  derivatives  ^\x)  and  tl/\x)  may  be  found  from  the  two 
equations 

In  these  two  equations  let  us  set  a;  =  a?o,  y  =  ^q,  «  =  «o,  and  replace 
*'(«o)  and  f(aJo)  by  (J  ^  y^)  /  {X  ^  x^)  and  (Z  -  «o)  /  (^  -  «o), 
'^pectively.    The  equations  of  the  tangent  then  become 


(16) 
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or 

L  ^(y, «)  Jo     L  J>{h  X)  Jo     L  ^(^,y)  Jo 

The  geometrical  interpretation  of  this  result  is  very  easy, 
two  equations  (14)  represent,  respectively,  two  surfaces  S^  and  5. 
which  C  is  the  line  of  intersection.     The  equations  (15)  reprei 
the  two  tangent  planes  to  these  two  surfaces  at  the  point  M^ ; 
the  tangent  to  C  is  the  intersection  of  these  two  planes. 

The  formulae  become  illusory  when  the  three  Jaoobians  above 
vanish  at  the  point  M^.  In  this  case  the  two  equations  (15)  re€ 
to  a  single  equation,  and  the  surfaces  Si  and  S^  are  tangent  at 
point  Afo*  The  intersection  of  the  two  surfaces  will  then  oonsisi 
general,  as  we  shall  see,  of  several  distinct  branches  through 
point  3fo. 

n.  FUNCTIONAL  DETERMINANTS 

28.  FundamentAl  property.  We  have  just  seen  what  an  imporl 
rdle  functional  determinants  play  in  the  theory  of  implicit  functi 
All  the  above  demonstrations  expressly  presuppose  that  a  car 
Jacobian  does  not  vanish  for  the  assumed  set  of  initial  val 
Omitting  the  case  in  which  the  Jacobian  vanishes  only  for  cer 
particular  values  of  the  variables,  we  shall  proceed  to  examine 
very  important  case  in  which  the  Jacobian  vanishes  identicf 
The  following  theorem  is  fundamental. 

Let  Uij  u^f  •  •  • ,  u^  h^  ft  functions  of  the  n  independent  varic 
^\i  ^f  *">  ^n*  -^^  order  that  there  exist  between  these  n  funet 
a  relation  U  (ui,  ti^y  *  *  *i  t«»)  =  0,  which  does  not  involve  explicitly 
of  the  variahles  Xiy  x^^  •  •  • ,  x,,  it  is  necessary  and  sufficient  thai 
functional  determinant 

D  (ui,  u^,   " ,  u^) 

D(XlyXiy    •••,«,) 

should  vanish  identically. 

In  th3  first  place  this  condition  is  necessary.  For,  if  such  a  i 
tion  JI(ui,  Uiy-",  u„)  =  0  exists  between  the  n  functions  Ui,  Ui,  •  •  -j 
the  following  n  equations,  deduced  by  differentiating  with  respec 
each  of  the  a;'s  in  order,  must  hold  : 
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an  gut     an  du^  an  a^,  ^ 

ai*i  aa?!     ai«,  a^i  a^,  ax^ ""  * 


anawjanaw,         .£H£!^^a. 

aui  a*,     aw,  a^^  aw,  ax, ""  * 

andy  since  we  cannot  have^  at  the  same  time, 

an     an  an    ^ 

since  the  relation  considered  would  in  that  case  reduce  to  a  trivial 
identity,  it  is  clear  that  the  determinant  of  the  coefficients,  which  is 
precisely  the  Jacobian  of  the  theorem,  must  vanish.* 

The  condition  is  also  st{ffletent.  To  prove  this,  we  shall  make 
use  of  certain  facts  which  follow  immediately  from  the  general 
theorems. 

1)  Let  w,  Vywhe  three  functions  of  the  three  independent  variables 
^9  Vi  ^9  such  that  the  functional  determinant  D  (w,  v,  iff)/D  (x,  y,  z) 
is  not  zero.    Then  no  relation  of  the  form 

\  du -^  fjL  dv  •\' V  dw  =s  0 

can  exist  between  the.  total  differentials  du,  dv,  dw^  except  for 
X  =  /A  =  V  =s  0.  For,  equating  the  coefficients  of  dx,  dy,  d»  in  the 
foregoing  equation  to  zero,  there  result  three  equations  for  X,  f^  v 
which  have  no  other  solutions  than  X  =  ft  =  v  =  0. 

2)  Let  o>,  tt,  V,  tif  be  four  functions  of  the  three  independent 
variables  x,  y,  z,  such  that  the  determinant  D(u,  v,  w)/D(x,  y,  z) 
is  not  zero.  We  can  then  express  x,  y,  z  inversely  as  functions  of 
Uf  V,  w;  and  substituting  these  values  for  a?,  ^,  «  in  o^  we  obtain 
a  function 

of  the  three  variables  w,  v,w.  If  by  any  process  whatever  we  can 
obtain  a  relation  of  the  form 

(16)  dio  =  Pdu+  Qdv-^  Rdw 


*A8  Professor  Osgood  has  pointed  out,  the  reasoning  here  supposes  that  the 
partial  derivatives  dU/dui ,  dU  /dt<f|,  •  •  • ,  dn/dun  do  not  all  vanish  simultaneously 
for  any  system  of  values  which  cause  11 0<i ,  Uj,  •  •  • ,  Un)  to  vanish.  This  supposition 
is  oerUdnly  justified  when  the  relation  11  =  0  is  solved  for  one  of  the  v«t\SkYAe&  u^. 
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between  the  total  differentials  dw,  du,  dv,  dw,  taken  with  reepect  to  the 
independent  variablee  x,  y,  z,  then  the  eotfflciewte  P,  Q,  R  are  eqwdj 
respectively^  to  the  three  first  partial  derivatives  of^(u,v,w): 

^=ar'  ^=ar'  ^  =  57* 

cu  cv  ow 

For,  by  the  rule  for  the  total  differential  of  a  composite  function 
(1 16),  we  have 

C^  v^  v^ 

ou  cv  ow 

and  there  cannot  exist  any  other  relation  of  the  form  (16)  between 
dt»,  du,  dv,  dWf  for  that  would  lead  to  a  relation  of  the  form 

Xdu-^  fidv  -^vdw^O, 

where  X,  /a,  v  do  not  aU  vanish.  We  have  just  seen  that  this  is 
impossible. 

It  is  clear  that  these  remarks  apply  to  the  general  case  of  any 
number  of  independent  variables. 

Let  us  then  consider,  for  definiteness,  a  system  of  four  functiona 
of  four  independent  variables 


(17) 


-y  =  ^i(«,  y, «,  0> 

Y  =  Ft(x,  y,  z,  t), 
T  =  F^(x,  y,  z,  t), 


where  the  Jacobian  D(Fi,  F„  F„  F^)/D(x,  y,  z,  t)  is  identically 
zero  by  hypothesis ;  and  let  us  suppose,  first,  that  one  of  the  first 
minors,  say  D(Fi,  F„  F^)/D(x,  y,  «),  is  not  zero.  We  may  then 
think  of  the  first  three  of  equations  (17)  as  solved  for  x,  y,  zm 
functions  of  X,  Y,  Z^t;  and,  substituting  these  values  for  x,  y,  z  in 
the  last  of  equations  (17),  we  obtain  r  as  a  function  of  X,  Y,Z,t: 

(18)  r=*(^,  r,z,o. 

We  proceed  to  show  that  this  function  4  does  not  contain  the  vari* 
able  t,  that  is,  that  d^/dt  vanishes  identically.  For  this  purpose 
let  us  consider  the  determinant 
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A=: 


dFi 

dFi 

dFt 

dx 

dy 

dz 

dFt 

dFt 

dFt 

dx 

^y 

dz 

dF^ 

dFt 

dFt 

dx 

dy 

dz 

dF^ 

dF^ 

^F, 

dx 

dy 

dz 

dX 
dY 
dZ 
dT 


U;  in  this  determinant^  dX,  dY,  dZ,  dT  be  replaced  by  their  yalnes 

dX  =  TT-^  dx  4-  -TT-^  dy  4-  -r—^  dz  4-  -tH^  dt, 
dx  dy  ^      dz  dt       ' 


^d  if  the  determinant  be  developed  in  terms  of  dx,  dy,  dz,  dt,  it  turns 
out  that  the  coefficients  of  these  four  differentials  are  each  zero ;  the 
^8t  three  being  determinants  with  two  identical  columns,  while  the 
^t  is  precisely  the  functional  determinant  Hence  A  =  0.  But  if 
ve  develop  this  determinant  with  respect  to  the  elements  of  the  last 
column^  the  coefficient  of  dT  is  not  zero,  and  we  obtain  a  relation  of 
the  form 

dT ^  P dx  +  QdY  +  RdZ. 

By  the  remark  made  above,  the  coefficient  of  dt  in  the  right-hand 
side  is  equal  to  d^/dt  But  this  right-hand  side  does  not  contain 
^i  hence  d^/dt  =  0.    It  follows  that  the  relation  (18)  is  of  the  form 

^Uoh  proves  the  theorem  stated. 

It  can  be  shown  that  there  exists  no  other  relation,  distinct  from 
^&t  just  found,  between  the  four  functions  X,  Y,  Z,  T,  independent 
®f  «,  y,  z,  t  For,  if  one  existed,  and  if  we  replaced  T  by  ♦(-Y,  y,  Z) 
^  it,  we  would  obtain  a  relation  between  X,  Y,  Z  of  the  form 
^{^f  F,  Z)  =  0,  which  is  a  contradiction  of  the  hypothesis  that 
^(^,  F,  Z)/D(xy  y,  z)  does  not  vanish. 

Let  us  now  pass  to  the  case  in  which  all  the  first  minors  of  the 
^'^^cobian  vanish  identically,  but  where  at  least  one  of  the  second 
"minors,  say  D(Fi,  Fi)/D{x,  y),  is  not  zero.  Then  the  first  two  of 
^^ations  (17)  may  be  solved  for  x  and  y  as  functions  of  X,  F, «,  t, 
^d  the  last  two  become 


z  =  *x(-Y,  r, «,  0,       ^=  *.(-y,  Y, «,  0. 
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On  tiie  other  hand  we  cam  show,  as  before,  thai  tiie  detezminant 

BFi  dFx 

dx  dy 

dFt  BFt 

ex  dy 

aF,  ay, 

dx  ay 


i2F 


Tanishea  identicallj ;  and,  dereloping  it  with  respect  to  the  dements 
of  the  last  column,  we  find  a  relation  of  the  form 


whence  it  follows  that 


dZ  =  PdX  '\-  QdY, 


dz        ^'  di        ^ 


In  like  manner  it  can  be  shown  that 


dz 


=  0, 


dt 


=  0; 


and  there  exist  in  this  case  two  distinct  relations  between  the  four 
functions  X,  Y,  Z,  T,  of  the  form 

There  exists,  however,  no  third  relation  distinct  from  these  two; 
for,  if  there  were,  we  could  find  a  relation  between  X  and  y,  which 
would  be  in  contradiction  with  the  hypothesis  that  i>(X,  T)/D(x,  y) 
is  not  zero. 

Finally,  if  all  the  second  minors  of  the  Jacobian  are  zeroSi  but 
not  all  four  functions  X,  Z,  Y,  T  are  constants,  three  of  them  are 
functions  of  the  fourth.  The  above  reasoning  is  evidently  general 
If  the  Jacobian  of  the  n  functions  Fi,  F,,  ••  •,  F,  of  the  n  independ- 
ent variables  Xi,  x^,  •",  a;,,  together  with  all  its  (n  ~  r  +  l)-rowed 
minors,  vanishes  identically,  but  at  least  one  of  the  (n  —  r)- rowed 
minors  is  not  zero,  there  exist  precisely  r  distinct  relations  between 
the  n  functions ;  and  certain  r  of  them  can  be  expressed  in  terms 
of  the  remaining  (n  —  r),  between  which  there  exists  no  relation. 

The  proof  of  the  following  proposition,  which  is  similar  to  the 
above  demonstration,  will  be  left  to  the  reader.  The  neeeasary  and 
sufficient  condition  that  n  functions  ofn+p  independent  variables  he 
connected  by  a  relation  which  does  not  involve  these  variables  is  that 
every  one  of  the  Jaeobians  of  these  n  functions,  with  respect  to  any  n 
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of  ths  independent  variables,  should  vanish  identieally.  In  par- 
ticular^ the  necessary  and  sufficient  condition  that  two  functions 
Fi(xi,  x^,  ' •  •,  x^)  and  Ff(xif  Xf^- --,  x^  should  be  functions  of  each 
other  is  that  the  corresponding  partial  derivatives  dFi/dx^  and 
dFf/dXi  should  be  proportional. 

Note,  The  functions  Fi,  F^y---,  F^  in  the  foregoing  theorems  may 
involve  certain  other  variables  yiy  y%,  •  •  •,  y^y  besides  Xiy  x^,  •  •  -,  a;,. 
If  the  Jacobian  D(Fi,  F,,  •••,  F^)/D(xi,  org,  •••,  x^)  is  zero,  the 
functions  Fi,  F^,  •••,  F^  are  connected  by  one  or  more  relations 
which  do  not  involve  explicitly  the  variables  Xi,  x^y  •••;  x^,  but 
which  may  involve  the  other  variables  yi,  y^,  •••,  y^, 

AppUeationa.  The  preceding  theorem  is  of  great  importance.  The  funda- 
mental property  of  the  logarithm,  for  instance,  can  be  demonstrated  by  means 
of  it,  without  using  the  arithmetic  definition  of  the  logarithm.  For  it  is  proved 
at  the  beginning  of  the  Integral  Calculus  that  there  exists  a  function  which  is 
defined  for  all  positive  values  of  the  variable,  which  is  zero  when  x  =  1,  and 
whose  derivative  is  l/ae.    Let/(x)  be  this  function,  and  let 

u=/(x)+/(y),       »  =  xy. 
Then 


X    y 
y   « 


=  0. 


Hence  there  exists  a  relation  of  the  form 

/(»)+/(y)  =  ^(«y); 

and  to  determine  ^  we  need  only  set  y  =  1,  which  gives  /(x)  =  ^  (x).    Hence, 
linoe  x  is  arbitrary, 

/(«)+/(y)=/(«y). 

It  is  clear  that  the  preceding  definition  might  have  led  to  the  discovery  of 
the  fundamental  properties  of  the  logarithm  had  they  not  been  known  before  the 
Integral  Calculus. 

As  another  application  let  us  consider  a  system  of  n  equations  in  n  unknowns 

Ft(uuu^,  •••,u„)  =  ^«, 

^We  Hi,  JJs,  •••,  JJs  are  constants  or  functions  of  certain  other  variables 
'i«  2),  . . . ,  Xm,  which  may  also  occur  in  the  functions  F,-.  If  the  Jacobian 
^(^it  Ft,  •  •  •,  Fs)/D(ui,  u%f''yUn)  vanishes  identically,  there  exist  between 
^  n  functions  F«  a  certain  number,  say  n  —  ik,  of  distinct  relations  of  the  form 

Fjk+i  =  Hi  (Fit  •  •  • »  Ft), . . . ,  F„  =  n,_i:  (Fi, .  •  • ,  Ft), 
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In  order  that  the  equations  (10)  be  compatible,  it  is  evidently  necessary  that 

Hk+i  =  lit  (-Hi,  •  •  •,  Hk)i  •  •  •,  -ff,  =  Un^ki^u  •  •  •»  H*)f 

and,  if  this  be  true,  the  n  equations  (10)  reduce  to  k  distinct  equations.    We 
have  then  the  same  cases  as  in  the  discussion  of  a  system  of  linear  equations. 

29.  Another  property  of  the  Jaoobian.  The  Jacobian  of  a  system  of  n 
functions  of  n  variables  possesses  properties  analogous  to  those  of 
the  derivative  of  a  function  of  a  single  variable.  Thus  the  preceding 
theorem  may  be  regarded  as  a  generalization  of  the  theorem  of  §  8. 

The  formula  for  the  derivative  of  a  function  of  a  function  may  be 
extended  to  Jacobians.     Let  Fi,  Ft,  •  •  •,  F.  be  a  system  of  n  func — 
tions  of  the  variables  Ui,  Uf,  •  •  •,  u^,  and  let  us  suppose  that  Ui,  u^^ 
"',u^  themselves  are  functions  of  the  n  independent  variables  Xx^^ 
^f  '"t  ^m'    Then  the  formula 

D(Fi,  Ft,    ",  F,)  ^  D{Fu  F„  «»■,  F,)   D(u^,  t^,,  ■■■,  ti^) 
D(xx,  «,,  . . .,  «,)        Z)(wi,  w,,  . . .,  u^    D(xi,  Xt,  •  •  •,  aj.) 

follows  at  once  from  the  rule  for  the  multiplication  of  determinan 
and  the  formula  for  the  derivative  of  a  composite  function.     F(^- 
let  us  write  down  the  two  functional  determinants 

dxi 

•  •  •  •  •  • 

•  •  •  ■ 

dx^ 

where  the  rows  and  the  columns  in  the  second  have  been  inter- 
changed.    The  first  element  of  the  product  is  equal  to 


dFi     dFi 
dui     duf 

dFi 

dui    duf 

dxi     dxi 

dui     dv^ 

9 

dx^     dx. 

dFi  dui      dFi  du^ 

•     o         "5        "T" 


dFx  du^ , 


dui  dxi      du2  dxi  '         '  du^  dxi 
that  is,  to  dFi/dxi,  and  similarly  for  the  other  elements. 

so.  Hessians.   Let  /(x,  y,  2)  be  a  function  of  the  three  variables  x,  y,  z.    Then 
the  functional  determinant  of  the  three  first  partial  derivatives  Bf/dz,  df/^f 


k  = 


d^f 

d^f 

^f 

ax2 

dxdy 

dxdz 

a^/ 

^f 

a«/ 

dzdy 

dy^ 

dydz 

aa/ 

BV 

8^f 

dxdz 

cytz 

r«* 
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died  the  Heuian  of  /(z,  y,  z).  The  Heasian  of  a  fonction  of  n  variablee  U 
led  in  like  maimer,  and  plays  a  rOle  analogous  to  that  of  the  second  deriya- 
of  a  function  of  a  single  variable.  We  proceed  to  prove  a  remarkable 
fiant  property  of  this  determinant  Let  us  suppose  the  independent  vari- 
8  transformed  by  the  linear  substitution 


vy) 


rz=    aX+  /9r+   7Z, 

Jy=  a'x+  /3'r+  yz, 


a 

P 

y 

of 

^ 

Y 

a" 

r 

y 

f<e  X,  F,  Z  are  the  transformed  variables,  and  a,  /9, 7,  •  •  • ,  y^  are  constants 
I  that  the  determinant  of  the  substitution. 


A  = 


ot  zero.  This  substitution  carries  the  function  /(x,  y,  z)  over  intu  a  new 
ition  F(X,  r,  Z)  of  the  three  variables  JT,  F,  Z.  Let  H{X,  Y,  Z)  be  the 
dan  of  this  new  function.    We  shall  show  that  we  have  identically 

ff(X,  r,Z)=A2*(x,y,«), 

re  X,  y,  c  are  supposed  replaced  in  h{x,  y,  z)  by  their  expressions  from  (19^. 
or  we  have 


.-.^ 


dF 


dZ 


\  /BF     dF     dF 

I       \dx'  ay*  dZ 

D(x,y,z) 


) 


J>{x,  y,  z) 

i)(x,  r,  z) 


i)(X,  F,  Z) 

if  we  consider  df/dz,  df/dy^  df/dz^  for  a  moment,  as  auxiliary  variables, 
nay  write 

j^/dF     dF    dF\    j^/df    df    dj\ 
\dX'  dr'  dz)       \dz'  dy'  dz)      D{x,  y,  z) 

\ax*  ay*   dz/ 
ifrom  the  relation  F(X,  F,  Z)  =/(Xf  y,  2),  we  find 

dX         dz  dy  dz 

aF     '^ax'^ay'^a** 


«^=,|r+y?/+y'?/. 


az 


ax 


lenoe 


ay 


"(S' 


8F 


a 


/9 
7 


d  hence,  finally, 

I>(X,  F,  Z) 
^itlsar  that  this  theorem  is  general. 


az 
a" 


=  A; 


=  A2^. 
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Let  us  now  conBider  an  application  of  this  property  of  the  Hessian.    Let 

be  a  given  binary  cnbic  form  whose  coefficients  a,  6,  c,  d  are  any  oonBtanti. 
Then,  neglecting  a  nnmerical  factor, 


h  = 


ax-\-bj/    bx-i  cy 
bx  +  cy    cx  +  dy 


=  (oe  -  6«)x«  +  (od  -  bc)xy  +  (W  -  c»)y«, 


and  the  Hessian  is  seen  to  be  a  binary  quadratic  form.    First,  «i<Mft^w»ng  the 

case  in  which  the  Hessian  is  a  perfect  square,  we  may  write  it  as  the  product  of 

two  linear  factors : 

*  =  (mx  +  ny)  {px  +  qy). 

If,  now,  we  perform  the  linear  substitution 

mx-^ny^X,       px-\-qy=T, 

the  form/(x,  y)  goes  over  into  a  new  form, 

F(X,  T)  =  AJ^  +  8BX«r+  8 CXT»  +  DF*, 

whose  Hessian  is 

H{X,  F)  =  (ilC  -  B«)X«  +  {AD  -BC^XT-k-  {BD  -  C«)  r«, 

and  this  must  reduce,  by  the  invariant  property  proved  above,  to  a  product  of 
the  form  KXT.    Hence  the  coefficients  Ay  B,  C,  D  must  satisfy  the  relations 

If  one  of  the  two  coefficients  B,  C  be  different  from  zero,  the  other  must  be  so, 
and  we  shall  have 

BC  BC 

whence  F(X,  F),  and  hence  /(x,  y),  will  be  a  perfect  cube.  Discarding  this 
particular  case,  it  is  evident  that  we  shall  have  B  =  C  =  0 ;  and  the  poljmomial 
F(X,  F)  will  be  of  the  canonical  form 

AX^  +  DT: 

Hence  the  reduction  of  the  form  /(x,  y)  to  its  canonical  form  only  involves  the 
solution  of  an  equation  of  the  second  degree,  obtained  by  equating  the  Hessian 
of  the  given  form  to  zero.  The  canonical  variables  JT,  F  are  precisely  the  two 
factors  of  the  Hessian. 

It  is  easy  to  see,  in  like  manner,  that  the  form/(x,  y)  is  reducible  to  the  form 
AX*  +  BX^  F  when  the  Hessian  is  a  perfect  square.  When  the  Hessian  van- 
ishes identically /(x,  y)  is  a  perfect  cube : 

/(x,  y)  =  (ox  +  /9y)». 
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III.  TRANSFORMATIONS 

It  often  happens,  in  many  problems  which  arise  in  Mathematical 
Analysis,  that  we  are  led  to  change  the  independent  variables.  It 
therefore  becomes  necessary  to  be  able  to  express  the  derivatives 
with  respect  to  the  old  variables  in  terms  of  the  derivatives  with 
respect  to  the  new  variables.  We  have  already  considered  a  problem 
of  this  kind  in  the  case  of  inversion.  Let  us  now  consider  the 
question  from  a  general  point  of  view,  and  treat  those  problems 
which  occur  most  frequently. 

31.  Problem  L  Let  y  he  a  function  of  the  independent  variable  x, 
and  let  i  be  a  new  independent  variable  connected  with  x  by  the  relation 
x  =  <^  (t).  It  is  required  to  express  the  successive  derivatives  of  y  with 
respect  to  x  in  terms  of  t  and  the  successive  derivatives  of  y  with 
respect  to  t. 

Let  y  =/(«)  be  the  given  function,  and  F(t)  =/[^(0]  ^®  func- 
tion obtained  by  replacing  x  by  ^(<)  in  the  given  function.  By  the 
rule  for  the  derivative  of  a  function  of  a  function,  we  find 

whence 


y«  = 


dt     _    yt 
*'(0      *'(0 


This  result  may  be  stated  as  follows:  To  find  the  derivative  of  y 
yoith  respect  to  x,  take  the  derivative  of  that  function  with  respect  to  t 
wd  divide  it  by  the  derivative  ofx  with  respect  to  t. 

The  second  derivative  d^y/da^  may  be  found  by  applying  this 
nQe  to  the  expression  just  found  for  the  first  derivative.    We  find : 

d 
d^y  ^dt^^'>  _y^<l>'(t)^y,r(t). 
dx*       ♦'(O  [*'(<)]•        ' 

^d  another  application  of  the  same  rule  gives  the  third  derivative 

iPy  _  It  ^'■> 
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or,  performing  the  operations  indicated. 

The  remaining  derivatives  may  be  calculated  in  succession  by 
repeated  applications  of  the  same  rule.  In  general,  the  nth  derivsr 
tive  of  y  with  respect  to  x  may  be  expressed  in  terms  of  ^\t),  ^"(t), 
"'f  ^^"XO'  ^^^  ^^^  ^^^^  ^  successive  derivatives  of  y  with  respect  to 
t  These  formulae  may  be  arranged  in  more  symmetrical  form. 
Denoting  the  successive  differentials  of  x  and  y  with  respect  to  ^  by 
dx,  dy,  cPx,  cPyy  •••,  ct'x,  c^y,  and  the  successive  derivatives  of  y 
with  respect  to  x  by  y',  y",  •••,  y^*^  we  may  write  the  preceding 
formulae  in  the  form 

(    f    dy 


(20) 


„      dx  d^y  —  dy  d^x 

„i  _d^ydx*  ^^d^ydxd^x  '^3dy(d^xy  —  dyd^xdx 
y    "  dx^  ' 


The  independent  variable  t,  with  respect  to  which  the  differentials 
on  the  right-hand  sides  of  these  formulae  are  formed,  is  entirely 
arbitrary;  and  we  pass  from  one  derivative  to  the  next  by  the 
recurrent  formula 

^  dx 

the  second  member  being  regarded  as  the  quotient  of  two  differen- 
tials. 

32.  Applications.  These  formulae  are  used  in  the  study  of  plane 
curves,  when  the  coordinates  of  a  point  of  the  curve  are  expressed  in 
terms  of  an  auxiliary  variable  t 

x=f(t),        y  =  fl>(t). 

In  order  to  study  this  curve  in  the  neighborhood  of  one  of  its  points 
it  is  necessary  to  calculate  the  successive  derivatives  y',  y",  •  •  •  of  y 
with  respect  to  x  at  the  given  point.  But  the  preceding  formulae 
give  us  precisely  these  derivatives,  expressed  in  terms  of  the  succes- 
sive derivatives  of  the  functions /(^)  and  ^  (t),  without  the  neoessity 
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of  having  recourse  to  the  explicit  expression  of  y  as  a  function  of  x, 
which  it  might  be  very  difficult,  practically,  to  obtain.  Thus  the 
first  formula 


•^      d*     fit) 


gives  the  slope  of  the  tangent.  The  value  of  y^^  occurs  in  an  impor- 
tant geometrical  concept,  the  radius  of  curvature,  which  is  given  by 
the  formula 

which  we  shall  derive  later.  In  order  to  find  the  value  of  R^  when 
the  coordinates  x  and  y  are  given  as  functions  of  a  parameter  t,  we 
need  only  replace  y'  and  y''  by  the  preceding  expressions,  and  we 
find 

\dxcPy  —dy€Px\ 

where  the  second  member  contains  only  the  fiirst  and  second  deriva- 
tives of  X  and  y  with  respect  to  t. 

The  following  interesting  remark  is  taken  from  M.  Bertnmd*8  TraU4  d$ 
Caicul  diffiSrewtid  et  integral  (Vol.  I,  p.  170).  Suppose  that,  in  calcolating  some 
geometrical  concept  allied  to  a  given  plane  curve  whose  coordinates  z  and  y  are 
sapposed  given  in  terms  of  a  parameter  t,  we  had  obtained  the  expression 

F(x,  ]f,  dXf  dy,  d^x,  d^y,  •  •  •,  d«x,  d^y), 

where  all  the  differentials  are  taken  with  respect  to  t  Since,  l^  hjrpothesls, 
this  concept  has  a  geometrical  significance,  its  value  cannot  depend  upon  the 
choice  of  the  independent  variable  t  But,  if  we  take  as  =  t,  we  shall  have 
dx  =  (tt,  d^x  =  cPx  =  •  •  •  =  d»x  =  0,  and  the  preceding  expression  becomes 

which  is  the  same  as  the  expression  we  would  have  obtained  by  supposing  at  the 
start  that  the  equation  of  the  given  curve  was  solved  with  respect  to  y  in  the 
form  y  =9{x).  To  return  from  this  particular  case  to  the  case  where  the  inde- 
pendent variable  is  arbitrary,  we  need  only  replace  y'ly^'t'^hy  their  values 
trom  the  formulsB  (20).    Performing  this  substitution  in 

we  should  get  back  to  the  expression  F(x,  y^  dx,  dy,  d'x,  d^^  •  •  •)  with  which 

we  started.    If  we  do  not,  we  can  assert  that  the  result  obtained  is  incorrect. 

For  example,  the  expression 

dxd^y  -^dyd^x 

(dx»  +  dy«)* 
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cmnot  have  any  geometrical  significance  for  a  plane  curve  which  ia  independent 
of  the  choice  of  the  independent  variable.  For,  if  we  set  x  =  t,  this  expression 
redooes  to  y"  /{\  +  /*)' ;  and,  replacing  y^  and  jf'  by  their  values  from  (20),  we 
do  not  get  back  to  the  preceding  expression. 

33.  The  formulsB  (20)  are  also  used  frequently  in  the  study  of 
differential  equations.  Suppose,  for  example,  that  we  wished  to 
determine  all  the  functions  y  of  the  independent  variable  x^  which 
satisfy  the  equation 

(21)  (i_^g_,g+„V  =  0, 

where  n  is  a  constant  Let  us  introduce  a  new  independent  variable 
t^  where  a;  =  cos  ^.    Then  we  have 

dy  ^      dt 
dx      —  sin^ 

^        sin  ^  -^  —  cos  <  -^ 
d^y d^ dt^ 

dx^  ""  sin*< 

and  the  equation  (21)  becomes,  after  the  substitution^ 

(22)  S + »'y = ^- 

It  is  easy  to  find  all  the  functions  of  t  which  satisfy  this  equatii 
for  it  may  be  written,  after  multiplication  by  2  dy/dt^ 


whence 


»^iS-'-/i-|[(f)"-v]-.. 

(S)'+-V-.v, 


where  a  is  an  arbitrary  constant.     Consequently 

or 

dy 

dt  ^ 
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Tlie  left-hand  side  b  the  derivatiYe  of  arc  sin  (y /a)  —  nt.  It  follows 
that  this  difference  must  be  another  arbitraiy  constant  b,  whence 

y  =  a8m(nt  +  b), 

which  may  also  be  written  in  the  form 

y==  A  BmtU  +  BooBfU. 

Returning  to  the  original  variable  a?,  we  see  that  all  the  functions  of 
^  which  satisfy  the  given  equation  (21)  are  given  by  the  formula 

y  =r  il  sin  (n  arc  cos  x)  +  ^  cos  (n  arc  cos  x), 

^^lieie  A  and  B  are  two  arbitrary  constants. 

34.  Problem  XL  To  evert/  relation  between  x  and  y  there  eorresponds, 
^^  means  of  the  transformation  x  =f(t,  u),  y  =  ^(t,  u),  a  relation 
^^tween  t  and  u.  It  is  required  to  express  the  derivatives  of  y  with 
^^^speet  to  X  in  terms  oft,Uy  and  the  derivatives  of  u  with  respect  to  t. 

This  problem  is  seen  to  depend  upon  the  preceding  when  it  is 
Noticed  that  the  formulsB  of  transformation, 

x=zf(t,u),        y  =  4,{t,u), 

%ive  us  the  expressions  for  the  original  variables  x  and  y  as  funo- 

t;ions  of  the  variable  t,  if  we  imagine  that  u  has  been  replaced  in 

tihese  f ormulsB  by  its  value  as  a  function  of  t    We  need  merely 

dpply  the  general  method,  therefore,  always  regarding  x  and  y  as 

comx>osite  functions  of  ty  and  t«  as  an  auxiliary  function  of  t.    We 

£nd  then,  firsts 

d^      d^  du 

dy      dy   dx       dt       du  dt 
'^'^li'di''  df  ^  dfdu' 


dt      du  dt 


and  then 

d^y 
dx* 


^'^\dx/''^' 
or^  performing  the  operations  indicated, 

^y_\H    dudtJtdfi      dudtdt    du?\dt/     dudi^J    \dt    dudt/td(^     "j 

\»     dudt) 
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In  general,  the  nth  deriyatiye  ^"^  is  expressible  in  terms  of  t,  u,  and 
the  derivatives  du/dt,  d^u/dt^,  •••,  ct'u/dff^. 

Suppose,  for  instance,  that  the  equation  of  a  curve  be  given  in 
polar  coordinates  p  =/((tf).  The  formulae  for  the  rectangular  coor- 
dinates of  a  point  are  then  the  following : 

a;  =  p  COS  a>,        y  =  p  si^  ^ 

Let  p',  p"y  •  •  •  be  the  successive  derivatives  of  p  with  respect  to  ») 

considered  as  the  independent  variable.    From  the  preceding  formuls 

we  find 

dx  =  cos  fa  dp   —  p  sin  id  du>j 

dy  =  sin  ladp    +  p  cos  id  e^a>, 
d^x  =  cosiD c^p  —  2  siniD  dtadp  —  p  coso>  c^id', 
d^j/  =  siniad^p  +  2  cosid <£id dp  ^  p  sino> dm*, 
whence 

dx*  4-  dt/  =  dp*  4-  p'  rf«S 

cfa;  cPy  —  rfy  <?aj  =  2  cfiD  rfp'  —  pdta  d^p  -f-  p*  rf«*. 
The  expression  found  above  for  the  radius  of  curvature  becomes 


i2  =  ± 


p'  +  2p'«-pp" 


35.  Transformations  of  plane  carves.  Let  us  suppose  that  to  every 
point  m  of  a  plane  we  make  another  point  M  of  the  same  plane  cor- 
respond by  some  known  construction.  If  we  denote  the  codrdinates 
of  the  point  m  by  (x,  y)  and  those  of  M  by  {X,  F),  there  will  exist, 
in  general,  two  relations  between  these  coordinates  of  the  form 

(23)  X=f(x,y),         F=«(aj,y). 

These  formulae  define  a  point  transformation  of  which  numerous 
examples  arise  in  Geometry,  such  as  projective  transformations,  the 
transformation  of  reciprocal  radii,  etc.  When  the  point  m  describes 
a  curve  o,  the  corresponding  point  M  describes  another  curve  C,  whose 
properties  may  be  deduced  from  those  of  the  curve  e  and  from  the 
nature  of  the  transformation  employed.  Let  y',  y",  •  •  •  be  the  suc- 
cessive derivatives  of  y  with  respect  to  x,  and  Y',  Y",  •  •  •  the  succes- 
sive derivatives  of  Y  with  respect  to  X.  To  study  the  curve  C  it 
is  necessary  to  be  able  to  express  Y\  F",  •  •  •  in  terms  of  x,  y,  y\ 
y'\  •  •  • .  This  is  precisely  the  problem  which  we  have  just  discussed ; 
and  we  find 
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dY    a^    a^  , 

dx        dx       dy 


dx        dx      dy*' 


11 
dx 

Tx 

dx 


'WW 


and  80  forth.     It  is  seen  that  Y^  depends  only  on  x,  y,  y'.    Hence, 

if  the  transformation  (23)  be  applied  to  two  curves  e,  e\  which  are 

tangent  at  the  point  (Xj  y),  the  transformed  curves  C,  C  will  also 

be  tangent  at  the  corresponding  point  (X,  Y),    This  remark  enables 

us  to  replace  the  curve  e  by  any  other  curve  which  is  tangent  to  it 

in  questions  which  involve  only  the  tangent  to  the  transformed 

curve  C. 

Let  us  consider^  for  example,  the  transformation  defined  by  the 

formulsd 

h*x  _     h*y 

05*  4-  y»  «*  4-  y* 


X  = 


which  is  the  transformation  of  reciprocal  radii,  or  inversion^  with 
the  origin  as  pole.  Let  m  be  a  point  of  a  curve  e  and  M  the  cor- 
responding point  of  the  curve  C.  In 
order  to  find  the  tangent  to  this  curve 
C  we  need  only  apply  the  result  of 
ordinary  Geometry,  that  an  inversion 
carries  a  straight  line  into  a  circle 
through  the  pole. 

Let  us  replace  the  curve  e  by  its 
tangent  mt.  The  inverse  of  m^  is  a 
circle  through  the  two  points  Af  and  O, 
whose  center  lies  on  the  perpendicular 

Ot  let  fall  from  the  origin  upon  mt.  The  tangent  MT  to  this  circle 
is  perpendicular  to  ilAf,  and  the  angles  Mmt  and  mMT  are  equal, 
since  each  is  the  complement  of  the  angle  mOt.  The  tangents  mt 
and  MT  are  therefore  antiparallel  with  respect  to  the  radius  vector. 

36.  Contact  transformations.  The  preceding  transformations  are 
not  the  most  general  transformations  which  carry  two  tangent 
curves  into  two  other  tangent  curves.  Let  us  suppose  that  a  point 
M  is  determined  from  each  point  m  of  a  curve  c  by  a  construction 


Fio.  0 
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which  depends  not  only  upon  the  point  m,  but  also  upon  the  tangent 
to  the  curve  c  at  this  point.  The  formulae  which  define  the  trans- 
formation are  then  of  the  form 

(24)  X  =f(x,  y,  y%         r  =  «(a:,  y,  y'); 

and  the  slope  Y'  of  the  tangent  to  the  transformed  curve  is  given 
by  the  formula 

,      dY      dx^  dy^       ay'^ 


y'  = 


dX       df.df    ,.df    „ 


In  general,  Y'  depends  on  the  four  variables  x,  y,  y',  y" ;  and  if  we 
apply  the  transformation  (24)  to  two  curves  c,  e'  which  are  tangent 
at  a  point  (a;,  y),  the  transformed  curves  C,  C  will  have  a  point 
(X,  Y)  in  common,  but  they  will  not  be  tangent,  in  general,  unless 
y"  happens  to  have  the  same  value  for  each  of  the  curves  e  and  e\ 
In  order  that  the  two  curves  C  and  C  should  always  be  tangent,  it 
is  necessary  and  sufficient  that  Y'  should  not  depend  on  y";  that  is, 
that  the  two  functions  /(x,  y,  y')  and  ^  (x,  y,  y')  should  satisfy  the 
condition 

dy\dx^  dy^J      dy'\dx^dy^/ 

In  case  this  condition  is  satisfied,  the  transformation  is  oalled  a 

contact  traruformation.     It  is  clear  that  a  point  transformation  is  a 

particular  case  of  a  contact  transformation.* 

Let  us  consider,  for  example,  Legendre's  transformation,  in  which 

the  point  My  which  corresponds  to  a  point  (x,  y)  of  a  curve  e^  is  given 

by  the  equations 

X  =  y',         Y=^xy'^yi 

from  which  we  find 

dY        xv" 

^  dX  y"  ^* 

which  shows  that  the  transformation  is  a  contact  traosfoimatioiL 
In  like  manner  we  find 


r"  = 


dY'  ^    dx   ^1 
dX       y^'dx      y" 


9 


dY"  t/" 

dX  y"» 


*Leg6ndre  and  Ampere  gave  many  examples  of  contact  tranafonnatlons.  Sophiu 
lie  developed  the  general  theory  in  various  works ;  see  in  particalar  his  OeomUrie 
dmr  BerUhrunffstran^orfnationen,    See  also  Jacobi,  V<n4e9unffen  Uher  Dynamtk. 
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and  so  forth.     From  the  preceding  formulae  it  follows  that 

X  =  y,         y  =  XY'  -  y,         y'  =  JIT, 

which  shows  that  the  transformation  is  involutorj.*  All  these  prop- 
erties are  explained  by  the  remark  that  the  point  whose  coordinates 
are  JT  =  y',  y  =  xy'  —  y  is  the  pole  of  the  tangent  to  the  curve  c  at 
the  point  (x,  y)  with  respect  to  the  parabola  x'  —  2  y  =  0.  But,  in 
general,  if  M  denote  the  pole  of  the  tangent  at  m  to  a  curve  e  with 
respect  to  a  directing  conic  %  then  the  locus  of  the  point  if  is  a 
curve  C  whose  tangent  at  M  is  precisely  the  polar  of  the  point  m 
with  respect  to  2.  The  relation  between  the  two  curves  e  and  C  is 
therefore  a  reciprocal  one ;  and,  further,  if  we  replace  the  curve  e  by 
another  curve  c\  tangent  to  c  at  the  point  m,  the  reciprocal  curve  C 
will  be  tangent  to  the  curve  C  at  the  point  M. 

Pedal  ewnes.  If,  from  a  fixed  point  0  in  the  plane  of  a  curve  c,  a  perpen- 
dicular OM  be  let  fall  upon  the  tangent  to  the  curve  at  the  point  m,  the  locua  of 
the  foot  Jf  of  this  perpendicular  is  a  curve  C,  which  is  called  the  ptdal  of  the 
gisoen,  curve.  It  would  be  easy  to  obtain,  by  a  direct  calculation,  the  oo5rdinatea 
of  the  point  Jf,  and  to  show  that  the  trans- 
formation thus  defined  is  a  contact  transfor- 
mation, but  it  is  simpler  to  proceed  as  follows. 
Let  us  consider  a  circle  7  of  radius  £,  de- 
scribed about  the  point  Oas  center;  and  let  iiii 
be  a  point  on  OJf  such  that  Om\  x  0M=  £*. 
The  point  mi  is  the  pole  of  the  tangent  ml 
with  respect  to  the  circle;  and  hence  the 
transformation  which  carries  e  into  C  is  the 
result  of  a  transformation  of  reciprocal  po- 
lars,  followed  by  an  inversion.  When  the 
point  m  describes  the  curve  c,  the  point  mi, 
the  pole  of  mt,  describes  a  curve  Ci  tangent  Fio.  6 

to  the  polar  of  the  point  m  with  respect  to 

the  circle  7,  that  is,  tangent  to  the  straight  line  miti,  a  perpendicular  let  fall 
from  mi  upon  Om,  The  tangent  if  7  to  the  curve  C  and  the  tangent  miti  to  the 
curve  ci  make  equal  angles  with  the  radius  vector  Omilf.  Hence,  if  we  draw 
the  normal  MA,  the  angles  AMO  and  ^1  Olf  are  equal,  since  they  are  the  comple- 
ments of  equal  angles,  and  the  point  ^  is  the  middle  point  of  the  line  Om.  It 
follows  that  the  normal  to  the  pedal  is  found  by  joining  the  point  if  to  the  center 
of  the  line  Om, 

87.  Projective  tiiasfonnatioiis.  Every  function  y  which  satisfies  the  equation 
y^^  =  0  is  a  linear  function  of  x,  and  conversely.  But,  if  we  subject  x  and  y  to 
the  projective  transformation 

*That  is,  two  successive  applications  of  the  transformation  lead  us  back  to  the 
original  coordinates.  —  Trans. 
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a  straight  line  goes  over  into  a  straight  line.  Hence  the  equation  y"  ssO  should 
become  d*  T/dX*  =  0.  In  order  to  verify  this  we  will  first  remark  that  the 
general  projective  transformation  may  be  resolved  into  a  sequence  of  particular 
transformations  of  simple  form.  If  the  two  coefficients  of'  and  V  are  not  both 
zero,  we  will  set  Xi  =  a^'X  +  b''  T-^&';  and  since  we  cannot  have  at  the  same 
time  oft" -  6o"  =  0  and  o'6"  -  fr'a"  =  0,  we  wlU  also  set  Fi  =  afX  +  &'r+  c', 
cm  the  supposition  that  afb^^  —  b^a'^ia  not  zero.  The  preceding  formula  may 
then  be  written,  replacing  JT  and  T  by  their  values  in  terms  of  Xi  and  Ji,  in 
the  form 

y=-— ,        x= — =  a  +  ^— -  +  -^' 

JLl  JLi  Jit       Jii 

It  follows  that  the  general  projective  transformation  can  be  reduced  to  a 
succession  of  integral  transformations  of  the  form 

a;  =  oX+6r+c,         y  =  o'JT  +  y  F  +  c', 

combined  with  the  particular  transformation 

1  F 

X  X 

Performing  this  latter  transformation,  we  find 

dv      XY'—Y  -1 

^       dx  X*         X*  • 

and 

y"  =  ^  =  -  jrF"(-  jr»)  =  jr«  f". 

dx 
Likewise,  performing  an  integral  projective  transformation,  we  have 

dy  ^g^-t-yF^ 
dx        a  +  6F'  ' 

dx         (a  +  6F0« 

In  each  case  the  equation  y^'  =  0  goes  over  into  Y"  =  0. 

We  shall  now  consider  functions  of  several  independent  variables,  and,  for 
definiteness,  we  shall  give  the  argument  for  a  function  of  two  variables. 

38.  Problem  HL  Let  ta  =f(x,  y)  be  a  function  of  the  two  independ^ 
ent  variables  x  and  y,  and  let  u  and  v  be  two  new  variables  connected 
with  the  old  ones  by  the  relations 

x=^if>(u,v),        y  =  if(u,v). 

It  is  required  to  express  the  partial  derivatives  of  w  toith  respect  to  the^ 
variables  x  and  y  in  terms  of  u,  v,  and  the  partial  derivatives  of  oi  with 
respect  to  u  and  v. 
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Let  o>  =  F{uj  v)  be  the  function  which  results  from/(x,  y)  by  the 

substitution.    Then  the  rule  for  the  differentiation  of  composite 

functions  g^ves 

dia dm  d^      dta  ddf 

du       dx  d%i       dy  du 

dta dta  d^        dta  dth 

dv       dx  du        dy  dv 

whence  we  may  find  dta/dx  and  dta/dy^  iotf  if  the  determinant 
i)(^,  ^)/D{uy  v)  vanished,  the  change  of  variables  performed 
would  have  no  meaning.     Hence  we  obtain  the  equations 

(dia dia  dio 

dx  du  dv 

dta dm  j_  y>  ^w 

dy  du  dv 

where  A,  B,  C,  D  are  determinate  functions  of  u  and  v ;  and  these 
formulae  solve  the  problem  for  derivatives  of  the  first  order.  They 
show  that  the  derivative  of  a  function  with  respect  to  x  is  the  sum  of 
the  two  products  formed  by  multiplying  the  tujo  derivatives  with  respect 
to  u  and  v  by  A  and  B,  respectively.  The  derivative  with  respect  to . 
y  is  obtained  in  like  manner,  using  C  and  D  instead  of  A  and  B, 
respectively.  In  order  to  calculate  the  second  derivatives  we  need 
only  apply  to  the  first  derivatives  the  rule  expressed  by  the  preced- 
ing formulae ;  doing  so,  we  find 


?1 

dx' 


|« ?_l^^\ ^  I  A  —  _i-  n  dm\ 

c*  ""  dx  \^/  ^  dx\     du  dv) 

d  I      dm  dm\  d  I      dm  dm\ 

ou\    on  ov I         ov\    ou  ov J    • 

%  performing  the  operations  indicated, 

—  =      a(a   —   4-B  -^  +  £i  ?^  4-  L?  £f?\ 
dx*  \      du*  dudv      du  du      du  dv) 

\     dudv  dv*        dv  du       dv  dv) 

^d  ve  could  find  d*m/dxdyy  d^mjdx^  and  the  following  derivatives 
ill  like  manner.  In  all  differentiations  which  are  to  be  carried  out 
^6  need  only  replace  the  operations  d /dx  and  d/dyhj  the  operations 

d  d  d  d 

du         ov  du         ov 
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respectively.  Hence  eyerjrthing  depends  upon  ihe  calculation  of  the 
coefficients  A,  B,  C,  D. 

Example  I.  Let  us  consider  the  equation 

where  the  coefficients  €i,b,c  are  constants ;  and  let  us  try  to  reduce  this  equa- 
tion to  as  simple  a  form  as  possible.  We  oheerve  first  that  if  a  =  c  =  0,  it  would 
be  superfluous  to  try  to  simplify  the  equation.  We  may  then  mippoae  that  e, 
for  example,  does  not  vanish.  Let  us  take  two  new  independent  variableB  u 
and  0,  defined  by  the  equations 

M  =  «  +  ay,        «  =  aj  +  /Jy, 
where  a  and  /3  are  constants.    Then  we  haye 

dx  "  du       dv 

—  =  a —  +  /9  —  f 
dy  du         dv 

and  hence,  in  this  case,  ^1  =  B  =  1,  C  =  or,  D  =  /3.    The  general  formulsB  thea 
give 

=  ^  TT^  +  («  +  p)  r— r-  +  P  T-r» 


dzdy         dtt*  audo         do* 

and  the  given  equation  becomes 

(a  +  2  6  a  +  c  a«)  ^  +  2  [a  +  6  (a  +  /9)  +  c  or /9]  ^  +  (o  +  2  6/9  +  c/8«)  ^  =  0. 

It  remains  to  distinguish  several  cases. 

Firii  case.  Let  6*  —  ac>  0.    Taking  for  a  and  /3  the  two  roots  of  the  equation 
a  +  2&r  +  cr*  =  0,  the  given  equation  takes  the  simple  form 


Since  this  may  be  written 


we  see  that  d^/bu  must  be  a  function  of  the  single  variable,  u,  say /(u).    Let 

F(u)  denote  a  function  of  u  such  that  F'{u)  —f{u).    Then,  since  the  derivative 

of  w  —  F{u)  with  respect  to  u  is  zero,  this  difference  must  be  independent  of  u, 

and,  accordingly,  w  =  F{u)  +  <^  (o).    The  converse  is  apparent    Returning  to 

the  variables  x  and  y,  it  follows  that  all  the  functions  w  which  satisfy  the  equation 

(26)  are  of  the  form 

«  =  F(x  +  ay)  +  ♦(X  +  /Sy), 
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where  F  and  *  are  arbitrary  functions.    For  example,  the  general  integral  d 
the  equation 

— r  =  or  — -  f 

which  ocean  in  the  theory  of  the  stretched  string,  is 

•»  =/(«  +  oy)  +  0(«  -  ay). 

Second  case.  Let  (>  —  oc  =  0.  Taking  or  equal  to  the  double  root  of  the  equa- 
tion a  +  2  &r  +  ci^  =  0,  and  /3  some  other  number,  the  coefficient  of  i^u/dutv 
becomes  zero,  for  it  is  equal  to  a  +  ha  -^  fi{b  +  ca).  Hence  the  giyen  equation 
reduces  to  d^w/do'  =  0.  It  is  evident  that  u  must  be  a  linear  function  of  «, 
w  =  vf{u)  +  0  (u),  where  /(u)  and  ^  (u)  are  arbitrary  functions.  Betumlng  to 
the  yariables  z  and  y,  the  expression  for  w  becomes 

«  =  («  +  /9y)/(x  +  ay)  +  ^(x  +  ary), 

which  may  be  written 

«#  =  [X  +  ay  +  (/5  -  a)y]  f{x  +  ay)  +  0(x  +  ay), 
or,  finally, 

w  =  yF{x  +  ay)  +  *(x  +  ay). 

Third  ecue.  If  &*  —  oc  <  0,  the  precedfaig  transformation  cannot  be  applied 
without  the  introduction  of  imaginary  yariables.  The  quantities  a  and  /3  may 
then  be  determined  by  the  equations 

a  +  26a  +  ca<  =  a  +  26/3  +  e/S>, 

a  +  6(a  +  /5)  +  ca/9  =  0, 

which  giye 

.  ^  26  ^      26«-oc 

c  <fl 

^0  equation  of  the  second  degree, 

.^26    ^26«-oc     ^ 

f«  +  — r+ —  =  0, 

c  c* 

^hose  roots  are  a  and  /3,  has,  in  fact,  real  roots.    The  giyen  equation  then 

becomes 

A«  =  ^  +  ^  =  0. 

This  equation  Ac#  =  0,  which  is  known  as  Laplace^  8  Equation,  is  of  fundamental 
importance  in  many  branches  of  mathematics  and  mathematical  physics. 

Szample  II,  Let  us  see  what  form  the  preceding  equation  assumes  when  we 
^  z  =  p  COS0,  y  =  p  sin  0.    For  the  first  deriyatives  we  find 

--  =  — ■COS0  +  — sin0, 
dp       dx  by 
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or,  lolTing  for  bu/bz  and  dt#/dy, 

dw  dw      8in0  d«# 

—  =  CO0^ —- » 

dx  dp         p     d^ 

—  =  8in0 —  4* ^  — • 

djf  dp         p     d^ 

Henoe 

a*M  a  /         d«#      sin^  d«#\      8in0  a  /         ai#     sin^  ai#\ 

bafi  dp\         dp         p     a0/         p     d^\         ^P         P     ^/ 

^  d^      ^    di^  p       dpd^  p«       a^       p    a^ 

«nd  the  expression  for  ^m/d}/^  is  analogone  to  this.    Adding  the  two,  we  find 

a*«    a*«  _  a*«     i^  a***    i  aw 
^a^"^    i^a^    pap* 

39.  Another  method.  The  preoeding  method  is  the  most  practical 
when  the  function  whose  partial  derivatives  are  sought  is  unknown. 
But  in  certain  cases  it  is  more  advantageous  to  use  the  following 
method. 

Let  z  ^f(x,  y)  be  a  function  of  the  two  independent  variables  x 
and  y.  If  x,  y,  and  z  are  supposed  expressed  in  terms  of  two  aux* 
iliarj  variables  u  and  v,  the  total  differentials  dx,  dy,  dz  satisfy  the 

relation 

df  df 

^^ix^^'iy^y^ 

which  is  equivalent  to  the  two  distinct  equations 

a^^a/'ax    a/ay 

du      dx  du      dy  du 

dz  _  dfdx      dfdy 
dv      dx  dv      dy  dv 

whence  a//aa5  and  df/dy  may  be  found  as  functions  of  «,  v,  Bz/Bu, 
dz/dv,  as  in  the  preceding  method.  But  to  find  the  succeeding 
derivatives  we  will  continue  to  apply  the  same  ride.  Thus,  to  find 
d*f/dx*  and  d^f/dx  dy,  we  start  with  the  identity 


■>&)'V.'^  ^  &'>. 


dx^  dx  dy 

which  is  equivalent  to  the  two  equations 


\dx/  _  d*fdx 


^ ay  gy. 

du         dx*  du  '  dx  dy  du 
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PA 
\dx)    ay 


'fdx  ^    ay  dy^ 

dv         ds^  dv      dxdy  dv 

where  it  is  supposed  that  df/dx  has  been  replaoed  \sj  its  yalue  cat 
colated  above.  Likewise,  we  should  find  the  values  of  d^f/dx  dy  and 
d^f/dy^  by  starting  with  the  identity 


\dy)      dxdy  dy^ 


The  work  may  be  checked  by  the  fact  that  the  two  values  of 
d^f/dx  dy  found  must  agree.  Derivatives  of  higher  order  may  be 
calculated  in  like  manner. 

Application  to  surfaces.  The  preceding  method  is  used  in  the  study 
of  surfaces.  Suppose  that  the  coordinates  of  a  point  of  a  surface  S 
are  given  as  functions  of  two  variable  parameters  u  and  v  by  means 
of  the  formulae 

(27)         aj=/(i*,  v),        y  =  *(t«,  v),        z  =  ^(u,v). 

The  equation  of  the  surface  may  be  found  by  eliminating  the  vari- 
ables u  and  V  between  the  three  equations  (27);  but  we  may  also 
study  the  properties  of  the  surface  S  directly  from  these  equations 
themselves,  without  carrying  out  the  elimination,  which  might  be 
practically  impossible.    It  should  be  noticed  that  the  three  Jacobians 

D(u,  v)  D(Uf  v)  D(u,  V) 

cannot  all  vanish  identically,  for  then  the  elimination  of  u  and  v 
would  lead  to  two  distinct  relations  between  x,  y,  Xy  and  the  point 
whose  coordinates  are  (x,  y,  z)  would  map  out  a  curve,  and  not  a  sur- 
face. Let  us  suppose,  for  definiteness,  that  the  first  of  these  does  not 
vanish :  Z)(/,  4>)/D(u,  v)  =^  0.  Then  the  first  two  of  equations  (27) 
may  be  solved  for  u  and  v,  and  the  substitution  of  these  values  in  the 
third  would  give  the  equation  of  the  surface  in  the  form  z=zF(Xy  y). 
In  order  to  study  this  surface  in  the  neighborhood  of  a  point  we  need 
to  know  the  partial  derivatives  p,  q,  rfS,ty  •  •  •  of  this  function  F(x,  y) 
in  terms  of  the  parameters  u  and  v.  The  first  derivatives  p  and  q 
are  given  by  the  equation 

dz  =ipdx  +  qdy, 

which  is  equivalent  to  the  two  equations 
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(28) 


du      ^  du         du 

dv  dv      ^  dv 


from  which  p  and  q  may  be  found.  The  equation  of  the  tangent 
plane  is  found  by  substituting  these  values  of  p  and  q  in  the  equation 

Z--z=p(X^x)+q(Y-y), 
and  doing  so  we  find  the  equation 

(29)  (x-«)^^  +  (r-y)^^  +  (Z-«)^^=0. 

The  equations  (28)  have  a  geometrical  meaning  which  is  easily 
remembered.  They  express  the  fact  that  the  tangent  plane  to  the 
surface  contains  the  tangents  to  those  two  curves  on  the  surface  which 
are  obtained  by  keeping  v  constant  while  u  varies,  and  vice  versa.* 

Having  found/?  and  q^  p  =/i(m,  t?),  q  =/i(t*,  v),  we  may  proceed 
to  find  r,  «,  t  by  means  of  the  equations 

dp  =  rdx  -^sdyy 

dq  ss8dx  +  tdy, 

each  of  which  is  equivalent  to  two  equations ;  and  so  forth. 

40.  Problem  IV.  To  every  relation  between  x,  y,  z  there  corresponds 
by  means  of  the  eqtuUions 

(30)  X  =f(u,  V,  w),        y  =  <l> (Uf  V,  w),        z^\l/(u,  V,  w), 

a  new  relation  between  u,  v,  w.  It  is  required  to  express  the  partial 
derivatives  of  z  ttnth  respect  to  the  variables  x  and  y  in  terms  ofu^  v,  Wy 
and  the  partial  derivatives  of  w  with  respect  to  the  variables  u  and  v. 

This  problem  can  be  made  to  depend  upon  the  preceding.  For, 
if  we  suppose  that  w  has  been  replaced  in  the  formulae  (30)  by  a 
function  of  u  and  v,  we  have  x^  y,  z  expressed  as  functions  of  the 

*  The  equation  of  the  tangent  plane  may  also  be  found  directly.  Every  curve  on 
the  surface  is  defined  by  a  relation  between  u  and  v,  say  t;  =  n  (u) ;  and  the  eqaationi 
of  the  tangent  to  this  curve  are 

X-x  7-y  Z-z 


du      dv  du       dv         '       du       dv 

The  elimination  of  H'iu)  leads  to  the  equation  (29)  of  the  tangent  plane. 
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two  parameters  u  and  v ;  and  we  need  only  follow  the  preceding 
method,  considering  /,  ^,  ^  as  composite  functions  of  u  and  v,  and 
w  as  an  auxiliary  function  of  u  and  v.  In  order  to  calculate  the 
first  derivatives  p  and  q,  for  instance,  we  have  the  two  equations 

du      dw  du      ^\du      dw  du)      ^\du       dw  du/* 

dv'^  dw  dv      ^\du  "^  dw  du)  '^^\du'^  dw  dv/' 

The  succeeding  derivatives  may  be  calculated  in  a  similar  manner. 

In  geometrical  language  the  above  problem  may  be  stated  as  fol- 
lows: To  every  point  m  of  space,  whose  coordinates  are  (x,  y,  z), 
there  corresponds,  by  a  given  construction,  another  point  3f,  whose 
coordinates  are  X,  F,  Z.  When  the  point  m  maps  out  a  surface  S, 
the  point  M  maps  out  another  surface  S,  whose  properties  it  is  pro- 
posed to  deduce  from  those  of  the  given  surface  S. 

The  formulae  which  define  the  transformation  are  of  the  form 

X=f(x,y,si),         Y=4,(x,y,z),         Z  =  ^(a;,  y, «). 
Let 

z  =  F(x,y),        Z  =  *(X,  F) 

^  the  equations  of  the  two  surfaces  S  and  %  respectively.  The 
problem  is  to  express  the  partial  derivatives  P,  Q,  R,SfT,*"  of  the 
function  ^(X,  Y)  in  terms  of  x,  y,  z  and  the  partial  derivatives 
Pi  9t  r^  s,  t,  "'  of  the  function  F(x,  y).  But  this  is  precisely  the 
^bore  problem,  except  for  the  notation. 

The  first  derivatives  P  and  Q  depend  only  on  x,  y,  z,p,  q;  and 
Induce  the  transformation  carries  tangent  surfaces  into  tangent  sur- 
faces. But  this  is  not  the  most  general  transformation  which  enjoys 
this  property,  as  we  shall  see  in  the  following  example. 

41.  Legendre's  transformation.  Let  ;:;  =/(x,  y)  be  the  equation  of 
&  surface  S,  and  let  any  point  m  (a;,  y,  z)  of  this  surface  be  carried 
into  a  point  M,  whose  coordinates  are  X,  Y,  Z,  by  the  transformation 

X=p,         Y=^q,         Z^px-^qy-'Z. 

Let  Z  =  *(X,  F)  be  the  equation  of  the  surface  S  described  by  the 
point  M,  If  we  imagine  «,  p,  q  replaced  by  /,  df/dx,  df/dy,  respeo* 
tirely,  we  have  the  three  coordinates  of  the  point  M  expressed  as 
fonctions  of  the  two  independent  variables  x  and  y. 
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Let  P,  Q,  Rj  S,  T  denote  the  partial  derivatives  of  the  function 
^(Xy  Y).     Then  the  relation 

dZ  =  PdX+QdY 

becomes 

pdx-^-qdy-^xdp  +  ydq^dz^Pdp  +  Qdq, 

or 

xdp  -^-ydq  =  Pdp  +  Qdq. 

Let  us  suppose  that^  and  q,  for  the  surface  S,  are  not  functions  of  each 
other,  in  which  case  there  exists  no  identity  of  the  form  kdp+fjLdq=sOf 
unless  X  =  ft  =  0.    Then,  from  the  preceding  equation,  it  follows  that 

P  =  «,        Q  =  y. 

In  order  to  find  R,  S,  T  we  may  start  with  the  analogous  relations 

dP==RdX-{-  SdY, 
dQ  =  SdX+  TdYy 

which,  when  X,  Y,  P,  Q  are  replaced  by  their  values,  become 

dx  =  R(rdx  '{'  8 dy)  +  5(» {fos  -f  ^ rfy), 

dy  =  S{rdx-\'Sdy^-\'  T(8dx  +  tdy); 
whence 

Rr+Ss  =  l,         R8  +  St=:0f 

and  consequently 

iJ  =  — z>        5  =  — z>         r  = 


rf  —  »•  rf  —  «*  »f  —  «* 

From  the  preceding  formulae  we  find,  conversely, 

aj  =  P,         y=Q,         «  =  P2:  +  QF---^,        P  ^  X,         q  ^  Y, 

T  ^s  ^  R 


RT-S^  RT-S^  RT^S* 

which  proves  that  the  transformation  is  involutory.  Moreover,  it 
is  a  contact  transformation,  since  X,  Y,  Z,  P,  Q  depend  only  on  a;, 
Vi  ^9  Pi  ?•  These  properties  become  self-explanatory,  if  we  notice 
that  the  formulae  define  a  transformation  of  reciprocal  polars  with 
respect  to  the  paraboloid 

Note.  The  expressions  for  R,  S,  T  become  infinite,  if  the  relation 
rf  —  «'  =  0  holds  at  every  point  of  the  surface  S,  In  this  case  the 
point  M  describes  a  curve,  and  not  a  surface,  for  we  have 
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D{x,  y)       D(x,  y) 

and  likewise 

D{X,^      Dip,px  +  qy-z') 

D(x,y)  D(x,v)  y^**      ^     "• 

This  is  precisely  the  case  which  we  had  not  considered. 

4S.  Amptee*!  tnuwtematioii.  Retainfaig  the  notation  of  the  preceding  article, 
lei  vm  consider  the  transformation 

jr  =  x,        r=g,        Z  =  qy  —  t. 
The  relation 

becomes 

qdy-^-  ydq  --dz=i  Pdx  +  Qdq, 
or 

ydq  —  pdx^  Pete  +  Qdq. 
Hence 

and  conversely  we  find 

«  =  jr,       y=Q,       x=Qr'-Z,       p  =  -P,       q^T. 

It  follows  that  this  transformation  also  is  an  involatory  contact  transformation. 

The  rekition 

dP  =  RdX-\-adT 


next  becomes 
that  is, 
whence 


-  r de  -  sdy  =  fidx  + 'S(scLe  +  <dy); 


Starting  with  the  relation  dQ  =  5(IX  +  TdF,  we  find,  in  like  manner, 

r.j. 

As  an  application  of  these  formnle,  let  us  try  to  find  all  the  functions /(x,  y) 
which  satisfy  the  equation  rt  —  «>  =  0.  Let  5  be  the  surface  represented  by  the 
equation  s  =/(x,  y),  2  the  transformed  surface,  and  Z  =  ^  (JT,  T)  the  equation 
of  2.    From  the  formnlse  for  £  it  is  clear  that  we  must  have 

bX*        ' 
and  ^  must  be  a  linear  function  of  Xi 

Z  =  X0(r)  +  ^(r), 
where  ^  and  f  are  arbitrary  functions  of  F.    It  follows  thai 
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and,  conyeraely,  the  coordinates  (x,  y,  z)  of  a  point  of  the  sorfaoe  8  are  given, 
at  fonctiona  of  the  two  variables  X  and  T  by  the  f ormulsB 

»  =  JT,    y = j:0'(r)  +  r{Th    '  =  r[^0'(n  +  nr)]  -  X0(r)  -  ^(F). 

The  equation  of  the  sorf ace  may  be  obtained  by  eliminating  X  and  T ;  or,  what 
amounts  to  the  same  thing,  by  eliminating  a  between  the  equations 

«  =  ay-»0(a)-V'(a), 

The  first  of  these  equations  represents  a  moving  plane  which  depends  upon  the 
parameter  a,  while  the  second  is  found  by  differentiating  the  first  with  respect 
to  this  parameter.  The  surfaces  defined  by  the  two  equations  are  the  so-called 
developable  eurfaces,  which  we  shall  study  later. 

48.  The  potential  equation  in  corrilinear  coordinates.  The  calculation  to  which 
a  change  of  variable  leads  may  be  simplified  in  very  many  cases  by  various 
devices.  We  shall  take  as  an  example  the  potential  equation  in  orthogonal 
curvilinear  coordinates.*    Let 

F  (X,  y,  z)  =  p, 

Fa(x,y,  «)  =  />,, 

be  the  equations  of  three  families  of  surfaces  which  form  a  triply  orthogonal 
system,  such  that  any  two  surfaces  belonging  to  two  different  &milies  intersect 
at  right  angles.  Solving  these  equations  for  x,  y,  z  as  functions  of  the  parame- 
ters p,  pi,  ps,  we  obtain  equations  of  the  form 

(x=  4>{p,pi,  pt)f 
(31)  j  y  =  ^(p,  Pi,  Ps), 

[z  =  0i(p,  pi,  Pi); 

and  we  may  take  p,  pi,  ps  as  a  system  of  orthogonal  curvilinear  coordinates. 

Since  the  three  given  surfaces  are  orthogonal,  the  tangents  to  their  curves  of 
intersection  must  form  a  trirectangular  trihedron.    It  f ollovtrs  that  the  equations 

<»^>  'S'^g=o.  s'i'i=o,  s'i'^-o, 

must  be  satisfied  where  the  symbol  S  indicates  that  we  are  to  replace  ^  by  0i, 
then  by  ^s,  and  add.  These  conditions  for  orthogonalism  may  be  written  in  the 
following  form,  which  is  equivalent  to  the  above : 


(88) 


dp  dpi  tpBpi      dp  dpi  _  ^ 

dx  dx  dy  dy       dz  dz         ' 

dpdpi  dpi  dpi 

^dx  dx  dx   dx 


*Lam^,  Traits  des  coordonn^es  curvUignes.    See  also  Bertrand,  Traits  de  Calcul 
differentia,  Vol.  I,  p.  181. 
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Let  OS  then  see  what  form  the  potential  equation 

aaj«      ay«      a«« 

aasoffles  in  the  variables  p,  pi,  ps .    First  of  all,  we  tind 


and  then 


dgfi 


dz       dp  dz      dpi  dz       dp%  dx 

^/ap\«    2^^  dp  dpi    dv  i^ 

df^  \dx]  dpdpi   dz    dx        dp   dx^ 


a«F/apiy 

dpi  \dx/ 


a«r 
d4 


^  ^  d'V   dpidpi  ^  dV^Pi 
^Pi  ^Pt  ^'   ax       dpi  dx' 

\dz I  dpdpt  dz    dz       dpi   dX* 


Adding  the  three  analogous  equations,  the  terms  containing  derivatives  of  the 
second  order  like  a*  V/  dp  dpi  fall  out,  by  reason  of  the  relations  (83),  and  we  have 


(34) 


+  Ai(p)  -—  +  Ai(pi)  -—  +  A|(ps)  -— , 
dp  dpi  dpi 


where  Ai  and  A«  denote  Lam£*s  differential  parameten : 

The  differential  parameters  of  the  first  order  Ai  (p),  Ai  (pi),  Ai  (pa)  are  easily 
cftlcolated.    From  the  equations  (31)  we  have 

a0  5p,30  £^i?^   ?^ss1 
dp    dz      dpi    dz       dp%    dz 
a^  dp      d4>i  dpi      a^i  a  Pa  _  ^ 
ap   dz       dpi    dz       dpt    dz 

a  01  ap    a^  api    a^  dpt  _  q, 
ap  ax     api  ax     apa  ax 

^tence,  multiplying  by  — »  -^i  -^i  respectively,  and  adding,  we  find 

dp      dp      dp 


dp_ 

dz 


a0 

dp 


/di>y./d4>iy./d4>2Y 

Then,  calculating  ap/ay  and  dp/dz  in  like  manner,  it  is  easy  to  see  that 
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Let  QB  now  set 

^-s^i):  ».-j(g)-.   '.-si^-' 

where  the  ^ymhol  ^  indicates,  as  before,  that  we  are  to  replace  ^  by  ^,  then 
by  ^,  and  add.  Then  the  preceding  equation  and  the  two  analogous  equations 
may  be  written 

AiW  =  ^»        AiO>i)  =  g-»        AiO»f)  =  — . 

Lam^  obtained  the  expressions  for  A|  (p),  At  (pi),  At  (pa)  as  fonctions  of  ^  pi, 
pt  by  a  rather  long  calculation,  which  we  may  condense  in  the  following  form. 
In  the  identity  (84) 

tot  us  set  sucoessiTely  F*  =  x,  F  =  y,  F  =  s.    This  gi^es  the  three  equations 

l?!f  +±f*  +±?!*  +A.O.)?^  +A.(p,)?^  +A*(p,)?f  =0. 
if^       1  5^      J_8^  80,  80,  £0, 

H  V     ffi  8»^     fli  ?»|J  +^*"  ap  *^^"  aw  ^^^'  8^      • 

1  8«^        1   8«*,        1   8«*,  ,.a^  8*,  «^_ 


which  we  need  only  solve  for  As  (p),  Ai  (pi),  As  (ps).    For  instance,  nraltiplyiog 
by  d^/dp,  d^/dp,  d^/dp,  respectively,  and  adding,  we  find 

Moreover,  we  have 

'^  dp  d/^      2  dp' 
and  differentiating  the  first  of  equations  (82)  with  respect  to  pi,  we  find 

^  ap  ap}  ~     ^  api  apapi "    2  ap  * 

In  like  manner  we  have 


^  dp  d^"     2   dp  ' 


and  consequently 


A. n  =  -  —  —  4-     ^     agi       1     aflk  _  _  j_  ^  r.    /  g  \  "I 
^^'       2in  ap     2HJJi  ap     2irffs  ap        2£rapL*^*^Wifli/ J* 
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Setting 


^"5*      ^'^k 


jEr,= 


«• 


this  f ommU  beoomei 


and  in  like  maimer  we  find 


^«=*i('««ii^)' 


Htooe  the  f  omuls  (84)  Anally  toeomM 


(86) 


-.-.-.  .[-.l(^j-)-] 


ae»     V     a«* 


+ 

+ 


OTt  in  oondensed  fomi, 

A.r= A*  ft,  f- /— — ^ + — /^  ^"^ + A /A  ?rM 

L^P  \Ai»t  ^  /      dpi  \AAt  api/  "^  dp,  VAAi  Bpf/S 

^  us  apply  this  formula  to  polar  coordinates.    The  f ormnlsB  of  transforma> 

tionue 

xspsintfcos^,       yspsintfsin^,       «  =  pcostf, 

where  $  and  ^  replace  pi  and  pi,  and  the  coefficients  A,  Ai,  At  have  the  following 

nhei: 


A  =  l, 
Hence  the  general  formula  becomes 


».  =  !, 

P 


At  = 


psintf 


o'l  expanding, 


a«F  .  2aF  .  cotter 

+  -  1 — r  — z-  -rr» 


which  is  snsceptilde  of  direct  yerification. 


I  Setting  u  =  a^  +  y*  +  i^,  «  =  x  +  y  +  <,  i9  =  xy  +  y<  +  xx,  the  fonctional 
^^tennfaiant  D  (v, «,  19)  /D  (x,  y,  s)  Tanishes  identically.  Find  the  relation  which 
exists  between  v,  «,  10. 

OeMraUse  Me  proNefn. 


84  FUNCTIONAL  RELATIONS  [II.Ex8. 

%  Let 

"1  =    — «  •••!  1«ll  = 


Derive  the  equation 

8.  Using  the  notation 

Xt  =  Bin^co6^, 

Xs  =  Bin^i  sin^  C06^, 

» 

ac  =  sin^irin^  •   .  sin^.icoe^, 
•how  that 

■P(gii  Xl,  •  •  •,  X,)  _  ^_  i)»8in"»i8in»-^0t8in»-«0,»  >  ■  8in«^.i«in»|. 

4  Prove  direotly  that  the  function  «  =  F(x,  y)  defined  by  the  two  equatioxis 

«  =  ax+  yf(a)+  ^(a), 
0=    X  +  y/'(a)  +  ^'(a), 

where  a  is  an  auxiliary  Tariable,  satisfies  the  equation  rt  —  a*  =  0,  ^ere/(a) 
and  ^(a)  are  arbitrary  functions. 

6.  Show  in  like  manner  that  any  implicit  function  z  =  F(x,  y)  defined  by 
an  equation  of  the  form 

y=x^(«)  +  ^(«), 

where  ^{z)  and  ^(z)  are  arbitrary  functions,  satisfies  the  equation 

r^  -  2pq8  +  tp«  =  0. 

&  Prove  that  the  function  «  =  F(x,  y)  defined  by  the  two  equations 

X4>'{a)  =  [y  -  ^(a)]«,  (x  +  a)^'(a)  =  y  -  ^(or), 

where  a  is  an  auxiliary  variable  and  ^(a)  an  arbitrary  function,  satisfies  the 
equation  pq  —  z, 

7.  Prove  that  the  function  z  =  F(x,  y)  defined  by  the  two  equations 

[«  -  ^(a)]*  =  aJ»(y«  -  ofl).  [z  -4>(a)]4>'(a)  =  aaJ« 

satisfies  in  like  manner  the  equation  pq^xy. 

8*.  Lagrange's  formola.  Let  y  be  an  implicit  function  of  the  two  variableB 
X  and  a,  defined  by  the  relation  y  z::z  a  +  x^(y);  and  let  u  =/(y)  be  any  func- 
tion of  y  whatever.    Show  that,  in  general, 

dx^      dan-^lJ^^'  da  J 

[Laflaob.] 
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Note.  Tbe  proof  is  based  apon  the  two  f ormulsB 

idiere  u  is  any  function  of  y  whatever,  and  F{u)  is  an  arbitraiy  function  of  u. 
It  is  shown  that  if  the  formula  holds  for  any  value  of  n,  it  must  hold  for  the 
value  n  + 1. 

Setting  X  =  0,  y  reduces  to  a  and  u  to /(a);  and  the  nth  derivative  of  u  vrith 
nipect  to  X  becomes 


(S).-^.  ["-'■'<■"]■ 


9.  If  X  =/(u,  v),  y  =  ^  (tt,  v)  are  two  functions  which  satisfy  the  equations 

Bu      dv  dv         du 

show  that  the  f ollovring  equation  is  satisfied  identically : 


a«F     <^V  ^/^V     d'^V 


)m'<m 


^tt«      ac»     \ax«      ay« 

10.  If  the  function  F(x,  y,  z)  satisfies  the  equation 


show  that  the  function 


lr(j^£.*.^.t.l) 


Mtigfies  the  same  equation,  where  ib  is  a  constant  and  r^  =  x*  +  y*  + 1^. 

[Lord  Kelvin.] 

11.  If  F(x,  y,  z)  and  Fi(x,  y,  z)  are  two  solutions  of  the  equation  ^F  =  0, 
ihow  that  the  function 

^=^(»,y,«)  +  (««  +  y»  +  ««)Fi(x,y,s) 
iMisfies  the  equation 

12.  What  form  does  the  equation 

(X  -  x«)y"  +  (1  -  3x«)y'-  xy  =  0 
anume  when  we  make  the  transformation  x  =  Vl  —  t^? 

13.  What  form  does  the  equation 

?f  +  2xy3^  +  2(y  -  y»)|?  +  x«ya«  =  0 
ac*  8x  5y 

a«nme  when  we  make  the  transformation  x  =  uo,  y  =  l/o  ? 

14*.  Let  ^  (xi,  Xs,  •  •  • ,  Xn ;  ui,  us,  •  •  • ,  tin)  be  a  function  of  the  2n  independent 
variables  Xi,  Xs,  •  •  *,  x.,  ui,  us,  •  •  •,  tint  homogeneous  and  of  the  second  degree 
vrith  leqpect  to  the  variables  ui,  us,  •  •  •,  iih'    If  we  set 
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Si-**'    s;-"'    •••'    s;-*" 

and  then  take  pi,  jii,  ••*,  j)b  M  independent  TirUbles  in  the  plaoe  of  Ml,  iisi  •••i  ««t 
the  function  ^  goea  orer  into  a  function  of  the  form 

f  (^iXs,  •••,aB»;  Pi,pi,  •••tJ^O. 

Derive  the  f  onnoln : 

9pk  dXk         ftPfc 

15.  Let  JVbe  the  point  of  intersection  of  a  flzed  plane  P  with  the  normal  MS 
erected  at  any  point  if  of  a  given  sorface  8,  Lay  off  on  the  perpendicular  to  the 
plane  P  at  the  point  N  a  length  Nm  =  NM,  Find  the  tangent  plane  to  the 
surface  described  by  the  point  m,  as  if  describes  the  surface  8, 

The  preceding  transformation  is  a  contact  transformation.  Stady  the  invenw 
transformation. 

16.  Starting  from  each  point  of  a  given  surface  5,  lay  off  on  the  normal  to 
the  surface  a  constant  length  {.  Find  the  tangent  plane  to  the  surface  2  {the 
parallel  turf  ace)  which  is  the  locus  of  the  end  points. 

Solve  the  analogous  problem  for  a  plane  curve. 

17*.  Given  a  surface  8  and  a  fixed  point  O ;  join  the  point  O  to  any  point  if  of 
the  surface  8^  and  pass  a  plane  Oif JV  through  Oif  and  the  normal  If^T  to  the 
surface  8  at  the  point  if.  In  tliis  plane  Oif^  draw  through  the  point  O  a  per- 
pendicular to  the  line  Oif,  and  lay  off  on  it  a  length  OP  =  Oif.  The  point  P 
describes  a  surface  2,  which  is  called  the  apsldal  surface  to  the  given  surfiuie  8, 
Find  the  tangent  plane  to  this  surface. 

The  transformation  is  a  contact  transformation,  and  the  relation  betv^een  the 
surfaces  8  and  2  is  a  reciprocal  one.  When  the  given  surface  iS  is  an  ellipsoid 
and  the  point  0  is  its  center,  the  surface  2  is  FresnePs  wave  surface. 

18*.  Balphen's  differential  invariants.   Show  that  the  differential  equation 

9/^V^  _  ^gd«y  ^  d*y     40/^^'=  0 
V<fa«/  dafi  dx^djfl  da^  \dai^l 

remains  unchanged  when  the  variables  2,  y  undergo  any  projective  transfor- 
mation (§  37). 

19.  If  in  the  expression  Pdz-^  Qdy  +  ^60^^  where  P,  Q,  12  are  any  functions 
of  z,  y, «,  we  set 

x=/(tt,«,  w),       y  =  0(u,«,w),       «  =  f(tt,v,io), 

where  u,  0, 10  are  new  variables,  it  goes  over  into  an  expression  of  the  form 

Pidtt+  Qidt  +  Bidw, 

where  Pi,  Qi*  £1  are  functions  of  u,  0, 10.    Show  that  the  following  equation  if 
satisfied  identically: 

_        Dlx.  V.  £\ 
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where 

''-«(l?-f)-*(^-^')-«(^-'i?)- 

20*.  Bilinear  corarieiite.   Let  O^  be  a  linear  differential  form: 

e,i  =  XidXi  +  XsdXf  H h  ^ndXn, 

where  JTi,  JTs,  •  •  •,  JTn  are  functions  of  the  n  variables  2i,  Xs,  •  •  •,  oEm.    Let  ns 
coiunder  the  eq^Nrassion 

where 

and  where  there  are  two  systems  of  differentials,  d  and  d.    If  we  make  any 
truuformation 

«<  =  MVi*  ysi  •  •  -1  y«)»         (i  =  1,  2, . . .,  n), 

^e  expression  Od  goes  over  into  an  expression  of  the  same  form 

e&=  Fidyi  +  ...+  F,dy,, 
^bere  Fi,  Ft,  •  •  • ,  F»  are  functions  of  vu  Vs*  •  •  •  >  Vm-    Let  us  also  set 

__aF.     aFit 
dyk       tjfi 

and 


Er'=  ^^^^alidyidyir. 


f     I- 


that  H  =  H%  identically,  provided  that  we  replace  dXi  and  Sxtf  respec- 
^^ely,  by  the  expressions 

cyi  cyt  oyn 

"^e  expression  H  is  called  a  bilinear  covcariant  of  Oj. 

21*.  Beltrami's  differential  parameters.  If  in  a  given  expression  of  the  form 

Ed3fi  +  2Fdxdy+  Odj/^, 

where  E^FfO  are  functions  of  the  variables  x  and  y,  we  make  a  transformation 
2  =:/(tt,  v),  y  =  ^(u,  v),  we  obtain  an  expression  of  the  same  form: 

Eidu*  +  2  Fidudv  +  G^do*, 
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where  Eu  Fi,  Cri  are  functions  of  u  and  v.  Let  tf  (x,  y)  be  any  fiincti<m 
TariaUeB  x  and  y,  and  ^(v,  v)  the  tramformed  function.  Then  we  have 
tioally, 

\dx/  dzdy         \d^/    _      \au/  9u   d9  \d9 

1         a  I     ax  ay  1  i        Ai— ^__ 

'^MQ-'F^  ^  \    ^EO-  F*    I        '^EO-F^  ^  \    ^EO-F 

_         1         a  [an       ^  1  .  ^         a  /     ap 

22.  SchwaniaB.  Settingy  =  (ax  +  6)/(ex  + 6),  wherexiaafonctiono 
0,  ft,  e,  d  are  arhitraiy  constants,  show  that  the  relation 

X'     2  U/      r'     2  \r/ 

is  identkally  satkfied,  where  x",  x^,  x'^  y',  y'',  y^'  denote  the  derivatiTi 
reqpeot  to  the  Tariahte  t 

22*.  Let  M  and  the  any  two  functions  of  the  two  independent  Tiriableax 
and  let  ns  set 

P>_     qa+fte  +  c  y._  g^n  +  yt  +  c" 

«rM  +  yt  +  <r'  «rM  +  ft"t  +  c^* 

where  0, 5^  c,  •  •  • ,  c^  are  constants.    ProTe  the  fonnnls: 

^at_^aa    e^UiV    ^VdU 
tM^  tz    ^a«^g_^a^^x     dt»ax 

a^M  ?t  _  p[t  fa       /a»  a^M  _  aa  a»t  \ 
aj*  ay     ajc*  ay       yax  aray     aac  aacay/ 

aat«  ay     aaf«  ry  "^    Va»  atray     ar  axay/ 


and  the  anakfooa  tomnlr  obtauwd  br  intCTchanging  x  and  y,  where 

^  ftt  ay     ay  t^x         ^  ^x  ay      ax   ay 

[GocMAT  and  Pxolstk,  ComqikM  rmdas, 
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TAYLOR*S  SERIB8      BLSMBNTART  APPUCATI0V8 

KAXnCA  AHD  MDriMA 

L  TAYLOR'S  SERIES  WITH  A  REMAINDER 

TAYLOR'S  SERIES 

41  Taylor*!  aeries  with  a  remainder.  In  elementary  texts  on  the 
Calculus  it  is  shown  that,  if  f(x)  is  an  integral  polynomial  of 
degree  n,  the  following  formula  holds  for  all  Talues  of  a  and  A : 

(1)  fia  +  A)  =/(«)  +  \f(a)  +  ^/"(«)  +  .  ■ .  +  i:^/<"'(«)- 

^is  deyelopment  stops  of  itself,  since  all  the  derivatiyes  past  the 
(a  +  l)th  Tanish.  If  we  try  to  apply  this  formula  to  a  function 
f{^)  which  is  not  a  polynomial,  the  second  member  contains  an 
infinite  number  of  terms.  In  order  to  find  the  proper  yalue  to 
assign  to  this  development,  we  will  first  try  to  find  an  expression 
for  the  difference 

/(«  +  A)  -/(«)  -  \  f(a)  -  1^  /"(«) r^^'"^"^' 

^th  the  hypotheses  that  the  function  f(x),  together  with  its  first  n 
^rivatives  /'(«),  /"(*)>  "t  /^"^(*)>  ^  continuous  when  x  lies  in  the 
interval  (a,  a  +  h),  and  that  /^"X*)  itself  possesses  a  derivative 
/(«+i)^^^  in  the  same  interval  The  numbers  a  and  a  +  A  being 
Siven,  let  us  set 


(2) 


^here  p  is  any  positive  integer,  and  where  P  is  a  number  which  is 
defined  by  this  equation  itself.    Let  us  then  consider  the  auxiliary 

Amotion 
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1.3---B  ^  ^       1.3---«.^ 

♦(«)  =  0.         ♦(«  +  A)  =  0; 

and  it  renlti  &0111  tiie  Inpodioes  regaidmg  /(x)  that  tibe  tme- 
ticm  4(x^  poHOMS  a  deriraUTe  tbiuughont  tbe  mteml  («>  «  +  h). 
Hcnee,  bf  Boilers  tiiMvcm,  tiie  eqfoation  4'(x)  =  0  mnai  Iwre  a  root 
«  +  #4  which  lies  in  that  interral,  where  #  is  a  positiTe  number 
which  lies  between  aeio  and  anitj.  The  vafaie  of  4'C)»  ^^^^^  *in^ 
easj  iwhifftiop%  turns  out  to  be 

The  first  factor  («  +  A  —  lY'^  cannot  Tanish  for  any  Talne  of  x 
other  than  a  +  A.     Henee  we  most  hare 

P=*^-'^^>(l-l)— '*>>^+»(«  +  M),    where    0<#<1; 

whenee,  siibstitating  this  Talne  f  or  P  in  equation  (2),  we  find 

(3)  /(•+*)=/(«) +fA«)+o^(«) + •  •  • + i:^ri/*"W+*" 

^  =        i\       ' /«"+'>(a  +  J»). 


We  shall  call  this  formula  TayUn't  werieB  with  m  rewuUttder,  and 
the  last  term  or  R^  the  rewuUnder.  This  remainder  depends  upon  the 
positiTe  integer  p,  which  we  have  left  undetermined.  In  practice, 
about  the  only  yalaes  which  are  erer  given  to  p  are  ^  =  n  + 1  and 
p  =s  L  Setting />  =  n  +  1>  we  find  the  following  expression  for  the 
remainder,  which  is  due  to  Lagrange : 

setting  ^  s  1,  we  find 
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an  expression  for  ihe  remainder  which  is  due  to  Oauohy.  It  is 
clear,  moreover,  that  the  number  6  will  not  be  the  same,  in  general, 
in  these  two  special  formulae.  If  we  assume  further  that  /^"^^^x) 
is  continuous  when  xssa,  the  remainder  may  be  written  in  the  form 

where  c  approaches  zero  with  h. 

Let  us  consider,  for  definiteness,  Lagrange's  form.  If,  in  the  gen- 
eral formula  (3),  n  be  taken  equal  to  2,  3,  4,  •  •  • ,  successiyely,  we 
get  a  succession  of  distinct  formulae  which  give  closer  and  closer 
approximations  for /(a  +  h)  for  small  yalues  of  A.  Thus  for  n  =  1 
we  find 

/(«  +  A)  =/(«)  + 1/'(«)  +  j^/"(»  +  eh), 

which  shows  that  the  difference 

/(«  +  A)  -/(a)  -  jf'(a) 

is  an  infinitesimal  of  at  least  the  second  order  with  respect  to  A, 
provided  that  f"  is  finite  near  x  =  a.     Likewise,  the  difference 

/(«  +  A)  -/(«)  -  jfia)  -  ^f"(a) 
IS  an  infinitesimal  of  the  third  order ;  and,  in  general,  the  expression 
/(«  +  A)  -/(a)  -  jf(a) ^/'•\a) 

^  an  infinitesimal  of  order  n  +  1.  But,  in  order  to  have  an  exact 
idea  of  the  approximation  obtained  by  neglecting  R,  we  need  to 
know  an  upper  limit  of  this  remainder.  Let  us  denote  by  i(f*  an 
upper  limit  of  the  absolute  yalue  of  f^'*'*'^\x)  in  the  neighborhood 
of  aj  =  a,  say  in  the  interval  (a  —  17,  a  + 1;).    Then  we  evidently  have 


IAI»+^ 
I    »i-1.2...(n  +  l)     ' 


provided  that  I  A|<i;. 


•  That  is,  If  >  |/("  + !)(«)  I  when  |  a;  -^  |  <  i».  The  expressioii  "  the  upper  limit," 
defined  in  $  68,  most  be  carefully  distinguished  from  the  expression  "  an  upper  limit," 
which  is  used  here  to  denote  a  number  greater  than  or  equal  to  the  absolute  yalue  of 
the  function  at  any  point  in  a  certain  interral.  In  this  paragraph  and  in  the  next 
Z^"-*-  0(z)  is  supposed  to  have  an  upper  limit  near  x  =  a. —Trans. 
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45.  Application  to  curves.  This  result  may  be  interpreted  gecnnet- 
rically.  Suppose  that  we  wished  to  study  a  curve  C,  whose  equ»> 
tion  is  y  s=:/(x),  in  the  neighborhood  of  a  point  A^  whose  absoissa 
is  a.  Let  us  consider  at  the  same  time  an  auxiliary  curve  C,  whose 
equation  is 

A  line x^a  +  h^  parallel  to  the  axis  of  y^  meets  these  two  curves 
in  two  points  M  and  M\  which  are  near  A.  The  difference  of  their 
ordinates,  by  the  general  formula,  is  equal  to 

This  difference  is  an  infinitesimal  of  order  not  less  than  n  +  1 ;  and 
consequently,  restricting  ourselves  to  a  small  interval  (a  —  ly,  a  +  ly), 
the  curve  C  sensibly  coincides  with  the  curve  C\  By  taking  larger 
and  larger  values  of  n  we  may  obtain  in  this  way  curves  which 
differ  less  and  less  from  the  given  curve  C;  and  this  gives  us  a 
more  and  more  exact  idea  of  the  appearance  of  the  curve  near  the 
point  A. 

Let  us  first  set  n  =  1.  Then  the  curve  C  is  the  tangent  to  the 
curve  C  at  the  point  A  : 

and  the  difference  between  the  ordinates  of  the  points  M  and  If' 
of  the  curve  and  its  tangent,  respectively,  which  have  the  same 
abscissa  a  +  A,  is 

Let  us  suppose  that  /"(a)  ^  0,  which  is  the  case  in  general.    Th9 
preceding  formula  may  be  written  in  the  form 

y- 1^=0  [/»  +  «]. 

where  c  approaches  zero  with  h.  Since  /"(a)  ^  0,  a  positive  num- 
ber 71  can  be  found  such  that  |c|  <  |/"(a)  |,  when  h  lies  between  —  7 
and  -I-  1;.  For  such  values  of  h  the  quantity  /"(a)  +  c  will  have 
the  same  sign  as  f\a),  and  hence  y  —  Y  will  also  have  the  same 
sign  tLsf"(a)'     ^^f"W  is  positive,  the  ordinate  y  of  the  curve  is 
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gieater  than  the  ordinate  Y  of  the  tangent,  whatever  the  sign  of  h ; 
and  the  curve  C  lies  wholly  above  the  tangent,  near  the  point  A. 
On  the  other  hand,  if  f\(i)  is  negative,  y  is  less  than  y,  and  the 
curve  lies  entirely  below  the  tangent,  near  the  point  of  tangency. 
If  /"(a)  =  0,  let  f^'\a)  be  the  first  succeeding  derivative  which 
does  not  vanish  for  x=^a.  Then  we  have,  as  before,  if  f^\x)  is 
continuous  when  x  =  a, 

and  it  can  be  shown,  as  above,  that  in  a  sufficiently  small  interval 
(a  - 17,  a  +  17)  the  difference  y  —  Y  has  the  same  sign  as  the  product 
h^f^'^(a).  When  p  is  even,  this  difference  does  not  change  sign 
with  h,  and  the  curve  lies  entirely  on  the  same  side  of  the  tangent, 
near  the  point  of  tangency.  But  it  phe  odd,  the  difference  y  ^  Y 
changes  sign  with  A,  and  the  curve  C  crosses  its  tangent  at  the 
point  of  tangency.  In  the  latter  case  the  point  A  is  called  a  point 
of  inflection;  it  occurs,  for  example,  if /"'(a)  =^  0. 
Let  us  now  take  n==2.    The  curve  C  is  in  this  case  a  parabola : 

!'=/(«)  +  («  -  «)/'(«)  +  ^;y^V», 

whose  axis  .is  parallel  to  the  axis  of  y ;  and  the  difference  of  the 
ordinates  is 

^^f"{a)  does  not  vanish,  y  ^  Y  has  the  same  sign  as  A'/"'(a)  for 
^ciently  small  values  of  A,  and  the  curve  C  crosses  the  parabola 
^'  at  the  point  A.  This  parabola  is  called  the  oscukUory  parabola 
to  the  curve  C ;  for,  of  the  parabolas  of  the  family 

Y  =  mx^  +  nx  +/>, 

this  one  comes  nearest  to  coincidence  with  the  curve  C  near  the 
point  A  (see  f  213). 

46.  General  method  of  devdopment  The  formula  (3)  affords  a 
method  for  the  development  of  the  infinitesimal  /(a  +  h)  ^f(a) 
according  to  ascending  powers  of  A.  But,  still  more  generally,  let 
«  be  a  principal  infinitesimal,  which,  to  avoid  any  ambiguity,  we 
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will  suppose  positive;  and  let  y  be  another  infinitesimal  of  the 
form 

(4)  y  =  AiT^  +  -4ja:*i  H h  «^(-4,  +  c), 

where  ni,  n,,  •  •  • ,  n,  are  ascending  positiye  numbers,  not  necessarily 
integers,  Ai,  A^y  ••*,  A^  are  constants  different  from  zero,  andc  is 
another  infinitesimal.  The  numbers  ni,  Ai^  n,,  A^y  •••  may  be  cal* 
culated  successively  by  the  following  process.  First  of  all,  it  is 
clear  that  n^  is  equal  to  the  order  of  the  infinitesimal  y  with 
respect  to  x,  and  that  Ax  is  equal  to  the  limit  of  the  ratio  y/af^  when 
X  approaches  zero.    Next  we  have 

y  —  AiJf^  =  Wx  =  A^Qt^  H h  (Ap  +  €)afr, 

which  shows  that  n,  is  equal  to  the  order  of  the  infinitesimal  Ui, 
and  ils  to  the  limit  of  the  ratio  Ui/a^.  A  continuation  of  this 
process  gives  the  succeeding  terms.  It  is  then  clear  that  an  infini- 
tesimal y  does  not  admit  of  two  essentially  different  developments  of 
the  form  (4).  If  the  developments  have  the  same  number  of  terms, 
they  coincide;  while  if  one  of  them  has  p  terms  and  the  other 
p-^  q  terms,  the  terms  of  the  first  occur  also  in  the  second.  This 
method  applies,  in  particular,  to  the  development  of /(a  +  h)  —f(a) 
according  to  powers  of  h ;  and  it  is  not  necessary  to  have  obtained 
the  general  expression  for  the  successive  derivatives  of  the  func- 
tion f(x)  in  advance.  On  the  contrary,  this  method  furnishes 
us  a  practical  means  of  calculating  the  values  of  the  derivatives 

/'(«),/"(«),.••. 

Examples,  Let  us  consider  the  equation 

(5)  F{x,  y)  =  A7f  +  By  +  xy  *(«,  y)  -I-  Caj»+>  +  ...+i)y«+...  =  0, 

where  ^(a;,  y)  is  an  integral  polynomial  in  x  and  y,  and  where  the 
terms  not  written  down  consist  of  two  polynomials  P{x)  and  Qiy), 
which  are  divisible,  respectively,  by  aj"+*  and  y^.  The  coefficients  A 
and  B  are  each  supposed  to  be  different  from  zero.  As  x  approaches 
zero  there  is  one  and  only  one  root  of  the  equation  (5)  which  ap- 
proaches zero  (§  20).  In  order  to  apply  Taylor's  series  with  a 
remainder  to  this  root,  we  should  have  to  know  the  successive  deriv- 
atives, which  could  be  calculated  by  means  of  the  general  rules. 
But  we  may  proceed  more  directly  by  employing  the  preceding 
method.     For  this  purpose  we  first  observe  that  the  principal  part 
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of  the  infinitesimal  root  is  equal  to  —  (A/ B)atf^.    For  if  in  the  equa- 
tion  (5)  we  make  the  substitution 


y=*"(-|+y«)' 


and  then  divide  by  x%  we  obtain  an  equation  of  the  same  form : 


(6)      { 


-I-  Cjaj-i+i  +  •  •  •  +  Ay?  +  •  •  =  0, 


which  has  only  one  term  in  yi,  namely  Byi,  As  x  approaches  zero 
the  equation  (6)  possesses  an  infinitesimal  root  in  i/i,  and  conse- 
quently the  infinitesimal  root  of  the  equation  (5)  has  the  principal 
part  —  (A/B)x%  as  stated  above.  Likewise,  the  principal  part  of 
yi  is  —  (Ai/B)x^;  and  we  may  set 


y=-|a.»  +  ^-|j  +  y,jx-+-., 


where  y^  is  another  infinitesimal  whose  principal  part  may  be  found 
by  making  the  substitution 


yi  =  afif-^  +  yJ 


in  the  equation  (6). 

Continuing  in  this  way,  we  may  obtain  for  this  root  y  an  expres- 
sion of  the  form 

which  we  may  carry  out  as  far  as  we  wish.  All  the  numbers  n, 
^f^f  '"9  %  ^^  indeed  positive  integers,  as  they  should  be,  since 
we  aie  working  under  conditions  where  the  general  formula  (3)  is 
applicable.  In  fact  the  development  thus  obtained  is  precisely  the 
same  as  that  which  we  should  find  by  applying  Taylor's  series  with 
a  remainder,  where  a  =  0  and  A  =  x. 

Let  us  consider  a  second  example  where  the  exponents  are  not 
necessarily  positive  integers.    Let  us  set 

^      1  +  Bix^ -^  Cix'^  + ' "' 
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where  a,  fiyjy  -"  and  Pi,  yi,  •  •  •  are  two  ascending  series  of  positive 
numbers,  and  the  coefficient  A  is  not  zero.  It  is  clear  that  the  prin- 
cipal part  of  y  is  Aas^,  and  that  we  haye 

.  ^      BsE^+Cx^^ A  affBiX^  +  CiX^  +  •  •  ) 

y  —  Axr  = r ^ ^i 

^  1  +  BiX^  +  CiX^  H 

which  is  an  expression  of  the  same  form  as  the  original,  and  whose 
principal  part  is  simply  the  term  of  least  degree  in  the  numerator. 
It  is  evident  that  we  might  go  on  to  find  by  the  same  process  as 
many  terms  of  the  development  as  we  wished. 

Let/(x)  be  a  function  which  possesses  n  +  1  saccessiye  derivatives.  Then 
replacing  a  by  x  in  the  formula  (8),  we  find 

where  c  approaches  zero  with  h.  Let  us  suppose,  on  the  other  hand,  that  we 
had  obtained  by  any  process  whatever  another  expression  of  the  same  form  for 

/(«  +  *): 

/(x  +  h)  =/(x)  +  A0i(x)  +  A«^(x)  +  . . .  +  A"  [^(x)  +  €^. 

These  two  developments  must  coincide  term  by  term,  and  hence  the  coefficients 
0ii  ^1  * "  f  0M  are  equal,  save  for  certain  numerical  factors,  to  the  successive 
derivatives  of  f(x) : 

This  remark  is  sometimes  useful  in  the  calculation  of  the  derivatives  of  oertain 
functions.  Suppose,  for  instance,  that  we  wished  to  calculate  the  nth  derivative 
of  a  function  of  a  function: 

y=/(tt),        where       u  =  ^(x). 

Neglecting  the  terms  of  order  higher  than  n  with  respect  to  A,  we  have 

Jk  =  ^  (X  +  A)  -  ^  (X)  =  ^  ^'(x)  +  -^  ^-(x)  +  . . .  +      ^"       ^•)  (X) ; 
and  likewise  neglecting  terms  of  order  higher  than  n  with  respect  to  I;, 

If  in  the  right-hand  side  k  be  replaced  by  the  expression 

1  1.2  1. 2> •  -n 

and  the  resulting  expression  arranged  according  to  ascending  powers  of  A,  it  is 
evident  that  the  terms  omitted  will  not  affect  the  terms  in  A,  A',  •  •  • ,  h\    The 
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codBdent  of  A^,  for  instance,  will  be  equal  to  the  nth  deriTative  of  /[^(x)] 
divided  by  1 . S •  •  •  n;  and  hence  we  may  write 

where  Ai  denotes  the  coefficient  of  h*  in  the  derelopment  of 

For  greater  detail  concerning  this  method,  the  reader  is  referred  to  Hermite^s 
Coura  d^Analym  (p.  69). 

47.  Indeterminate  forms.*  Let  f{x)  and  ^(x)  be  two  functions 
which  vanish  for  the  same  value  of  the  variable  x  =  a.  Let  us  try 
to  find  the  limit  approached  by  the  ratio 

f{a  +  h) 
<Ka  +  h) 

as  h  approaches  zero.  This  is  merely  a  special  case  of  the  problem 
of  finding  the  limit  approached  by  the  ratio  of  two  infinitesimals 
The  limit  in  question  may  be  determined  immediately  if  the  prin- 
cipal part  of  each  of  the  infiinitesimals  is  known,  which  is  the  case 
whenever  the  formula  (3)  is  applicable  to  each  of  the  functions 
f(x)  and  <Kx)  in  the  neighborhood  of  the  point  a.  Let  us  suppose 
that  the  first  derivative  of  f(x)  which  does  not  vanish  for  a;  =  a  is 
that  of  order  p,  f^\a) ;  and  that  likewise  the  first  derivative  of 
^(x)  which  does  not  vanish  for  a;  =  a  is  that  of  order  q,  ^(*>(a). 
Applying  the  formula  (3)  to  each  of  the  functions  f(x)  and  ^(x) 
and  dividing,  we  find 

f((^  +  ^)  ^  rp-,  1.2  -q  r^Ka)  +  c 
*(a  +  A)  1.2.  j>   ^<«>(a)  +  €' 

where  c  and  c'  are  two  infinitesimals.  It  is  clear  from  this  result 
that  the  given  ratio  increases  indefinitely  when  h  approaches  zero,  if 
;  is  greater  than  p ;  and  that  it  approaches  zero  if  q  is  less  than  p, 
^  q=:p,  however,  the  given  ratio  approaches  f^''\a)/<k^''^(a)  as  its 
limit,  and  this  limit  is  different  from  zero. 

Indeterminate  forms  of  this  sort  are  sometimes  encountered  in  finding  the 
tangent  to  a  curve.    Let 

^ B-      JM       ■-■■_  IIJ_| ■  ■     Wl   ■  ■ I -^—^^-^ 

t  See  also  §  7. 
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be  the  equations  of  a  cnrye  C  in  terms  of  a  parameter  t  The  equations  of  the 
tangent  to  this  curv«  at  a  point  if,  wliich  corresponds  to  a  value  to  of  the  param- 
eter, are,  as  we  saw  in  §  6, 

^-/(^)  ^  F-»(<o)  ^  Z-^(<o) 
nU)  4>'{to)  nto) 

These  equations  reduce  to  identities  if  the  three  derivatives  /"(Q,  ^'(t),  f(t)  aU 
vanish  for  t  =  to.  In  order  to  avoid  this  difficulty,  let  us  review  the  reasoning 
by  which  we  found  the  equations  of  the  tangent.  Let  IT  be  a  point  of  the 
curve  C  near  to  if,  and  let  to  +  A  be  the  con*e8ponding  value  of  the  parameter. 
Then  the  equations  of  the  secant  MM^  are 

X-f{to)       ^        T-</>{to)        ^        Z-^(<o) 
/(to  +  *)-/(«o)      4>(to  +  h)-if>{to)      ^{to  +  h)-rp{toy 

For  the  sake  of  generality  let  us  suppose  that  all  the  derivatives  of  order  lesi 
than  p(p>l)  of  the  functions  /(Q,  ^ (t),  ^  (t)  vanish  for  t  =  to,  but  that  at  least 
one  of  the  derivatives  of  order  p,  say  /(i>)  (to),  is  not  zero.  Dividing  each  of  the 
denominators  in  the  preceding  equations  by  hP  and  applying  the  general  for- 
mula (3),  we  may  then  write  these  equations  in  the  form 

X-/(to)   ^    F-»(to)  Z-^(to) 

/«")  (to)  +  «      0(''>  (to)  +  «'      ^^>  (to)  +  y 

where  c,  c^  t*'  are  three  infinitesimalB.  If  we  now  let  h  approach  zero,  these 
equations  become  in  the  limit 

^-fjto)  ^  r-»(to)  ^  Z-^(to) 
/(p>(to)  ^)(to)  ^)(to)  * 

in  which  form  all  indetermination  has  disappeared. 

The  points  of  a  curve  C  where  this  happens  are,  in  general,  ■<«gt^iftr  pofaits 
where  the  curve  has  some  peculiarity  of  form.  Thus  the  plane  oorva  whose 
equations  are 

X  =  t«,        y  =  ^ 


through  the  origin,  and  dx/dt  =  dy/dt^Oa,t that  point    The  tangent 
is  the  axis  of  x,  and  the  origin  is  a  cusp  of  the  first  kind. 

48.  Taylor'a  teries.  If  the  sequence  of  derivatiyes  of  the  f unotion 
f(x)  is  unlimited  in  the  interyal  (a,  a  +  h),  the  number  n  in  the 
formula  (3)  may  be  taken  as  large  as  we  please,  ^the  remainder 
R^  approcuihea  zero  when  n  inereoiee  indefinitely,  we  are  led  to  write 
down  the  following  formula : 

(7)/(a+A)=/(«)+j/'(«)+j^/»+--+j^^/<«)(a)+..., 
which  expieaaes  that  the  series 
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is  oonyergenty  and  that  its  **  sum  "  *  is  the  quantit j  f(a  +  A).  This 
fonnula  (7)  is  Taylor's  series,  properly  speaking.  But  it  is  not  justi- 
fiable unless  we  can  show  that  the  remainder  R^  approaches  zero  when 
n  is  infinite,  whereas  the  general  formula  (3)  assumes  only  the  exist- 
ence of  the  first  n  -f- 1  derivatives.  Replacing  a  by  x,  the  equation 
(7)  may  be  written  in  the  form 

/(aj  +  A)=/(aj)  +  j/'(x)+...  +  j-^-^/<->(aj)-h-... 

Or,  again,  replacing  A  by  a;  and  setting  a  =  0,  we  find  the  formula 

(8)     /(*)  =/(0)  + 1  /(O)  + . . .  +  j-|f-^  /<-)(0)  + . . .. 

This  latter  form  is  often  called  MadaurirCs  series;  but  it  should 
be  noticed  that  all  these  different  forms  are  essentially  equivalent. 
The  equation  (8)  gives  the  development  of  a  function  of  x  accord- 
ing to  powers  of  x ;  the  formula  (7)  gives  the  development  of  a  func- 
tion of  A  according  to  powers  of  A :  a  simple  change  of  notation  is 
all  that  is  necessary  in  order  to  pass  from  one  to  the  other  of  these 
foms. 

It  is  only  in  rather  specialized  cases  that  we  are  able  to  show 
that  the  remainder  R^  approaches  zero  when  n  increases  indefinitely. 
If)  for  instance,  the  absolute  value  of  any  derivative  whatever  is  less 
than  a  fixed  number  M  when  x  lies  between  a  and  a  +  A,  it  follows, 
from  Lagrange's  form  for  the  remainder,  that 

l^-l<^1.2-(n  +  l)' 

an  inequality  whose  right-hand  member  is  the  general  term  of  a 
<^yergent  series.t  Such  is  the  case,  for  instance,  for  the  functions 
^}  sin  X,  cos  X.  All  the  derivatives  of  ^  are  themselves  equal  to 
^)  and  have,  therefore,  the  same  maximum  in  the  interval  con- 
sidered. In  the  case  of  sin  x  and  cos  x  the  absolute  values  never 
^ceed  unity.  Hence  the  formula  (7)  is  applicable  to  these  three 
functions  for  all  values  of  a  and  A.  Let  us  restrict  ourselves  to 
the  form  (8)  and  apply  it  first  to  the  function  f{x)  =  e^.    We  find 

/(0)  =  1,        /'(0)  =  1,        ...,        /<->(0)  =  l,        ...; 

*  That  is  to  say,  the  limit  of  the  sum  of  the  first  n  terms  as  n  becomes  infinite. 
Por  a  definition  of  the  meaning  of  the  technical  phrase  "  Uie  sum  of  a  series"  see 
§157.— Tkans. 

f  The  order  qf  choice  is  a,  A,  Mt  n,  not  a,  A,  n,  M.  This  is  essential  to  the  con- 
vwgenoe  of  the  series  in  question.— Traits. 
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and  consequently  we  have  the  formula 
(9)  ^=l  +  -.  +  ^  +  ...  +  ^-f-+..., 


which  applies  to  all  values,  positive  or  negative,  of  x.  If  a  is  any 
positive  number,  we  have  o*  =  c'*****,  and  the  preceding  formula 
becomes 

/iA\    X      1  _i_  ^^Qg<^  .  (g  log  «)*  ,         ,  (a;  log  a)* 

Let  us  now  take  f(x)  =  sin  x.  The  successive  derivatives  form  a 
recurrent  sequence  of  four  terms  cos  x,  —  sin  a;,  —  cos  x,  sin  x ;  and 
their  values  for  a;  =  0  form  another  recurrent  sequence  1,  0,  —  1,  0. 
Hence  for  any  positive  or  negative  value  of  x  we  have 

(11)    sin  a,  =  I  -  j-^-j  +  j-^3-j-^  - . .  . 

+  ^-^>"l.2.3'^"(2«  +  l)  +  -' 
and,  similarly, 

(12)  oc^-i-^g+r^— •+<-!)' i:2Tbii+- 

Let  us  return  to  the  general  case.  The  discussion  of  the  remain- 
der jR,  is  seldom  so  easy  as  in  the  preceding  examples;  but  the 
problem  is  somewhat  simplified  by  the  remark  that  if  the  remain- 
der approaches  zero  the  series 

neoessarily  converges.  In  general  it  is  better,  before  examining 
it.,  to  see  whether  this  series  converges.  If  for  the  given  values  ci 
a  and  h  the  series  diverges,  it  is  useless  to  carry  the  disouasiooi 
further ;  we  can  say  at  once  that  R^  does  not  approach  seio  when  ii 
increases  indefinitely. 

48.  Deftiopmeat  of  log(l  -f-  x).  The  function  log(l  -h  0),  together 
with  all  its  derivatives,  is  continuous  provided  that  x  is  greater 
than  ^  1.    The  successive  derivatives  are  as  follows : 
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Let  us  see  for  what  values  of  x  Maclaurin's  formula  (8)  may  be 
applied  to  this  faaction.  Writing  first  the  series  with  a  remainder, 
we  haye,  under  any  circumstances, 

log(l+aj)=:f-J  +  |  +  ...  +  (-l)-»^  +  i2.. 
The  remainder  R^  does  not  approach  zero  unless  the  series 

^^nverges,  which  it  does  only  for  the  values  of  x  between  —  1  and 
-^  1,  including  the  upper  limit  + 1*  When  x  lies  in  this  interval 
Uie  remainder  may  be  written  in  the  Cauchy  form  as  follows : 

^         1.2. .11         (!  +  «»)•+'        ^     ^   (l  +  to)«+» 


'^-(-'>-'*'(r^)'rT 


Let  us  consider  first  the  case  where  \x\  <  1.    The  first  factor  x 
^}>proaches  zero  with  x,  and  the  second  factor  (1  —  6) /(I  +  ^)  is 
^Qss  than  unity,  whether  x  be  positive  or  negative,  for  the  numer- 
ator is  always  less  than  the  denominator.    The  last  factor  remains 
^ite,  for  it  is  always  less  than  1/(1  —  |a;|).    Hence  the  remainder 
^^  actually  approaches  zero  when  n  increases  indefinitely.    This 
form  of  the  remainder  gives  us  no  information  as  to  what  happens 
when  X  ■■  1 J  but  if  we  write  the  remainder  in  Lagrange's  form, 


«.-(-!)• 


ii  +  l(l  +  ^)"+* 

it  is  evident  that  R^  approaches  zero  when  n  increases  indefinitely. 
An  examination  of  the  remainder  for  a;  =  —  1  would  be  useless, 
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sinoe  the  series  diverges  for  that  value  of  x.  We  have  then,  when 
X  lies  between  —  1  and  +  1,  the  formula 

(13)  log(l+x)  =  |-|  +  |-...  +  (-l)-»5  +  .... 

This  formula  still  holds  when  a;  =  1,  which  gives  the  curious 
relation 

(14)  log2  =  l-.i  +  ^- J +  ...  +  (- l)->^  +  .... 

The  formula  (13),  not  holding  except  when  x  is  less  than  or  equal 
to  unity,  cannot  be  used  for  the  calculation  of  logarithms  of  whole 
numbers.    Let  us  replace  x  by  —  x.    The  new  formula  obtained, 

X         X  Xr  35* 

(ISO        log(l-a:)=-j-^-;^ -  —  .. 

still  holds  for  values  of  x  between  —  1  and  +  1 ;  and,  subtracting 
the  corresponding  sides,  we  find  the  formula 

When  X  varies  from  0  to  1  the  rational  fraction  (1  +  x)/(l  --x) 
steadily  increases  from  1  to  +  qo,  and  hence  we  may  now  easily  cal- 
culate the  logarithms  of  all  integers.  A  still  more  rapidly  con- 
verging series  may  be  obtained,  however,  by  forming  the  difference 
of  the  logarithms  of  two  consecutive  integers.  For  this  purpose 
let  us  set 

1+x      N+1  1 

■9    or    a;  = 


1-x  N  2N+1 

Then  the  preceding  formula  becomes 

^'>g(^+^)-^°g^=^[2]^  +  3(2jy'+l)'  +  5(2¥+l)i+-]' 

an  equation  whose  right-hand  member  is  a  series  which  converges 
very  rapidly,  especially  for  large  values  of  N, 

Note.  Let  us  apply  the  general  formula  (8)  to  the  function  log  (1  +  x),  setting 
a  =  0,  A  =  2,  n  =  l,  and  taking  Lagrange's  form  for  the  remainder.  We  find  in 
this  way 

log(l  +  x)  =  X -. 
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If  we  now  replace  x  by  the  reciprocal  of  an  integer  n,  this  may  be  written 

\       nj     n     2n» 

where  tf.  is  a  posltiTO  number  less  than  unity.    Some  interesting  consequences 
may  be  deduced  from  this  equation. 

1)  The  harmonic  series  being  divergent,  the  sum 

increases  indefinitely  with  n.    But  the  difference 

2»-logn 
approaches  a  finite  limit    For,  let  us  write  this  difference  in  the  form 

/I      ,     n  +  1\  .  ,     n  +  1 

+  ( -  -  log )  +  log 

\n  n    /  n 

Now  1  /p  —  log  (1  +  1  /p)  is  the  general  term  of  a  convergent  series,  for  by  the 
^nation  above 


P  \  P/  ^P^ 


which  shows  that  this  term  is  smaller  than  the  general  term  of  the  convergent 
*^e8  2(1  /j)>).    When  n  increases  indefinitely  the  expression 


^'^''^M'^'^ 


approaches  zero.  Hence  the  difference  under  consideration  approaches  a  finite 
^t,  which  is  caUed  Eider'i  constant.  Its  exact  value,  to  twenty  places  of 
<ieciinals,  is  C  =  0.67721666400168286000. 

2)  Consider  the  expression 

2  = h 1-...  +  — 1— , 

n+ 1      n+2  n+p 

^boe  n  and  p  are  two  positive  integers  which  are  to  increase  indefinitely.    Then 

^  may  write 

1  +  5 +  •••  +  ----  =  log  (n +p)  +  A»+pf 
2  n  +  p 

!  +  -  +  -•  +  -        =logn  +  ^, 
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where  pn+p  vkd  pn  ^yproacb  the  same  vthie  C  when  n  and  p  inereaee  indefi- 
nitely.   Hence  we  have  also 


=  log(i+€) 


2  =  log  n  +  ^  I  +  ^+,  -  th,. 

Now  the  difference  pn+p  —  pn  approaches  zero.    Hence  the  sum  2  iq>proaches 
no  limit  unlees  the  ratio  p/n  approaches  a  limit.    If  this  ratio  does  approach  a 
limit  a,  the  sum  Z  approaches  the  limit  log  (1  +  a). 
Setting  p  =  n,  f  or  instance,  we  see  that  the  sun 

1  +  1  +...+^ 


n+1      n+2  2n 

approaches  the  limit  log  2. 

50.  Development  of  (1  +  x)'^.  The  fimction  (1  +  »)"*  is  defined  and 
continuous,  and  its  deriyatives  all  exist  and  are  continuous  func- 
tions of  X,  when  1  -f-  a;  is  positive,  for  any  value  of  m ;  for  the 
derivatives  are  of  the  same  form  as  the  given  function: 

/'(aj)  =  m(l  +x)^'\ 
f\x)  =  m(m  -  1)  (1+  a;)— «, 

i 

/(»)(aj)  =  m(m  -  1)  .  • .  (m  -  n  +  1)  (1  -f  «)"—» 
y(»+i)(aj)  =  m (m  -  1)  . .  •  (m  -  n)  (1  +  a;)"— -^ 

Applying  the  general  formula  (3),  we  find 

(1  +  «)"•  =  1  +  Y  *  ^ — V"2 —     "^ — 

^  m(m~l)...(m^n-hl)^^j^ 

1  .  2  •  •  '71  "' 

and,  in  order  that  the  remainder  R^  should  approach  zero,  it  is  first 
of  all  necessary  that  the  series  whose  general  term  is 


m 


(m  —  1)  ■ "  (m  —  n  +  1) 


>• 


1 . 2  •  •  •  7* 
should  converge.     But  the  ratio  of  any  term  to  the  preceding  is 

m  —  n  +  1 


n 


«, 


which  approaches  —  a;  as  n  increases  indefinitely.  Hence,  exclud- 
ing the  case  where  m  is  a  positive  integer,  which  leads  to  the  el*"- 
mentary  binomial  theorem,  the  series  in  question  cannot  converge 
unless  [a;  1^  1.     Let  us  restrict  ourselves  to  the  case  in  which  |a5 1  <  1. 


m^fflO]         TAYLOR'S  SERIES  WITH  A  REMAINDER  105 

To  show  that  the  remainder  approaches  zero,  let  us  write  it  in  the 
Oaachy  form: 

i>t(i>t-l)...(m-n)  /^-gy 

^-  1.2      n  ^     \l+exj^^^^^      • 

The  first  factor 

iii(m-l)  >.(iyt-n) 

1.2...n 

approaches  zero  since  it  is  the  general  term  of  a  convergent 
series.  The  second  factor  (1  —  0)  /  (1  +  $x)  is  less  than  imity ;  and, 
finally,  the  last  factor  (1  +  ftc)"*-*  is  less  than  a  fixed  limit.  For, 
if  m  - 1  >  0,  we  have  (1  +  ftc)— »  <  2*-> ;  while  if  m  -  1<  0, 
(l  +  ftc)'""*<(l  —  |aj|)*""'.  Hence  for  every  value  of  x  between 
- 1  and  +  1  we  have  the  development 


(16) 


'(l  +  a.r  =  l  +  ^a.  +  2iij^a.«  +  ... 


"T  — io   ar  +  •  •  •. 


We  shall  postpone  the  discussion  of  the  case  where  x  =  ±l. 
In  the  same  way  we  might  establish  the  following  formulsB : 

arcsinx  =  «  +  ^a+2-45-^- 

1.3.5  .■(2w.-l)    g«»-^^ 
^       2.4.6...2n       2n-hl"^*  *' 


arctana5  =  aj  —  —  +  —  —  —  H i-(—  1) 


2n  +  l 


•••> 


^hich  we  shall  prove  later  by  a  simpler  process,  and  which  hold 
fop  all  values  of  x  between  —  1  and  + 1. 

Aside  from  these  examples  and  a  few  others,  the  discussion  of 
the  remainder  presents  great  di£Biculty  on  account  of  the  increas- 
ing complication  of  the  successive  derivatives.  It  would  therefore 
seem  from  this  first  examination  as  if  the  application  of  Taylor's 
series  for  the  development  of  a  function  in  an  infinite  series  were  of 
limited  usefulness.  Such  an  impression  would,  however,  be  utterly 
false  ;  for  these  developments,  quite  to  the  contrary,  play  a  funda- 
mental rdle  in  modem  Mathematical  Analysis.  In  order  to  appre- 
ciate their  importance  it  is  necessary  to  take  another  point  of 
view  and  to  study  the  properties  of  power  series  for  their  own 
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sake,  irrespective  of  their  origin.  We  shall  do  this  in  seyeral  of 
the  following  chapters. 

Just  now  we  will  merely  remark  that  the  series 

/(O)  +  f  AO) + o/"(0) + •  •  •  +  i:^/*"'W + •  •  • 

may  very  well  be  convergent  without  representing  the  function 
f(x)  from  which  it  was  derived.  The  following  example  is  due  to 
Cauchy.  Let  f(x)  =  e  -»/<  Then  f\x)  =  (2/«») e->/*^ ;  and,  in 
general,  the  nth  derivative  is  of  the  form 

where  P  is  a  polynomiaL  All  these  derivatives  vanish  for  a;  =  0, 
for  the  quotient  of  e"^^**  by  any  positive  power  of  x  approaches 
zero  with  x*    Indeed,  setting  x^l/z,  we  may  write 

1    -:^     «- 

and  it  is  well  known  that  6**/^*"  increases  indefinitely  with  «,  no 
matter  how  large  m  may  be.  Again,  let  ^  (x)  be  a  function  to  which 
the  formula  (8)  applies : 

»(a:)  =  »(0)  +  f»^(0)4-»-»-h^J^^»»>(0)-h.... 

Setting  F{x)  =  ^(x)  -h  e"*/**,  we  find 
F(0)  =  ^  (0),       F'(0)  =  «'(0),      •  •  • ,      ^^">(0)  =  «<->(0),       . . . , 

and  hence  the  development  of  F(x)  by  Maclaurin's  series  would 
coincide  with  the  preceding.  The  sum  of  the  series  thus  obtained 
represents  an  entirely  different  function  from  that  from  which  the 
series  was  obtained. 

In  general,  if  two  distinct  functions  f(x)  and  ^  (x),  together  with, 
all  their  derivatives,  are  equal  for  x  =  0,  it  is  evident  that  the 

*It  is  tacitly  assamed  that  /(O)  =  0,  which  is  the  only  assignment  which  would 
render/(a;)  continuous  at  a;  =  0.  But  it  should  he  noticed  that  no  further  assignment 
is  necedsary  for/'(a;),  etc.,  at  a;  =  0.    For 


r/O^-        ^^       /(g)   ~/(0)    -    Q 


X 

which  defines /'(a;)  at  a;  =  0  and  makes /'(%)  continuous  at  a;  =  0,  etc.  — Tbakb. 
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Maclaurin  series  developments  for  the  two  functions  cannot  both 
be  yaHdy  for  the  coefiBicients  of  the  two  developments  coincide. 

51.  Extension  to  fooctions  of  sevenl  yariables.  Let  us  consider,  for 
definitenessy  a  function  m  =f(x,  y,  z)  of  the  three  independent  vari- 
ables X,  y,  z,  and  let  us  try  to  develop /(x  +  h,y  +  kyZ-^-l)  accord- 
ing to  powers  of  h,  k,  I,  grouping  together  the  terms  of  tiie  same 
d^;ree.  Cauchy  reduced  this  problem  to  the  preceding  by  the  fol- 
lowing device.  Let  us  give  x,  y,  z,  A,  k,  I  definite  values  and  let 
us  set 

*(0  =f(x  +  ht,y  +  ke,Z'\'U), 

where  f  is  an  auxiliary  variable.  The  function  ^(t)  depends  on  t 
alone ;  if  we  apply  to  it  Taylor's  series  with  a  remainder,  we  find 

♦  (0  =  ♦(0)  +  J  ♦'(<))  +  o  *"^^^  "•"•■■ 

where  ^(0),  ^'(0),  •••,  ^^">(0)  are  the  values  of  the  function  ^(<) 
and  its  derivatives,  for  f  =  0 ;  and  where  ^^"+*>(^)  is  the  value  of 
^e  derivative  of  order  n  +  1  f or  the  value  $t,  where  6  lies  between 
zero  and  one.  But  we  may  consider  ^  (<)  as  a  composite  function  of 
h  ^{t)  =f(uy  V,  to),  the  auxiliary  functions 

ii  =  a;  +  A^,         V  =  y  ^  ktf        w  =  z  -^-U 

^ing  linear  functions  of  t.  According  to  a  previous  remark,  the 
^^pression  for  the  differential  of  order  m,  (^^,  is  the  same  as  if  u, 
^)  v>  were  the  independent  variables.    Hence  we  have  the  symbolic 

equation 


(17) 


(m) 
9 


\ou  ov  ow       I  \ou,  ov  ow  J 

which  may  be  written,  after  dividing  by  <ff",  in  the  form 

For  t^O^  Uj  Vy  w  reduce,  respectively,  to  x,  y,  «,  and  the  above 
equation  in  the  same  symbolism  becomes 


(18). 
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Similarly, 

wheie  a?,  y, «  are  to  be  replaced,  after  the  expression  is  developed,  by 

x  +  Bhty         y  +  Okty         z  +  Blty 

respectively.    If  we  now  set  ^  =  1  in  (17),  it  becomes 

1,2 "-n  \dx        dy        dz  /  *' 

The  remainder  jR.  may  be  written  in  the  form 

^*      1.2'''(n  +  l)\dx^^dy''^dzy        ' 

where  x,  y,  z  are  to  be  replaced  by  x  +  ^^^  ^  +  Bk,  z '\-  Bl  after  the 
expression  is  expanded.* 

This  formula  (18)  is  exactly  analogous  to  the  general  formula 
(3).  If  for  a  given  set  of  values  of  x,  y^  z,  h,  k,  I  the  remainder  R^ 
approaches  zero  when  n  increases  indefinitely,  we  have  a  develop- 
ment of  f(x  +  A,  ^  +  A;,  «  +  /)  in  a  series  each  of  whose  terms  is  a 
homogeneous  polynomial  in  A,  k^  I,  But  it  is  very  difficult,  in  gen- 
eral, to  see  from  the  expression  for  R^  whether  or  not  this  remainder 
approaches  zero. 

52.  From  the  formula  (18)  it  is  easy  to  draw  certain  conclusions 
analogous  to  those  obtained  from  the  general  formula  (3)  in  the 
case  of  a  single  independent  variable.  For  instance,  let  z  =/(x,  y) 
be  the  equation  of  a  surface  S.  If  the  function  /(x,  ^),  together 
with  all  its  partial  derivatives  up  to  a  certain  order  n,  is  continuous 
in  the  neighborhood  of  a  point  (osq,  ^0)9  ^^  formula  (18)  gives 

/(xo  + A,  yo  +  A:)=/(xo,  yo)  +  (a^^  /:|J) 

Restricting  ourselves,  in  the  second  member,  to  the  first  two  terms, 
then  to  the  first  three,  etc.,  we  obtain  the  equation  of  a  plane,  then 

*  It  is  assumed  here  that  aU  the  derivatiyes  used  exist  and  are  oontinnoos.  — Tbans. 
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that  of  a  paraboloid,  etc.,  which  differ  yeiy  little  from  the  given  sur- 
face near  the  point  (xq,  yo).  The  plane  in  question  is  precisely  the 
tangent  plane ;  and  the  paraboloid  is  that  one  of  the  family 

which  most  nearly  coincides  with  the  given  surface  S, 

The  formula  (18)  is  also  used  to  determine  the  limiting  value  of 
a  function  which  is  given  in  indeterminate  form.  Let  f(x,  y)  and 
^  (x,  y)  be  two  functions  which  both  vanish  f or  x  =  a,  ^  =  by  but 
^hich,  together  with  their  partial  derivatives  up  to  a  certain  order, 
are  continuous  near  the  point  (a,  b).  Let  us  try  to  find  the  limit 
approached  by  the  ratio 

/(^>  y) 
*  («,  y) 

when  X  and  y  approach  a  and  b,  respectively.  Supposing,  first,  that 
the  four  first  derivatives  df/ida,  df/db,  di^/da,  d^/db  do  not  all 
vanish  simultaneously,  we  may  write 

/(g  +  A,  ft  +  A;)  ^     \da         J  \db         J 

where  c,  c',  ci,  c{  approach  zero  with  h  and  k.  When  the  point 
(x,  ^)  approaches  (a,  6),  h  and  k  approach  zero ;  and  we  will  sup- 
pose that  the  ratio  kjli  approaches  a  certain  limit  a,  i.e.  that  the 
point  (x,  ^)  describes  a  curve  which  has  a  tangent  at  the  point  (a,  6). 
Dividing  each  of  the  terms  of  the  preceding  ratio  by  A,  it  appears 
that  the  fraction /(x,  y)/^(x,  y)  approaches  the  limit 

da  db 

da  db 

This  limit  depends,  in  general,  upon  a,  i.e.  upon  the  manner  in 
which  X  and  y  approach  their  limits  a  and  b,  respectively.  In  order 
that  this  limit  should  be  independent  of  a  it  is  necessary  that  the 
relation 

da  db       db  da 
should  hold ;  and  such  is  not  the  case  in  generaL 
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If  the  four  first  derivatives  df/da,  df/db^  d^/da,  d^/dh  vanish 
simultaneously,  we  should  take  the  terms  of  the  second  order  in  the 
formula  (18)  and  write 

where  c,  c',  c",  ci,  c/,  c7  are  infinitesimals.    Then,  if  a  be  given  the 
same  meaning  as  above,  the  limit  of  the  left-hand  side  is  seen  to  be 

da*^     dadb     ^  db* 

da*^     dadb     '^  db* 
which  depends,  in  general,  upon  a. 


11.  SINGULAR  POINTS      MAXIMA  AND  MINIMA 

53.  Singular  points.  Let  (xq,  y^  be  the  coordinates  of  a  point  M^ 
of  a  curve  C  whose  equation  is  F(x^  y)^0.  If  the  two  first  par- 
tial derivatives  dF/dx,  dF/dy  do  not  vanish  simultaneously  at  this 
point,  we  have  seen  (§  22)  that  a  single  branch  of  the  curve  C  passes 
through  the  point,  and  that  the  equation  of  the  tangent  at  that 
point  is 

^dF  ,  ,,,         ^dF     ^ 

where  the  symbol  d'^'*-^F/dxf  dyj  denotes  the  value  of  the  derivative 
dP+9F/dx^  dy9  for  x  =  Xo,  y  =  y©-  If  dF/dx^  and  dF/dy^^  both  van- 
ish, the  point  (a;©,  yo)  is>  ^^  general,  a  singular  point,*  Let  us  suppose 
that  the  three  second  derivatives  do  not  all  vanish  simultaneously 
for  a;  =  0^0,  y  =  yo,  and  that  these  derivatives,  together  with  the  third 
derivatives,  are  continuous  near  that  point.  Then  the  equation  of 
the  curve  may  be  written  in  the  form. 


*  That  is,  the  appearance  of  the  curve  is,  in  general,  peculiar  at  that  point.   For  an 
exact  analytic  definition  of  a  Hngrdar  pointy  see  1 192. — Tbans. 
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0  =  F(aj,y) 

(19)1   =2L^(*-'^>'+2a;;;;^(*-^)(y-yo)+^(y-y.)*J 

wheie  a;  and  ^  are  to  be  replaced  in  the  third  derivatives  by 
«o  +  ^(«  —  «o)  and  yo  +  ^(y  —  yo)>  respectively.  We  may  assume 
that  the  derivative  d^F/dyi  does  not  vanish;  for,  at  any  rate,  we 
could  always  bring  this  about  by  a  change  of  axes.  Then,  setting 
y'-yo  =  t(x  —  Xq)  and  dividing  by  (x  —  a?©)*,  the  equation  (19) 
becomes 

B^F  d^F  B^  F 

where  P(X'—XQ,t)  is  a  function  which  remains  finite  when  x 
approaches  Xq,    Now  let  ti  and  t^  be  the  two  roots  of  the  equation 

If  these  roots  are  real  and  unequal,  i.e.  if 

d^F  Y     a«F  d*F 

the  equation  (20)  may  be  written  in  the  form 

d'F 


(: 


^yJ 


(^  -  ^i)  (<  -  ««)  +  (aj  -  ar„)  P  =  0. 


^or  a;  =  a^o  the  above  quadratic  has  two  distinct  roots  t  =  tiyts=tf. 
As  X  approaches  Xq  that  equation  has  two  roots  which  approach  ti 
ftnd  ti,  respectively.  The  proof  of  this  is  merely  a  repetition  of 
the  arg^ument  for  the  existence  of  implicit  functions.  Let  us  set 
t=ti  +  Uy  for  example,  and  write  down  the  equation  connecting  x 
and  u: 

u(ti  —  ^a  +  u)  +  (a?  —  Xq)  Q(x,  u)  =  0, 

where  Q  (x,  u)  remains  finite,  while  x  approaches  Xq  and  u  approaches 
zero.  Let  us  suppose,  for  definiteness,  that  fi  —  ^s  >  0 ;  and  let  M 
denote  an  upper  limit  of  the  absolute  value  of  Q(x,  u),  and  m  a 
lower  limit  of  ^i  —  ^3  +  Uy  when  x  lies  between  Xq  —  h  and  Xq  +  hj 
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and  u  between  —  h  and  +  h,  where  A  is  a  positiye  number  less  than 
ti  —  f].  Now  let  c  be  a  positive  number  less  than  h,  and  tf  another 
positive  number  which  satisfies  the  two  inequalities 

iy  <  A,         ^'^^^' 

If  a;  be  given  such  a  value  that  |a;  —  xqI  is  less  than  17,  the  left-hand 
side  of  the  above  equation  will  have  different  signs  if  —  c  and  then 
+  c  be  substituted  for  u.  Hence  that  equation  has  a  root  which 
approaches  zero  as  x  approaches  Xq,  and  the  equation  (19)  has  a 
root  of  the  form 

y  =  yo  +  («-«o)(^i  +  a), 

where  a  approaches  zero  with  x  —  xq.  It  follows  that  there  is  one 
branch  of  the  curve  C  which  is  tangent  to  the  straight  line 

at  the  point  (xq,  ^o)* 

In  like  manner  it  is  easy  to  see  that  another  branch  of  the 
curve  passes  through  this  same  point  tangent  to  the  straight  line 
y  —  j/o  =  ti(x  —  Xq).  The  point  Mq  is  called  a  double  paint;  and 
the  equation  of  the  system  of  tangents  at  this  point  may  be  found 
by  setting  the  terms  of  the  second  degree  in  (a;  —  x^^  (^  —  ^o)  in 
(19)  equal  to  zero. 

If 

the  point  (xq,  y^  is  called  an  isolated  double  point.  Inside  a  suffi- 
ciently small  circle  about  the  point  J/q  as  center  the  first  member 
F{x,  y)  of  the  equation  (19)  does  not  vanish  except  at  the  point  Mo 
itself.    For,  let  us  take 

a?  =  ajo  -f  p  cos  ^,        y  =^yo+p  sin  1^ 

as  the  coordinates  of  a  point  near  Mq,    Then  we  find 

where  L  remains  finite  when  p  approaches  zero.  Let  fT  be  an  upper 
limit  of  the  absolute  value  of  L  when  p  is  less  than  a  certain  posi- 
tive number  r.    For  all  values  of  ^  between  0  and  2ir  the  expression 

d^F       ,  d^F  d^F 

-r-rC08*^-f2r — 5-  COS  6  sin  6 -f- -r-r- Siu' ^ 
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has  the  same  sign,  since  its  roots  are  imaginary.  Let  m  be  a  lower 
limit  of  its  absolute  value.  Then  it  is  clear  that  the  coefficient 
of  p^ cannot  yanish  for  any  point  inside  a  circle  of  radius  p<m/ H, 
Hence  the  equation  F(xy  y)  =  0  has  no  root  other  than  p  =  0,  i.e. 
z  =  Zo,  y  =s  y^,  inside  this  circle. 
In  case  we  have 

/  a«F  y^  a^p  a^^ 

the  two  tangents  at  the  double  point  coincide,  and  there  are,  in  gen- 
eral, two  branches  of  the  given  curve  tangent  to  the  same  line,  thus 
forming  a  cusp.  The  exhaustive  study  of  this  case  is  somewhat 
intricate  and  will  be  left  until  later.  Just  now  we  will  merely 
remark  that  the  variety  of  cases  which  may  arise  is  much  greater 
than  in  the  two  cases  which  we  have  just  discussed,  as  will  be  seen 
from  the  following  examples. 

The  curve  y^  =  x^  has  a  cusp  of  the  first  kind  at  the  origin,  both 
branches  of  the  curve  being  tangent  to  the  axis  of  x  and  lying  on 
different  sides  of  this  tangent,  to  the  right  of  the  y  axis.  The 
curve  y*  —  2  x^y  +  sc*  —  a'  =  0  has  a  cusp  of  the  second  kind,  both 
branches  of  the  curve  being  tangent  to  the  axis  of  x  and  lying  on 
the  same  side  of  this  tangent ;  for  the  equation  may  be  written 

s 

y  =  X*  ±  «•, 

and  the  two  values  of  y  have  the  same  sign  when  x  is  very  small, 
but  are  not  real  unless  x  is  positive.     The  curve 

a?*  +  «V  -  6a;«y  -f-  y*  =  0 

has  two  branches  tangent  to  the  x  axis  at  the  origin,  which  do  not 
possess  any  other  peculiarity ;  for,  solving  for  y,  the  equation  becomes 


3x«±a^V8-a;« 

y rn^s — ' 

and  neither  of  the  two  branches  corresponding  to  the  two  signs 
before  the  radical  has  any  singularity  whatever  at  the  origin. 

It  may  also  happen  that  a  curve  is  composed  of  two  coincident 
branches.  Such  is  the  case  for  the  curve  represented  by  the 
equation 

^(«,  y)^y'-  2ar«y  +  «*  =  0. 

When  the  point  (a;,  y)  passes  across  the  curve  the  first  member  F{xy  y) 
vanishes  without  changing  sign. 
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Fbialfyy  tlie  potnt  {x^  y^)  may  be  an  iaolatod  doobfe  point  Such 
is  the  ease  for  the  eonre  y'  +  ^  +  y^OyOn  iHuch  the  origin  is  an 
isolated  double  point. 

54.  In  like  manner  a  point  If;  of  a  surface  S,  whose  equation  is 
F(Xf  y,  z)  =  0,  is,  in  general,  a  singular  point  of  that  sui&ce  if  the 
three  first  partial  deriTatiTes  ranish  f (v  the  cooidinatos  z^  ^^  z^oi 
that  point: 

dx.  cjf.  cz^ 

Hie  equation  of  the  tangent  plane  found  above  (f  22)  then  reduces 
to  an  identity;  and  if  the  six  second  partial  deriTatiyes  do  not  all 
▼anish  at  the  same  point,  the  locos  <tf  the  tangents  to  all  cunres  on 
the  sur&oe  5  through  the  point  1/;  is,  in  general,  a  cone  of  the 
seQond  order.     For,  let 

be  the  equations  of  a  curre  C  on  the  surface  5.  Then  the  three 
functions  /(/),  4(^),  ^{€)  satisfy  the  equation  F(x,  y,  «)  =  0,  and 
the  first  and  seccmd  differentials  satisfy  the  two 


(■ 


^F  ,        aF  ,     .  ^F  ,  X*^     aF  ^     .  dF  ^        dp 


J,     <fa;  +  -5— rfy  +  ^— cfej    +-;r-«Px  +  -5— «Py+a— cP«=sO. 
ftr  oy  ox       /        ox  oy      ^       cz 

For  the  point  a;  p=  a;«,  y  =  y«,  «  =  ««  the  first  of  these  equationB 
reduces  to  an  identity,  and  the  seecmd  becomes 

a«F  a*F  a*F 

+  2^-^dxdy  +  2^-^dydz'¥2^^dxdz^Q. 
ox^dy^        ^         oy^dz^  "^  dx^dz^ 

The  equation  of  the  locus  of  the  tangents  is  given  by  eliminating 
dx^  dy,  dz  between  the  latter  equation  and  the  equation  of  a  tangent 
line 

X-^__  y  —  yo  _  ^  —  Sq 
dx  dy  dz 

which  leads  to  the  equation  of  a  cone  T  of  the  second  degree : 
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(21) 


'  d*F  d*F  d*F 


On  the  other  hand,  applying  Taylor's  series  with  a  remainder 
and  carrying  the  development  to  terms  of  the  third  order,  the  equa- 
tion of  the  surface  becomes 


(22) 


(  0  =  F(x,  y,  «) 

1     VdF  dF  dF  "I"* 


^ere  x^y,  zisl  the  terms  of  the  third  order  are  to  be  replaced  by 
«»+d(a;  — ajo),  j/o '\- 0  (y  —  yo),  «o  +  ^(«  —  «o),  respectively.  The 
equation  of  the  cone  T  may  be  obtained  by  setting  the  terms  of 
the  second  degree  in  aj  —  a;©,  y  —  yo> «  —  «o  in  the  equation  (22)  equal 
to  zero. 

Let  us  then,  first,  suppose  that  the  equation  (21)  represents  a  real 
Qon-degenerate  cone.  Let  the  surface  5  and  the  cone  T  be  cut  by  a 
plane  P  which  passes  through  two  distinct  generators  G  and  G'  of 
the  cone.  In  order  to  find  the  equation  of  the  section  of  the  sur- 
face S  by  this  plane,  let  us  imagine  a  transformation  of  codrdinates 
carried  out  which  changes  the  plane  P  into  a  plane  parallel  to  the 
^y  plane.  It  is  then  sufficient  to  substitute  z  =  Zo  in  the  equation  (22). 
It  is  evident  that  for  this  curve  the  point  Mq  is  a  double  point  with 
feal  tangents ;  from  what  we  have  just  seen,  this  section  is  composed 
of  two  branches  tangent,  respectively,  to  the  two  generators  G,  (J\ 
The  surface  S  near  the  point  M^  therefore  resembles  the  two  nappes 
of  a  cone  of  the  second  degree  near  its  vertex.  Hence  the  point  M^ 
is  called  a  conical  point. 

When  the  equation  (21)  represents  an  imaginary  non-degenerate 
cone,  the  point  J/q  is  an  isolated  singular  point  of  the  surface  5. 
Inside  a  sufficiently  small  sphere  about  such  a  point  there  exists  no 
set  of  solutions  of  the  equation  F(x,  y,  z)  =  0  other  than  x^Xq, 
y^yof  «  s  Zq,     For,  let  Af  be  a  point  in  space  near  Mq,  p  the 
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distance  MM^,  and  a,  p,  y  the  direction  cosines  of  the  line  M^M, 
Then  if  we  substitute 

aj  =  ajo  +  pa,        y  =  y©  +  pA        «  =  «o  +  py, 
the  function  F(x,  y,  z)  becomes 

where  L  remains  finite  when  p  approaches  zero.    Since  the  equation 
(21)  represents  an  imaginary  cone,  the  expression 

-^—  0^  ^  . . .  ^  2  — ^— — — "  cry 

cannot  vanish  when  the  point  (a,  p,  y)  describes  the  sphere 

a»  +  i8»  +  /  =  t 

Let  m  be  a  lower  limit  of  the  absolute  value  of  this  polynomial, 
and  let  ^  be  an  upper  limit  of  the  absolute  value  of  L  near  the 
point  Mq.    If  a  sphere  of  radius  m/Hhe  drawn  about  Mq  as  center^ 
it  is  evident  that  the  coefficient  of  p*  in  the  expression  for  jP(0,  y, «) 
cannot  vanish  inside  this  sphere.     Hence  the  equation 

F(z,  y,  «)  =  0 
has  no  root  except  p  =  0. 

When  the  equation  (21)  represents  two  distinct  real  planes,  two 
nappes  of  the  given  surface  pass  through  the  point  Mq,  each  of 
which  is  tangent  to  one  of  the  planes.  Certain  surfaces  have  a 
line  of  double  points,  at  each  of  which  the  tangent  cone  degenerates 
into  two  planes.  This  line  is  a  double  curve  on  the  surface  along 
which  two  distinct  nappes  cross  each  other.  For  example,  the  circle 
whose  equations  are  «  =  0,  x*  +  y"  =  1  is  a  double  line  on  the  sur&Me 
whose  equation  is 

«*  +  2z\x^  +  y^)  -  (a:^  +  y*  -  1)*  =  0. 

When  the  equation  (21)  represents  a  system  of  two  conjugate 
imaginary  planes  or  a  double  real  plane,  a  special  investigation  is 
necessary  in  each  particular  case  to  determine  the  form  of  the  sur- 
tauce  near  the  point  Mq,  The  above  discussion  will  be  renewed  in 
the  paragraphs  on  extrema. 

55.  Extrema  of  functions  of  a  single  variable.  Let  the  function /(«) 
be  continuous  in  the  interval  (a,  5),  and  let  c  be  a  point  of  that 
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interyal.  The  function  f(x)  is  said  to  have  an  extremum  (i.e.  a 
fMucimum  or  a  minimum)  for  a;  =  c  if  a  positive  number  i;  can  be 
found  such  that  the  difference  f(e  +  h)  ^f(c),  which  vanishes  for 
A  =  0,  has  the  same  sign  for  all  other  values  of  h  between  —  i; 
and  + 17.  If  this  difference  is  positive,  the  function  f(x)  has  a 
smaller  value  for  x  =  c  than  for  any  value  of  x  near  c;  it  is  said 
to  have  a  minimum  at  that  point.  On  the  contrary,  if  the  differ- 
ence f(p  +  A)  —/(c)  is  negative,  the  function  is  said  to  have  a 
maKimum. 

If  the  function  f(x)  possesses  a  derivative  for  x^c,  that  deriva- 
tive must  vanish.     For  the  two  quotients 

h  --h 

each  of  which  approaches  the  limit /'(c)  when  h  approaches  zero,  have 
different  signs ;  hence  their  common  limit /'(c)  must  be  zero.  Con- 
versely, let  c  be  a  root  of  the  equation /'(x)  =  0  which  lies  between 
a  and  b,  and  let  us  suppose,  for  the  sake  of  generality,  that  the 
first  derivative  which  does  not  vanish  f or  x  =  c  is  that  of  order  n, 
and  that  this  derivative  is  continuous  when  xsse.  Then  Taylor^s 
series  with  a  remainder,  if  we  stop  with  n  terms,  gives 

f(e  +  A)  _/(«)  =  j-^/o.)(e  +  M), 

which  may  be  written  in  the  form 

/(«  +  A)  -f(c)  =  j-^  [/o.)(«)  +  .], 

where  c  approaches  zero  with  A.  Let  1;  be  a  positive  number  such 
that  \f^*\c)  I  is  greater  than  c  when  x  lies  between  c  —  1;  and  c  +  iy* 
For  such  values  of  x,  f^*\c)  +  c  has  the  same  sign  as  f\c)^  and 
consequently  f(c  -f  h)  —/(c)  has  the  same  sign  as  h^f^''^(e).  If 
n  is  odd,  it  is  dear  that  this  difference  changes  sign  with  h,  and 
there  is  neither  a  maximum  nor  a  minimum  B,t  x^  e.  If  n  is  even, 
f(e  H-  A)  —/(c)  has  the  same  sign  as/^"Xc),  whether  A  be  positive 
or  negative;  hence  the  function  is  a  maximum  iif^*\c)  is  negative, 
and  a  minimum  if  f^*\e)  is  positive.  It  follows  that  the  necessary 
and  sufficient  condition  that  the  f  unction /(x)  should  have  a  maximum 
or  a  minimum  for  a;  =  c  is  that  the  first  derivative  which  does  not 
vanish  for  x^e  should  be  of  even  order. 
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Oeometrioally,  the  preceding  conditions  mean  that  the  tangent  to 
the  curve  y  ^f(x)  at  the  point  A  whose  abscissa  is  e  must  be  par- 
allel to  the  axis  of  x,  and  moreover  that  the  point  A  must  not  be 
a  point  of  inflection. 

Notes.  When  the  hypotheses  which  we  have  made  are  not  satisfied 
the  function  f(x)  may  have  a  maximum  or  a  minimum,  although 
the  derivative /'(x)  does  not  vanish.  If,  for  instance,  the  derivative 
is  infinite  for  x  =  c,  the  function  will  have  a  maximum  or  a  mini- 
mum if  the  derivative  changes  sign.  Thus  the  function  y  =  x^  is  at 
a  minimum  for  2  =  0,  and  the  corresponding  curve  has  a  cusp  at  the 
origin,  the  tangent  being  the  y  axis. 

When,  as  in  the  statement  of  the  problem,  the  variable  x  is 
restricted  to  values  which  lie  between  two  limits  a  and  6,  it  may 
happen  that  the  function  has  its  absolute  maxima  and  minima  pre- 
cisely at  these  limiting  points,  although  the  derivative /'(x)  does 
not  vanish  there.  Suppose,  for  instancy  that  we  wished  to  find 
the  shortest  distance  from  a  point  P  whose  coordinates  are  (a,  0) 
to  a  circle  C  whose  equation  is  «'  -f  y*  —  iZ*  =  0.  Choosing  for  our 
independent  variable  the  abscissa  of  a  point  M  of  the  circle  C,  we 
find 

d^  =  PM^  =  (aj  -  a)»  +  y2  =  a;»  +  y'  -  2  ooj  +  a*, 
or,  making  use  of  the  equation  of  the  circle. 

The  general  rule  would  lead  us  to  try  to  find  the  roots  of  the  derived 
equation  2  a  =  0,  which  is  absurd.  But  the  paradox  is  explained  if 
we  observe  that  by  the  very  nature  of  the  problem  the  variable  x 
must  lie  between  —  R  and  •\-  R,  If  a  is  positive,  d^  has  a  miniinnm 
ioT  x^  R  and  a  maximum  f or  x  =  —  R, 

56.  Extrema  of  functions  of  two  variables.  Let  /(x,  y)  be  a  con- 
tinuous function  of  x  and  y  when  the  point  M,  whose  coordinates 
are  x  and  y,  lies  inside  a  region  O  bounded  by  a  contour  C.  The 
function /(x,  y)  is  said  to  have  an  extremum  at  the  point  3fo(^y  yo) 
of  the  region  O  if  a  positive  number  rj  can  be  found  such  that  the 
difference 

A  =/(aJo  +  A,  yo  -f  A;)  -/(aJo,  yo), 

which  vanishes  for  A  =  A;  =  0,  keeps  the  same  sign  for  all  other  sets 
of  values  of  the  increments  h  and  k  which  are  each  less  than  iy  in 
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absolute  value.  Considering  y  for  the  moment  as  constant  and 
equal  to  i/of  ^  becomes  a  function  of  the  single  variable  x ;  and,  by 
the  above,  the  difference 

/(ao  +  A,  yo)-/(a5o,  yo) 

cannot  keep  the  same  sign  for  small  values  of  h  unless  the  deriva- 
tive df/dx  vanishes  at  the  point  3fo.  Likewise,  the  derivative  df/dy 
must  vanish  at  Mq  ;  and  it  is  apparent  that  the  only  possible  sets  of 
values  of  x  and  y  which  can  render  the  function  f(x,  y)  an  extre- 
mum  are  to  be  found  among  the  solutions  of  the  two  simultaneous 
equations 

^=  0         ^=  0. 

dx        '         dy 

Let  a;  =  Xo)  y  =  yo  1)6  a  set  of  solutions  of  these  two  equations. 
We  shall  suppose  that  the  second  partial  derivatives  of  f{x,  y)  do 
not  all  vanish  simultaneously  at  the  point  Afo  whose  co()rdinates 
are  (a?09  V^y  &i^d  that  they,  together  with  the  third  derivatives,  are 
all  continuous  near  M^.    Then  we  have,  from  Taylor's  expansion. 


(23) 


{  A  =/(a^  +  A,  yo  +  k)  -/(x^,  yo) 


K 


We  can  foresee  that  the  expression 

07^  ox^dy^  dyi 

will,  in  general,  dominate  the  whole  discussion. 

In  order  that  there  be  an  extremum  at  Mq  it  is  necessary  and 
sufficient  that  the  difference  A  should  have  the  same  sign  when  the 
point  (a^o  +  ^9^0  +  k)  lies  anywhere  inside  a  sufficiently  small  square 
drawn  about  the  point  Mo  as  center,  except  at  the  center,  where 
^  =  0.  Hence  A  must  also  have  the  same  sign  when  the  point 
{xq  +  ^9^0  +  k)  lies  anywhere  inside  a  sufficiently  small  circle  whose 
center  is  Mq;  for  such  a  square  may  always  be  replaced  by  its 
inscribed  circle,  and  ccmversely.  Then  let  C  be  a  circle  of  radius 
r  drawn  about  the  point  Mq  as  center.  All  the  points  inside  this 
circle  are  given  by 

As=/»cos^,        A;  =  psin^, 
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niiere  ^  is  to  vary  from  0  to  29r,  and  p  from  —  r  to  +  r.  We  might 
indeed,  restrict  p  to  positive  yalues,  but  it  is  better  in  what  f ollowi 
not  to  introduce  this  restriction.  Making  this  substitutiony  th( 
expression  for  A  becomes 

A=^^(A  cos'^  +  2Bsin^cos^+C'  sin*^)  +  ^L, 
where 

and  where  X  is  a  function  whose  extended  expression  it  would  \a 
useless  to  write  out,  but  which  remains  finite  near  the  point  (xo,  y^ 
It  now  becomes  necessary  to  distinguish  seyeral  cases  according  tc 
the  sign  of  -B*  —  ^  C. 

First  case.  Let  E^  —  AOO,    Then  the  equation 

il  cos'^  +  2  ^  sin  ^  cos  ^  +  C*  sin'^  =  0 

has  two  real  roots  in  tan  ^,  and  the  first  member  is  the  difference 
of  two  squares.     Hence  we  may  write 

A  =  ^  [a  (a  cos  ^  -H  5  sin  ^)«  -  )9(a'cos  ^  +  *'sin  ^)«]  +  ^  X, 

where 

tt>0,         j9>0,         a*'-5a'=3fcO. 

If  ^  be  given  a  value  which  satisfies  the  equation 

a  cos^  +  ^  sin  ^  =  0, 

A  will  be  negative  for  sufilciently  small  values  of  p ;  while,  if  ^  be 
such  that  a'cos^  +  ^'sin^  =  0,  A  will  be  positive  for  infinitesimal 
values  of  p.  Hence  no  number  r  can  be  found  such  that  the  differ- 
ence A  has  the  same  sign  for  any  value  of  ^  when  p  is  less  than  r. 
It  follows  that  the  function  f(x,  y)  has  neither  a  maximum  nor  a 
minimum  for  a;  =  a;o9  y  =  Vo* 

Second  case.   Let  B^  ^  AC <0,    The  expression 

A  cos^^  +  2  B  cos^  sin^  +  C  sin*^ 

cannot  vanish  for  any  value  of  <^.  Let  m  be  a  lo¥rer  limit  of  its 
absolute  value,  and,  moreover,  let  ^  be  an  upper  limit  of  the  abso- 
lute value  of  the  function  X  in  a  circle  of  radius  R  about  (xo,  yi^  ai 


ni,fff7]     SINGULAB  POINTS      MAXIMA  AND  MINIMA  121 

center.    Finally,  let  r  denote  a  positive  number  less  than  R  and  less 
than  3m/ H.    Then  inside  a  circle  of  radius  r  the  difference  A  will 
We  the  same  sign  as  the  coefficient  of  p\  i.e.  the  same  sign  as  A 
Of  C.    Hence  the  function  /(x,  y)  has  either  a  maximum  or  a  mini- 
mum for  a;  =  ajo,  y  =  y©- 
To  recapitulate,  if  at  the  point  {x^  y^  we  have 

^ere  is  neither  a  maTimum  nor  a  minimum.    But  if 

^ere  is  either  a  maximum  or  a  minimumi  depending  on  the  sign  of 
^Q  two  deriyatiyes  ^f/da^,  ^f/^ui-  There  is  a  maximum  if  these 
^eriyatiyes  are  negative,  a  minimum  if  they  are  positive. 

57.  The  amUgnoas  case.  The  case  where  B*  —  il  C  =  0  is  not  cov- 
^i:^  by  the  preceding  discussion.  The  geometrical  interpretation 
^kows  why  there  should  be  difficulty  in  this  case.  Let  S  be  the 
^vixface  represented  by  the  equation  z  ^f(x,  y).  If  the  function 
^ixi  y)  has  a  maximum  or  a  minimum  at  the  point  (xq,  y^),  near 
'^'bich  the  function  and  its  derivatives  are  continuous,  we  must  have 

dx^       '    dy^       ' 

^^hich  shows  that  the  tangent  plane  to  the  surface  S  at  the  point 
^^01  whose  coordinates  are  (xq,  y«,  ^o);  must  be  parallel  to  the  xy 
^Isuie.  In  order  that  there  should  be  a  maximum  or  a  minimum  it 
-^^  also  necessary  that  the  surface  S,  near  the  point  M^,  should  lie 
^litirely  on  one  side  of  the  tangent  plane ;  hence  we  are  led  to  study 
^)ie  behavior  of  a  surface  with  respect  to  its  tangent  plane  near  the 
X^oint  of  tangency. 

Let  us  suppose  that  the  point  of  tangency  has  been  moved  to  the 
Origin  and  that  the  tangent  plane  is  the  xy  plane.  Then  the  equa- 
tion of  the  surface  is  of  the  form 

(24)     z  =  ax*  +  2bxy  '\-  cy*  +  ax*  +  3  ftx^y  +  3 yxy*  +  Sy*, 

where  a,  b,  e  are  constants,  and  where  a,  p,  y,  S  are  functions  of  x 
and  y  which  remain  finite  when  x  and  y  approach  zero.  This  equa- 
tion is  essentially  the  same  as  equation  (19),  where  Xq  and  yo  have 
been  replaced  by  zeros,  and  h  and  A;  by  a;  and  y,  respectively. 
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In  order  to  see  whether  or  not  the  surface  S  lies  entirely  on 
one  side  of  the  xy  plane  near  the  origin,  it  is  sufficient  to  study  the 
section  of  the  surface  by  that  plane.  This  section  is  given  by  the 
equation 

(26)  ax^  +  2bxi/  +  cy"  +  aaj«  H =  0; 

hence  it  has  a  double  point  at  the  origin  of  co5rdinates.  If  ^  —  a« 
is  negative,  the  origin  is  an  isolated  double  point  (§  53),  and  the 
equation  (25)  has  no  solution  except  a;  =  y  =  0,  when  the  point 
(x,  y)  lies  inside  a  circle  C  of  sufficiently  small  radius  r  drawn 
about  the  origin  as  center.  The  left-hand  side  of  the  equation  (25) 
keeps  the  same  sign  as  long  as  the  point  (x,  y)  remains  inside  this 
circle,  and  all  the  points  of  the  surface  S  which  project  into  the 
interior  of  the  circle  C  are  on  the  same  side  of  the  xy  plane  except 
the  origin  itself.  In  this  case  there  is  an  extremum,  and  the  por* 
tion  of  the  surface  S  near  the  origin  resembles  a  portion  of  a  sphere 
or  an  ellipsoid. 

If  h^ -~ao>Of  the  intersection  of  the  surface  S  by  its  tangent 
plane  has  two  distinct  branches  Ci,  C^  which  pass  through  the 
origin,  and  the  tangents  to  these  two  branches  are  given  by  the 
equation 

ax*  -f  2  hxy  +  cy"  =  0. 

Let  the  point  (x,  y)  be  allowed  to  move  about  in  the  neighborhood 
of  the  origin.  As  it  crosses  either  of  the  two  branches  Ci,  C,,  the 
left-hand  side  of  the  equation  (25)  vanishes  and  changes  sign. 
Hence,  assigning  to  each  region  of  the  plane  in  the  neighborhood 
of  the  origin  the  sign  of  the  left-hand  side  of  the  equation  (25),  we 
find  a  configuration  similar  to  Fig.  7.  Among  the  points  of  the 
surface  which  project  into  points  inside  a  circle  about  the  origin  in 

the  xy  plane  there  are  always  some  which 
lie  below  and  some  which  lie  above  the 
xy  plane,  no  matter  how  small  the  circle 
be  taken.  The  general  aspect  of  the  sur- 
face at  this  point  with  respect  to  its  tan- 
gent plane  resembles  that  of  an  unparted 
hyperboloid  or  an  hyperbolic  paraboloid. 
The  function  /(oj,  y)  has  neither  a  maxi- 
^®'  '^  mum  nor  a  minimum  at  the  origin. 

The  case  where  b*  —  ac  =  0  is  the  case  in  which  the  curve  of 
intersection  of  the  surface  by  its  tangent  plane  has  a  cusp  at  the 
origin.    We  will  postpone  the  detailed  discussion  of  this  case.    If  the 
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intersection  is  composed  of  two  distinct  branches  through  the  origin, 
there  can  be  no  extremum,  for  the  surface  again  cuts  the  tangent 
plane.  If  the  origin  is  an  isolated  double  point,  the  function  f{x^  y) 
has  an  extremum  f or  a;  ==  y  =  0.  It  may  also  happen  that  the  inter- 
section of  the  surface  with  its  tangent  plane  is  composed  of  two 
coincident  branches.  For  example,  the  surface  «  =  ^  —  2  7?y  +  7^ 
is  tangent  to  the  plane  «  =  0  all  along  the  parabola  y  =  se*.  The 
function  y*  —  2  x^y  +  x^  is  zero  at  every  point  on  this  parabola^  but  is 
positive  for  all  points  near  the  origin  which  are  not  on  the  parabola. 

98.  In  order  to  see  which  of  these  cases  holds  in  a  given  example  it  is  neces- 
sary to  take  Into  account  the  derivatives  of  the  third  and  fourth  orders,  and  some- 
times derivatives  of  still  higher  order.  The  following  discussion,  which  is  nsoally 
sufficient  in  practice,  is  applicable  only  in  the  most  general  cases.  When 
6*  —  oe  =  0  the  equation  of  the  surface  may  be  written  in  the  following  form 
by  using  Tftylor*s  development  to  terms  of  the  fourth  order : 


(28)      z  r=f(x,  y)^A  (a;sin»  -  ycos«)«  +  0,(«,  y)  +  ^  (»^+  V ^) 


(4) 


Let  us  suppose,  for  definiteness,  that  A  is  positive.    In  order  that  the  surface  8 

should  lie  entirely  on  one  side  of  the  xy  plane  near  the  origin,  it  is  necessary  that 

all  the  curves  of  intersection  of  the  surface  by  planes  through  the  z  axis  should 

lie  on  the  same  side  of  the  xy  plane  near  the  origin.    But  if  the  surface  be  cut 

by  the  secant  plane 

y  =  xtan^, 

the  equation  of  the  curve  of  intersection  is  found  by  making  the  substitution 

a;  =  ^co6^,        y  =  ^sin^ 

in  the  equation  (26),  the  new  axes  being  the  old  z  axis  and  the  trace  of  the  secant 
plane  on  the  xy  plane.    Performing  this  operation,  we  find 

z  =  ^p*(cos^8inw  —  coswsin  4if  +  JTp*  +  X^, 

where  K  is  independent  of  p.  If  tan  w  ^  tan  ^,  s  is  positive  for  sufficiently  small 
▼slues  of  p ;  hence  all  the  corresponding  sections  lie  above  the  xy  plane  near  the 
origin.    Let  us  now  cut  the  surface  by  the  plane 

y  =  X  tan  w. 

If  the  corresponding  value  of  JTis  not  zero,  the  development  of  s  is  of  the  form 

2  =  p»  (£:  +  «) 

and  changes  sign  with  p.  Hence  the  section  of  the  surface  by  this  plane  has  a 
point  of  inflection  at  the  origin  and  crosses  the  xy  plane.  It  follows  that  the 
fimction/(2,  y)  has  neither  a  maximum  nor  a  minimum  at  the  origin.  Such  is 
the  case  when  the  section  of  the  surface  by  its  tangent  plane  has  a  cusp  of  the 
fliit  kind,  for  instance,  for  the  surface 
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If  IT  s=  0  for  the  latter  sabetitatioii,  we  would  csny  the  developiiMiit  oat  (o 
temw  of  the  fourth  order,  and  we  would  obtain  an  ezpraHUm  of  the  form 

where  ITi  is  a  oonitant  which  may  be  readily  calculated  from  the  derlTatlvee  d 
the  fourth  order.  We  shall  suppose  that  Ki  is  not  zero.  For  infinitesimal  val- 
ues of  ^,  s  has  the  same  sign  as  ITi ;  if  ITi  is  negative,  the  section  in  question  liea 
beneath  the  xy  plane  near  the  origin,  and  again  there  is  neither  a  maximum  noi 
a  minimum.  Such  is  the  case,  for  example,  for  the  surface  s  =  y*  —  x*,  whose 
intersection  with  the  xy  plane  consists  of  the  two  parabolas  y  =  ±  ob*.  Hence, 
unless  Jr=  0  and  iri>0  at  the  same  time,  it  is  eyidently  useless  to  carry  the 
investigation  farther,  for  we  may  conclude  at  once  that  the  surfiu^  crosses  itt 
tangent  plane  near  the  origin. 

But  if  IT  =  0  and  ITi  >0  at  the  same  time,  all  the  sections  made  hj  plana 
through  the  t  axis  lie  above  the  xy  plane  near  the  origin.  But  that  does  nol 
show  conclusively  that  the  surface  does  not  cross  its  tangent  idane,  as  is  seen 
by  considering  the  particular  surface 

«  =  (y-a!«)(y-2a!^, 

which  cuts  its  tangent  plane  in  two  parabolas,  one  of  which  lies  inside  the  oUier 
In  order  that  the  surface  should  not  cross  its  tangent  plane  it  is  also  neoessarj 
that  the  section  of  the  surface  made  by  any  cylinder  whatever  which  passei 
through  the  s  axis  should  lie  wholly  above  the  xy  plane.  Let  y=z^(x)  be  thi 
equation  of  the  trace  of  this  cylinder  upon  the  xy  plane,  where  ^  (x)  vanishes  f ot 
X  =  0.  The  function  F(x)  =  /[x,  ^(x)]  must  be  at  a  minimum  for  x  =  0,  what 
ever  be  the  function  ^  (x).  In  order  to  simplify  the  calculation  we  will  aoppo* 
that  the  axes  have  been  so  chosen  that  the  equation  of  the  surface  is  of  the  f on 

where  A  is  positive.    With  this  sjrstem  of  axes  we  have 

«^=o,      ^=0.      ^=0,      -^=0,      2^>o. 

dxo  dyo  dx{  dxo^o  ^^ 


at  the  origin. 

The  dwivatives  of  the  function  F{x)  are  given  hy  the  formula 
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from  which,  f or  x  =  y  =  0,  we  obtain 

F'(0)  =  0,        F"(0)  =  0  [4^'(0)p. 

If  ^'(0)  does  not  vanish,  the  function  F{x)  has  a  minimum,  as  is  also  apparent 
from  the  previous  discussion.    But  if  ^'(0)  =  0,  we  find  the  formula 

1^(0)  =  0,         F"(0)  =  0,         ^"'(0)  =  ^, 

Hence,  in  order  that  F{x)  be  at  a  minimum,  it  is  necessary  that  d*f/dxj  vaniih 
and  that  the  following  quadratic  form  in  ^''(0), 

be  positive  for  all  values  of  ^''(0). 

It  is  eaey  to  show  that  these  conditions  are  not  satisfied  for  the  above  function 
2  =  y>  —  Sae'y  +  2x*,  but  that  they  are  satisfied  for  the  function  i;  =  y*  -|-  x*. 
It  is  evident,  in  fact,  that  the  latter  surface  lies  entirely  above  the  xy  plane. 

We  shall  not  attempt  to  carry  the  discussion  farther,  for  it  requires  extremely 
nice  reasoning  to  render  it  absolutely  rigorous.  The  reader  who  wishes  to  exam- 
ine the  subject  in  greater  detail  is  referred  to  an  important  memoir  by  Ludwig 
Scheffer,  in  Vol.  XXXV  of  the  Mathemati9che  Annaien, 

59.  Functions  of  three  Tariables.  Let  u  ^/(x,  y,  «)  be  a  continuous 
function  of  the  three  variables  x,  y,  z.  Then,  as  before,  this  func- 
tion is  said  to  have  an  extremum  (maximum  or  minimum)  for  a  set 
of  values  Xq^  ^oy  «o  if  &  positiye  number  i;  can  be  found  so  small 
that  the  difference 

^  =/(*o  +  ^  yo  +  ^»  «o  +  0  -/(«o»  yo,  «o)» 

which  vanishes  for  A  =  A;  =  Z  =  0,  has  the  same  sign  for  all  other 
sets  of  values  of  A,  A;,  I,  each  of  which  is  less  in  absolute  value 
than  i;.  If  only  one  of  the  variables  x,  y,  z  is  given  an  increment, 
^hile  the  other  two  are  regarded  as  constants,  we  find,  as  abovCi 
that  u  cannot  be  at  an  extremum  unless  the  equations 

^e  all  satisfied,  provided,  of  course,  that  these  derivatives  are  con- 
tinuous near  the  point  (x^^y  y^,  z^).  Let  us  now  suppose  that  x^,  y,,  z^ 
&^  a  set  of  solutions  of  these  equations,  and  let  il/o  be  the  point 
whose  coordinates  are  Xq,  y^,  z^.  There  will  be  an  extremum  if  a 
sphere  can  be  drawn  about  M^  so  small  that /(x,  y,  z)  —f(p^,  y^,  z^ 
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has  the  same  sign  for  all  points  (x,  y, «)  except  M^  inside  the  sphere. 
Let  the  coordinates  of  a  neighboring  point  be  represented  by  the 
equations 

a;  =  «o  +  pa,        y-Vo  +  pPf        «  =  «o  +  f>y, 

where  a,  p,  y  satisfy  the  relation  a'  +  i?*  +  y'  =  1 ;  and  let  us  replace 
«  —  «o>  y  —  yo.  »  —  «b  ii^  Taylor's  expansion  of  /(a?,  y,  z)  by  pa,  pfi, 
fTfi  respectiyely.    This  gives  the  following  expression  for  A : 

where  ^(a,  fi,  y)  denotes  a  quadratic  form  m  a,  p,y  whose  coeffi- 
cients are  the  second  derivatiyes  of  f(x,  y^  z),  and  where  £  is  a 
function  which  remains  finite  near  the  point  M^.  The  quadratic 
form  may  be  expressed  as  the  sum  of  the  squares  of  three  distinct 
linear  functions  of  a,  ft,  y,  say  P,  P\  P",  multiplied  by  certain  con- 
stant factors  a,  a',  a",  except  in  the  particular  case  when  the  dis- 
criminant of  the  form  is  zero.    Hence  we  may  write,  in  general, 

♦  («>  A  y)  =  aP«  +  a'P'*  +  a^P"*, 

where  a,  a\  a"  are  all  different  from  zero.  If  the  coefficients  a,  a',  a" 
have  the  same  sign,  the  absolute  value  of -the  quadratic  form  ^  will 
remain  greater  than  a  certain  lower  limit  when  the  point  or,  fi,  y 
describes  the  sphere 

«'  +  i8»  +  y»  =  ly 

and  accordingly  A  has  the  same  sign  as  a,  a',  a"  when  p  is  less  than 
a  certain  number.     Hence  the  function /(a;,  y,  z)  has  an  extremum. 

If  the  three  coefficients  a,  a',  a"  do  not  all  have  the  same  sign, 
there  will  be  neither  a  maximum  nor  a  minimum.  Suppose,  for 
example,  that  a  >  0,  a'  <  0,  and  let  us  take  values  of  a,  fi,  y  which 
satisfy  the  equations  P*  =  0,  P"  =  0.  These  values  cannot  cause  P 
to  vanish,  and  A  will  be  positive  for  small  values  of  p.  But  if,  on 
the  other  hand,  values  be  taken  for  a,  j9,  y  which  satisfy  the  equa- 
tions P  =  0,  P"  =  0,  A  will  be  negative  for  small  values  of  p. 

The  method  is  the  same  for  any  number  of  independent  variables : 
the  discussion  of  a  certain  quadratic  form  always  plays  the  prin- 
cipal rdle.  In  the  case  of  a  function  u  =/(a;,  y,  z)  of  only  three 
independent  variables  it  may  be  noticed  that  the  discussion  is 
equivalent  to  the  discussion  of  the  nature  of  a  surface  near  a  singu- 
lar point.     For  consider  a  surface  %  whose  equation  is 

F(x,  y,  z)  =/(«,  y,  z)  -/(a;^,  yo,  a^  =  0; 
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this  surface  evidently  passes  through  the  point  Mq  whose  co5idi« 
nates  are  (x^,  y^,  z^),  and  if  the  function  f(xy  y,  z)  has  an  extremum 
there,  the  point  Mq  is  a  singular  point  of  X  Hence,  if  the  cone  of 
tangents  at  Mq  is  imaginary,  it  is  clear  that  F(x,  y,  z)  will  keep  the 
same  sign  inside  a  sufficiently  small  sphere  about  Mq  as  center,  and 
f(x,  y,  z)  will  surely  have  a  maximum  or  a  minimum.  But  if  the 
cone  of  tangents  is  real,  or  is  composed  of  two  real  distinct  planes, 
seyeral  nappes  of  the  surface  pass  through  M^,  and  F(Xf  y,  z) 
changes  sign  as  the  point  (x,  y,  z)  crosses  one  of  these  nappes. 

60.  DiftaBMfiOBiapoiiittoatiirface.  Let  us  try  to  find  the  maziiDam  and  the 
mlnimnm  yalues  of  the  distance  from  a  fixed  point  (a,  6,  e)  to  a  sorface  5  whose 
equation  is  F(x,  y,  t)  =  0.    The  square  of  this  distance, 

u  =  da  =  («  -  o)»  +  (y  -  6)«  +  (2  -  c)«, 

is  a  function  of  two  independent  variables  only,  —  x  and  y,  for  example,  if  s  be 
considered  as  a  function  of  x  and  y  defined  by  the  equation  F  =  0.  In  order 
that  tt  be  at  an  extremum  for  a  point  (x,  y,  t)  of  the  surface,  we  must  have,  for 
the  codrdinates  of  that  point, 

--  =  («-a)  +  (,-e)-  =  0, 
__  =  (y_6)+(,_c)_=0. 

We  findf  in  addition,  from  the  equation  F  =  0,  the  relations 

dF  ,  bFdz      -      dF  ,  ZFbz      ^ 
bz      bz  bx  dy      bz  by 

wbflDoe  the  preceding  equations  take  the  form 

X— gy— 6_2~c 

bz  by  tt 

This  shows  that  the  normal  to  the  surface  8  at  the  point  (x,  y,  t)  passes  through 
the  point  (a,  6,  c).  Hence,  omitting  the  singular  points  of  the  surface  8,  the 
points  sought  for  are  the  feet  of  normals  let  fall  from  the  point  (a,  6,  c)  upon  the 
sur&ce  5.  In  order  to  see  whether  such  a  point  actually  corresponds  to  a  maxi- 
mum or  to  a  minimum,  let  us  take  the  point  as  origin  and  the  tangent  plane  as 
the  xy  plane,  so  that  the  given  point  shall  lie  upon  the  axis  of  s.  Then  the  func- 
tion to  be  studied  has  the  form 

u  =  x»  +  y«  +  (s-c)«, 

where  s  is  a  function  of  x  and  y  which,  together  with  both  its  first  derivatives, 
vanishes  for  x  =  y  =  0.  Denoting  the  second  partial  derivatives  of  t  by  r, «,  t, 
we  have,  at  the  origin, 

g..„-^.  ^.-.»  '"=.„-,,. 
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and  it  only  xemalni  to  itady  tho  polynomial 

A(c)  =  d«*«  -  (1  -  cr) (1  -  ce)  =  d«(*«  -  rt)  +  (r  +  l)c  -  1. 

The  lootB  of  the  equation  A(c)  =  0  are  always  real  by  yirtne  of  the  identity 
(r  +  <)*  +  4  (^  —  fi)  =  4^  +  (r  —  t)*.  There  are  now  acTeral  cases  which  must 
be  diitingalshed  according  to  the  sign  of  ^  -  ft. 

Fir9tca9e,  Let^  — r<<0.  The  tworootsci  andct  of  UieeqaationA(c)  =  0 
haTB  the  same  sign,  and  we  may  write  A(c)  =  («*  —  W)  (c  —  Ci)  (c  —  Ct).  Let  us 
now  mark  the  two  points  ^1  and  ils  of  the  s  axis  whose  co()rdinates  are  ci  and  Ct. 
These  two  points  lie  on  the  same  side  of  the  origin ;  and  if  we  sappose,  as  is 
always  allowable,  that  r  and  t  are  positive,  they  lie  on  the  positiye  part  of  the 
s  axis.  If  the  given  point  A  (0,  0,  c)  lies  outside  the  segment  AiA^,  A(c)  is 
negative,  and  the  distance  OA  is  a  maximum  or  a  minimum.  In  order  to  see 
which  of  the  two  it  is  we  must  consider  the  sign  of  1  -  cr.  This  coefficient 
does  not  vanish  except  when  e  =  1  /r ;  and  this  value  of  c  lies  between  Ci  and  cj, 
since  A  (1/r)  =  ifl/f^.  But,  for  e  =  0,  1  —  cr  is  positive ;  hence  1  —  cr  is  posi- 
tive, and  the  distance  OA  is  a  minimum  if  the  point  A  and  the  origin  lie  on 
the  same  side  of  the  segment  AiAi.  On  the  other  hand,  the  distance  OA  is  % 
maximum  if  the  point  A  and  the  origin  lie  on  different  sides  of  that  segment. 
When  the  point  A  lies  between  Ai  and  A%  the  distance  is  neither  a  minimum, 
nor  a  maximum.  The  case  where  A  lies  at  one  of  the  points  Ai^A^iB  left  in 
doubt 

Second  ease.  Let  tfi  —  ri>0.  One  of  the  two  roots  Ci  and  cs  of  A  (c)  =  0  is 
positive  and  the  other  is  negative,  and  the  origin  lies  between  the  two  points 
Ai  and  A%,  It  the  point  A  does  not  lie  between  Ai  and  ^9,  A  (c)  is  positive 
and  there  is  neither  a  maximum  nor  a  minimum.  If  A  lies  between  Ai  and 
ila,  A  (c)  is  negative,  1  —  cr  is  positive,  and  hence  the  distance  OA  is  a  minimnin. 

Third  case.  Let  «*  -  rt  =  0.  Then  A  (c)  =:(t-\'t)(c^  Ci),  and  it  is  easily 
seen,  as  above,  that  the  distance  OA  is  a  minimum  if  the  point  A  and  the  origin 
lie  on  the  same  side  of  the  point  ^i,  whose  coordinates  are  (0,  0,  Ci),  and  that 
there  is  neither  a  maximum  nor  a  minimum  if  the  point  A\  lies  between  the  point 
A  and  the  origin. 

The  points  A\  and  At  are  of  fundamental  importance  in  the  study  of  curva- 
ture; they  are  the  principal  cenJters  of  cwnoaiure  of  the  surface  8  at  the  p(^t  O. 

6L  MuTJina  and  minima  of  implicit  functions.  We  often  need  to  find 
the  maxima  and  minima  of  a  function  of  several  variables  which 
are  connected  by  one  or  more  relations.  Let  ns  consideri  for 
example,  a  function  a>  =/(a5,  y,  «,  u)  of  the  four  variables  a?,  y,  «,  ii| 
which  themselves  satisfy  the  two  equations 

/i  («,  y,  «,  <*)  =  0,        /j(aj,  y,  «,  u)  =  0. 

For  definiteness,  let  us  think  of  x  and  y  as  the  independent  vari- 
ables, and  of  z  and  u  as  functions  of  x  and  y  defined  by  these  equa- 
tions.   Then  the  necessary  conditions  that  o>  have  an  eztremum  are 
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dx      dz  dx      du  dx        '        dy      dx  dy      du  djf        ' 

and  the  partial  deriyatiyes  dx/dx,  du/hx^  ^^/^i  dujdy  are  giyen 
by  the  relations 

dx       dx  dx      du  dx        '         dx       dz  dx      du  dx        ' 

djf       dz  dy      du  dy        '         dy       dz  dy      du  dy 

The  elimination  of  dz/dx^  du/dx^  ^^/^i  du/dy  leads  to  the  new 
equations  of  condition 

which,  together  with  the  relations  /i  =  0,  /,  =  0,  determine  the  yal- 
ues  of  X,  y,  z,  u,  which  may  correspond  to  extrema.  But  the  equa- 
tions (27)  express  the  condition  that  we  can  find  yalues  of  X  and  /i 
which  satisfy  the  equations 


(28) 


dx^^dx^f'dx      ^'         dy^^dy^f'dy'^^' 
[dz^^dz^^'dz       ^'         du^^du^f'du      ^' 


hence  the  two  equations  (27)  may  be  replaced  by  the  four  equations 
(28)y  where  X  and  /i  are  unknown  auxiliary  functions. 

The  proof  of  the  general  theorem  is  self-eyident,  and  we  may 
state  the  following  practical  rule: 

Given  a  function 

f{xxy  ««>•••» «») 

o/n  variablu^  connected  by  h  distinct  relations 

*i  =  0,         ^  =  0,         ...,         *A  =  0; 

tn  order  to  find  the  values  of  Xi,  o^,  •'•)  ^n  ^hich  may  render  this 
function  an  extremum  we  must  equate  to  zero  the  partial  derivatives 
of  the  auxiliary  function 

/+  Xi^i  H h  X*^, 

regarding  Xi,  Xf,  •  •  • ,  X^  cm  constants. 
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6S.  Aoofher  tzampto.  We  shall  now  take  up  another  example,  where  the  mini- 
mom  is  fuft  necessarily  given  by  equating  the  partial  derivatiyes  to  zero.  Given 
a  triangle  ABC;  let  us  try  to  find  a  point  P  of  the  plane  for  which  the  som 
PA  +  PB  +  PC  of  the  distances  from  P  to  the  vertices  of  the  trian^^e  is  a 
minimum.  Let  {au  &i)f  (osi  ^)«  (ot*  &•)  be  respectively  the  coordinates  of  the 
vertices  A^  £,  C  referred  to  a  system  of  rectangular  co<)rdinates.  Then  the  func- 
tion whose  minimum  is  sought  is 


(29)  «  =  V(x  -  ai)«  +  (y  -  6i)»+ V(x-o,)a  +  (y-.6|)«+V(a5  -  e,)«+(y  -  6|)«, 

where  each  of  the  three  radicals  is  to  be  taken  with  the  positive  sign.  This  equa- 
tion (29)  represents  a  surface  8  which  is  evidently  entirely  above  the  xy  plane, 
and  the  whole  question  reduces  to  that  of  finding  the  point  on  this  surface  which 
is  nearest  the  xy  plane.    From  the  relation  (29)  we  &id 

dx  x  —  ai  x  —  a%  x  —  a% 


^      V(x  -  ai)a  +  (y  -  6i)«      V(x  -  a,)a  +  (y  -  6,)»      V(x  -  a,)«  +  (y- &,)«' 

^_.  y-&i _j_ y-ht ^ y-&g 

^      V(x  -  ai)«  +  (y  -  6i)a      V(x  -  a,)a  +  (y  -  6i)»      V(x  -  o,)»  +  (y  -  6,)»  " 

and  it  is  evident  that  these  derivatives  are  continuous,  except  in  the  neighbor- 
hood of  the  points  A^B^  C,  whei*e  they  become  indeterminate.  The  sor&ce  £f, 
therefore,  has  three  singular  points  which  project  into  the  vertices  of  the  given, 
triangle.  The  minimum  of  z  is  given  by  a  point  on  the  surface  where  the  tan- 
gent plane  is  parallel  to  the  xy  plane,  or  else  by  one  of  these  singular  points.  In 
order  to  solve  the  equations  dz/bx  =  0,  dt/dy  =  0,  let  us  write  them  in  the 
form 

8  •—  gj X  —  CL% X  •-  CIg 

V(x  -  ai)«  +  (y  -  6i)»      V(x  -  a,)«  +  (y  -  6|)a  "     V(x  -  a.)«  +  (y  -  6i)«' 

y-&i . y-ft» y-6s 

V(x  -  ai)«  +  (y  -  6i)«     V(x  -  a,)«  +  (y  -  6«)»         V(x-a.)«  +  (y-6»)i' 
Then  squaring  and  adding,  we  find  the  condition 

ii2      (g-«i)(g-««)-Ky-^)(y-^)       ^0 

V(x  -  ai)«  +  (y  -  6i)«  V(x  -  a,)«  +  (y  -  6|)«  "■   ' 

The  geometrical  interpretation  of  this  result  is  ea«y :  denoting  by  a  and  ^  the 
cosines  of  the  angles  which  the  direction  PA  makes  with  the  axes  of  x  and  y, 
respectively,  and  by  a^  and  /}'  the  cosines  of  the  angles  which  PB  makes  with  the 
same  axes,  we  may  write  this  last  condition  in  the  form 

l  +  2(aa'4-/J/90  =  0, 

or,  denoting  the  angle  APB  by  w, 

2C0SW  +  1  =  0. 

Hence  the  condition  in  question  expresses  that  the  segment  AB  subtends  an 
angle  of  120®  at  the  point  P.  For  the  same  reason  each  of  the  angles  BPC  and 
CPA  must  be  120®.*    It  is  clear  that  the  point  P  must  lie  inside  the  triangle 

*  The  reader  is  urged  to  draw  the  figure. 


III,f03]     SINGULAR  POINTS      MAXIMA  AND  MINIMA  181 


ABCf  and  that  there  is  no  point  which  poeieiBes  the  xeqoired  property  if  any 
angle  of  the  triangle  ABC  is  equal  to  or  greater  than  120^.  In  case  none  of  the 
anj^es  is  as  great  as  120®,  the  point  P  is  oniqaely  determined  by  an  easy  oon- 
stmction,  as  the  intersection  of  two  circles.  In  this  case  the  minimom  is  given 
by  the  point  P  or  by  one  of  the  yertices  of  the  triangle.  But  it  is  easy  to  show 
that  the  sum  PA  +  PB  +  PC  is  less  than  the  sum  of  two  of  the  sides  of  the  tri- 
angle. For,  since  the  angles  APB  and  APC  are  each  120®,  we  find,  from  the 
two  triangles  PAC  and  PBA,  the  formuln 

AB  =  Va^  4-  6*  +  oft,        AC  =  Vo«  +  c«  +  oc, 
where  PA  =  a,  PB  =  6,  PC  =  e.    But  it  is  evident  that 


Va^  +  6«  +  a6>6+-,        Va^  +  c«4-ac>  c  + -, 

m  2 

tnd  henoe 

AB-\-  AC>a-^b-\-e. 

The  point  P  therefore  aetoally  corresponds  to  a  minimum. 

When  one  of  the  angles  of  the  triangle  ABC  is  equal  to  or  greater  than  120® 
there  exists  no  point  at  which  each  of  the  sides  of  the  triangle  ABC  subtends  an 
angle  of  120^,  and  hence  the  surface  8  has  no  tangent  plane  which  is  parallel  to 
the  xy  plane.  In  this  case  the  minimum  must  be  given  by  one  of  the  vertices  of 
the  triangle,  and  it  is  evident,  in  fact,  that  this  is  the  vertex  of  the  obtuse  angle. 
It  is  easy  to  verify  this  fact  geometrically. 

68.  lyAlmiibert's  tbeoiem.  Let  P(x,  y)  be  a  polynomial  in  the  two  variables 
X  and  y  arranged  into  homogeneous  groups  of  ascending  order 

P(«,  y)  =  H  +  ^{z,  V)  +  0j,+i(»,  y)  +  •  •  •  +  ^(x,  y), 

where  H  is  a  constant.  If  the  equation  ^  (x,  y)  =  0,  considered  as  an  equation 
in  y/x,  has  a  simple  root,  the  function  F(x,  y)  cannot  have  a  maximum  or  a  mini- 
mom  f or  X  =  y  =  0.  For  it  results  from  the  discussion  above  that  there  exist  sec- 
tions of  the  surface  «  +  -Er  =  P(x,  y)  made  by  planes  through  the  z  axis,  some 
of  which  lie  above  the  xy  plane  and  others  below  it  near  the  origin.  From  this 
remark  a  demonstration  of  d*  Alembert^s  theorem  may  be  deduced.  For,  let  /(«) 
be  an  integral  polynomial  of  degree  m, 

/(«)  =  -4o  +  Aiz  +  iijs*  +  •  •  •  +  ii««*, 

where  the  coefficients  are  entirely  arbitrary.    In  order  to  separate  the  real  and 
imaginary  parts  let  us  write  this  in  the  form 

/(x  +  iy)  =  oo  4-  i6o  +  (ai  +  i6i)  (x  +  iy)  +   •  •  +  («»» +  »«.)  (x  +  <y)«, 

^bere  Oo,  6o,  Oi,  &i,  •  •  • ,  Om,  &b  are  real.    We  have  then 

f(z)  ^P^-iq, 

^We  P  and  Q  have  the  following  meanings : 

P  =  Oo  +  oix  —  5iy  +  •  •  • , 

Q  =  bo  +  &ix  +  aiy  +  •  •  • ; 
and  hsnoe,  finally, 


|/(«)|=V^+^. 
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We  will  fint  show  that  |/(«)  1 1  or,  what  amounta  to  the  same  thing,  that 
P*-^  (ft  cannot  be  at  a  minimnm  for  x  =  y  =  0  except  when  oo  =  &o  =  0.  For 
this  purpose  we  shall  introduce  polar  coordinates  p  and  0,  and  we  shall  suppose, 
for  the  sake  of  generality,  that  the  first  coefficient  after  Aq  which  does  not 
TaniBh  is  Ap.    Then  we  may  write  the  equations 

P  =  ao  +  (apcosi>^  —  ft^sin  p^)pp  +  •  •  • , 
Q  =  bo  -\-{hp  C08i>^  +  apSini>^)pJ»  +  ..., 
pa+Q«  =  fi^  +  ej  +  2pJ»  [{ooap  +  fto&p)  cosp^  +  (boa,  -  Oobp)  sin  p^]  +  •  •  • , 

where  the  terms  not  written  down  are  of  degree  higher  than  p  with  respect  to  p. 
But  the  equation 

(ooOp  +  hohp)  cosp0  +  {boOp  —  Oobp)  sinp0  =  0 

gives  tanp0  =  JT,  which  determines  p  straight  lines  which  are  separated  by 
angles  each  equal  to  2  le/p.  It  is  therefore  impossible  by  the  above  renuurk  that 
P^  -\-  (f  should  have  a  minimum  for  x  =  y  =  0  unless  the  quantities 

OoOp  +  6o^t        boOp  —  Oobp 

both  vanish.  But,  since  o^  +  i{  is  not  zero,  this  would  require  that  oo  =  &»  =  0; 
that  is,  that  the  real  and  the  imaginary  parts  of  f(x)  should  both  vanish  at  the 
origin. 

If  1/(2)  I  has  a  minimum  for  x  =  a,  y  =  /},  the  discussion  may  be  reduced  to 
the  preceding  by  setting  s  =  a  +  i/3  +  «'.  It  follows  that  |/(s)  |  cannot  be  at  s 
minimum  unless  P  and  Q  vanish  separately  f  or  x  =  a,  y  =  p. 

The  absolute  value  of  f{z)  must  pass  through  a  minimum  for  at  least  one 
value  of  s,  for  it  increases  indefinitely  as  the  absolute  value  of  z  increases  indefi- 
nitely.   In  fact,  we  have 


pt  4-  Q«  =  (ai  +  6*) P**  +  •  •  •  f 


where  the  terms,  omitted  are  of  degree  less  than  2  m  in  p.    This  equation  may  be 

written  in  the  form  

VP«+^  =  pm(^a4  +  6i  +  f), 

where  c  approaches  zero  as  p  increases  indefinitely.  Hence  a  circle  may  be 
drawn  whose  radius  B  is  so  large  that  the  value  of  Vp«+  Q«  is  greater  at  every 
point  of  the  circumference  than  it  is  at  the  origin,  for  example.  It  follows  that 
there  is  at  least  one  point 

x  =  a,       y  =  /J 

inside  this  circle  for  which  VP«+  Q*  is  at  a  minimum.  By  the  above  it  fol- 
lows that  the  point  x  =  a,  y  =  /3iBa  point  of  intersection  of  the  two  curves 
P  =  0,  Q  =  0,  which  amounts  to  saying  that  z  =  a  +  /3i  is  a  root  of  the  equation 
/(«)  =  0. 

In  this  example,  as  in  the  preceding,  we  have  assumed  that  a  function  of  the 
two  variables  z  and  y  which  is  continuous  in  the  interior  of  a  limited  region 
actually  assumes  a  minimum  value  inside  or  on  the  boundary  of  that  region. 
This  is  a  statement  which  will  be  readily  granted,  and,  moreover,  it  will  be 
rigorously  demonstrated  a  little  later  (Chapter  VI). 
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1.  Show  that  the  number  tf,  which  occutb  in  Lagnnge*e  fonn  of  the  re- 
iDftinder,  approaches  the  limit  l/(n  +  2)  9b  h  approaches  zero,  provided  that 
/(•+«>(o)  is  not  zero. 

2.  Let  F{x)hetk  determinant  of  order  n,  all  of  whoee  elements  are  functions 
of  X,  Show  that  the  deriyative  F\x)  is  the  sum  of  the  n  determinants  obtained 
by  replacing,  socoessiyely,  all  of  the  elements  of  a  single  line  by  their  deriva- 
tiyes.     State  the  corresponding  theorem  for  derivatives  of  higher  order. 

3.  Find  the  maTlmnm  and  the  minimum  values  of  the  distance  from  a  fixed 
point  to  a  plane  or  a  skew  curve ;  between  two  variable  points  on  two  curves ; 
between  two  variable  points  on  two  surfaces. 

4.  The  points  of  a  surface  8  for  which  the  sum  of  the  squares  of  the  dis- 
tancee  from  n  fixed  points  is  an  extremum  are  the  feet  of  the  normals  let  fall 
upon  the  surface  from  the  center  of  mean  distances  of  the  given  n  fixed  points. 

5.  Of  all  the  quadrilaterals  which  can  be  formed  from  four  given  sides,  that 
which  is  inscriptible  in  a  circle  has  the  greatest  area.  State  the  analogous 
theorem  for  polygons  of  n  sides. 

6.  Find  the  maximum  volume  of  a  rectangular  parallelepiped  inscribed  in 
a&  ellipsoid. 

7.  Find  the  axes  of  a  central  quadric  from  the  consideration  that  the  vertices 
are  the  points  from  which  the  distance  to  the  center  is  an  extremum. 

8.  Solve  the  analogous  problem  for  the  axes  of  a  central  section  of  an  ellipsoid. 

9.  Find  the  ellipse  of  minimum  area  which  passes  through  the  three  vertices 
of  a  given  triangle,  and  the  ellipsoid  of  minimum  volume  which  passes  through 
the  four  vertices  of  a  given  tetrahedron. 

10.  Find  the  point  from  which  the  sum  of  the  distances  to  two  given  straight 

lines  and  the  distance  to  a  given  point  is  a  minimum. 

[JosnpH  BannuiTD.] 

11.  Prove  the  following  formulie : 

log  (»  +  2)  =  2  log  (»  +  1)  -  2  log  (»  -  1 )  +  log  (»  -  2) 

[BosDA*8  Series.] 

log(s  +  6)s    log(«  +  4)  +  log(«  +  8)-21og« 

+  log(»  -  8)  +  log(x  -  4)  -  log(«  -  6) 
nf  72  1/  72  y         -] 

L«»  -  26{««  +  72      8  \x*  -  26x«  +  72/  J' 

[Haro*s  Series.] 


CHAPTER  IV 


D£FnnT£  nrrsoRALS 


L  SPECIAL  METHODS  OF  QUADRATUBE 

64.  Qnadtatore  of  the  panboUL  The  determination  of  the  area 
bounded  by  a  plane  curve  is  a  problem  which  has  always  engaged 
the  genius  of  geometricians.  Among  the  examples  which  hate 
come  down  to  us  from  the  ancients  one  of  the  most  celebrated  is 
Archimedes'  quadrature  of  the  parabola.  We  shall  proceed  to 
indicate  his  method. 

Let  us  try  to  find  the  area  bounded  by  the  arc  A  CB  of  a  parabola 
and  the  chord  AB.  Draw  the  diameter  CD,  joining  the  middle 
point  D  oi  AB  Ui  the  point  C^  where  the  tangent  is  parallel  to  AK 
Connect  AC  and  BCy  and  let  E  and  E*  be  the  points  where  the 

tangent  is  parallel  to  BC  and 
AC,  respectiyely.  We  shall 
first  compare  the  area  of  the 
triangle  BECy  for  instance, 
with  that  of  the  triangle  ABC, 
Draw  the  tangent  ET^  which 
cuts  CD  at  T,  Draw  the  diam- 
eter EFy  which  cuts  CB  at  F\ 
and,  finally,  draw  EK  and  FH 
parallel  to  the  chord  AB.  By 
an  elementary  property  of  the 
parabola  TC  =  CK.  Moreoyer, 
CT  =  EF  =  KH,  and  hence 
EF=  CH/2  =  CD/4.  The 
areas  of  the  two  triangles  BCE 
and  BCD,  since  they  haye  the 
same  base  BC,  are  to  each  other  as  their  altitudes,  or  as  EF  is 
to  CD,  Hence  the  area  of  the  triangle  BCE  is  one  fourth  the  area 
of  the  triangle  BCD,  or  one  eighth  of  the  area  S  of  the  triangle  ABC. 
The  area  of  the  triangle  A  CE'  is  evidently  the  same.  Carrying  out 
the  same  process  upon  each  of  the  chords  BE,  CE,  CE',  E*A,  we 
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obtun  foar  ntnr  triangles,  the  &rea  of  each  of  wMoli  is  S/8',  and  so 
fortli.  The  ntit  operation  gives  rise  to  2*  trianglea,  each  having  the 
area  5/8-.  The  area  of  the  segment  of  the  paiabola  is  evidently 
the  limit  approached  hy  the  sum  of  the  areas  of  all  these  triangles 
as  n  increases  indefinitely ;  that  is,  the  sum  of  the  following  descend- 
ing  geometrical  progression : 


and  this  sum  is  4  5/3.  It  follovs  that  the  required  area  is  equal  to 
two  third*  of  the  area  of  a  paraUelogram  lehoae  sidet  are  AB  and  CD. 
Although  this  method  possesses  admirable  ingenuitj,  it  must  be 
admitted  that  its  success  depends  essentially  upon  certain  apeoial 
properties  of  the  parabola,  and  that  it  is  lacking  in  generality.  The 
other  examples  of  quadratures  which  we  might  quote  from  ancient 
writers  would  only  go  to  corroborate  this  remark :  each  new  curve 
required  some  new  device.  But  whatever  the  device,  the  area  to  be 
evaluated  was  always  split  up  into  elements  the  number  of  which 
iras  made  to  increase  indefinitely,  and  it  was  necessary  to  evaluate 
the  limit  of  the  sum  of  these  partial  areas.  Omitting  any  further 
particular  oases,*  we  will  proceed  at  once  to  give  a  generi^  method 
of  subdivision,  which  will  lead  us  naturally  to  the  Integral  Calculus. 

95.  Qenenl  method.  Por  the  sake  of  definiteness,  let  us  try  to 
svaluate  the  area  S  bounded  by  a  curvilineai  arc  AMB,  an  axis  xx' 
vhich  does  not  cut  that  are,  and  two  perpendiculars  AA^  and  BB^  let 
fall  upon  xx'  from 
the  points  J  andB. 
We  will  suppose 
further  that  a  par- 
allel to  these  lines 
AA^,  BBf  cannot 
ent  the  arc  in  more  _^ 
than  one  point,  as  ^ 
indicated  in  Fig.  9. 
Let  us  divide  the  s^ment  AgB^  into  a  cettiun  number  of  equal  or 
nnequal  parts  by  the  points  Pi,  P„  ■-,  P^i,  and  through  these 
points  let  us  draw  lines  PiQu  PtQt,  ■■■,  P.-iQ.^,  parallel  to  AA^ 
and  meeting  the  arc  AB  in  the  points  Qi,  Q„     -,  Q,.„  respectively. 

A  Urge  DDmber  of  example*  of  deurmlnatloui  o(  usm,  em,  Bod  vdniaM  br 
lelut  writers  en  to  be  louul  In  Dohunel'i  IVnlM. 
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Now  draw  through  A  a  line  parallel  to  osx',  cutting  PiQi  at  qx\ 
through  Qi  a  parallel  to  xx',  cutting  PtO^  Bt  q^i  and  so  on.  We 
obtain  in  this  way  a  sequence  of  rectangles  Ri,  R^, »",  R^  "•,  R^. 
Each  of  these  rectangles  may  lie  entirely  inside  the  contour  ABB^A^ 
but  some  of  them  may  lie  partially  outside  that  contour,  as  is 
indicated  in  the  figure. 

Let  Of  denote  the  area  of  the  rectangle  Ri,  and  fi^  the  area  bounded 
by  the  contour  Pj.iPjQjQj^i.  In  the  first  place,  each  of  the  ratios 
Pi/<^ii  i^s/ar,,  •••,  ^/aiy  **•  approaches  unity  as  the  number  of 
points  of  division  increases  indefinitely,  if  at  the  same  time  each 
of  the  distances  A^Piy  PiPj,  •••,  Pi-iP^  •••  approaches  zera  For 
the  ratio  fit/ at,  for  example,  eyidently  lies  between  li/Pi^iQi_i  ^^ 
Li/Pi.iQi_i,  where  It  and  X<  are  respectively  the  minimum  and  the 
maximum  distances  from  a  point  of  the  arc  Q^-iQi  to  the  axis  xx\ 
But  it  is  clear  that  these  two  fractions  each  approach  unity  as  the 
distance  Pi^iPi  approaches  zero.    It  therefore  follows  that  the  ratio 

g|  +  g«  H h  g» 

A  +  A+'  +  A' 

which  lies  between  the  largest  and  the  least  of  the  ratios  ai/fiif 
^i/fitf  '">  ^%/ Pni  ^ill  3'^so  approach  unity  as  the  number  of  the 
rectangles  is  thus  indefinitely  increased.  But  the  denominator  of 
this  ratio  is  constant  and  is  equal  to  the  required  area  S.  Hence 
this  area  is  also  equal  to  the  limit  of  the  sum  orj  +  a,  +  •  •  •  +  a^  as 
the  number  of  rectangles  n  is  indefinitely  increased  in  the  manner 
specified  above. 

In  order  to  deduce  from  this  result  an  analytical  expression  for 
the  area,  let  the  curve  ^£  be  referred  to  a  system  of  rectangular 
axes,  the  x  axis  Ox  coinciding  with  xx\  and  let  y=:f(x)  be  the 
equation  of  the  curve  AB.  The  function /(a;)  is,  by  hypothesis,  a 
continuous  function  of  x  between  the  limits  a  and  b,  the  abscissa 
of  the  points  A  and  B.  Denoting  by  xi,  a;,,  •  •  • ,  a;„_i  the  absoisssB 
of  the  points  of  division  Pi,  Pj,  •••,  P»_i,  the  bases  of  the  above 
rectangles  are  JCi  —  a,  oj,  —  oji,  •  •  • ,  jc,-  —  aj,._i,  •  •  • ,  5  —  x^^i ,  and  their 
altitudes  are,  in  like  manner,  /(a),/(iCi),  •••,  /(«<-i),  ••-,  /(«„>,). 
Hence  the  area  S  is  equal  to  the  limit  of  the  following  sum : 

(1)     (x,  -  a)f(a)  +  (X,  -  x,)f{x,)  +  ...  +  (&-  a^«-i)/(««-i), 

as  the  number  n  increases  indefinitely  in  such  a  way  that  each  of 
the  differences  x^  —  a,  x^  —  x^,  •  •  •  approaches  zero. 
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66.  BztmplM.  If  the  base  AB  be  divided  into  n  equal  parts,  each 
of  length  h  (b  —  a  =  nh),  all  the  rectangles  have  the  same  base  h, 
and  their  altitudes  are,  respectiyely, 

/(a),  f(a  +  A),  /(a  +  2  A),  . . .,  /[a  +  (n  -  1)  A]. 
It  only  remains  to  find  the  limit  of  the  sum 

*  J/(«)  +/(«  +  ^)  +/(«  +  2  A)  +  . .  +/[a  +  (n  -  1)A]{, 

where 

.      ft  —  a 

n 

as  the  integer  n  increases  indefinitely.  This  calculation  becomes 
easy  if  we  know  how  to  find  the  sum  of  a  set  of  values  f(x)  corre- 
sponding to  a  set  of  values  of  x  which  form  an  arithmetic  progres- 
sion; such  is  the  case  if  f(x)  is  simply  an  integral  power  of  x,  or, 
again,  if /(«)  =  sin  woe  otf(x)  =  cosmx,  etc. 

Let  us  reconsider,  for  example,  the  parabola  x*  =^2py,  and  let  us  try 
to  find  the  area  enclosed  by  an  arc  OA  of  this  parabola,  the  axis  of  x, 
and  the  straight  line  x=s  a  which  passes  through  the  extremity  A, 
The  length  being  divided  into  n  equal  parts  of  length  h  (nh  =  a),  we 
most  try  to  find  by  the  above  the  limit  of  the  sum 

p[A«-h4A«.f-...  +  (n-l)«A«]  =  |-[H-4  +  9  +  ....f-(n-l)«]. 

The  quantity  inside  the  parenthesis  is  the  sum  of  the  squares  of  the 
first  (n  —  1)  integers,  that  is,  n(n  —  1)  (2  n  —  l)/6;  and  hence  the 
foregoing  sum  is  equal  to 

n(n-l)(2n-l) 

12  pn*  ""  • 

As  n  increases  indefinitely  this  sum  evidently  approaches  the  limit 
a*/6p=s(l/S)(a,a^/2p),  or  one  third  of  the  rectangle  constructed 
upon  the  two  coordinates  of  the  point  A,  which  is  in  harmony  with 
the  result  found  above. 

In  other  cases,  as  in  the  following  example,  which  is  due  to 
Format,  it  is  better  to  choose  as  points  of  division  points  whose 
abscissae  are  in  geometric  progression. 

Let  us  try  to  find  the  area  enclosed  by  the  curve  y  =  ^a^,  the 
axis  of  x,  and  the  two  straight  lines  x  =  a,x  =  b  (0<a<b),  where 
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the  expouent  /i  is  arbitrary.  In  order  to  do  so  let  us  insert  between 
a  and  5,  n  —  1  geometric  means  so  as  to  obtain  the  sequence 

a,  a(l  -f  a),  a(l  +  or)',  •••,  a(l  -|-  a)"~S  h, 

where  the  number  a  satisfies  the  condition  a  (1  +  a)"  =  b.  Tak- 
ing this  set  of  numbers  as  the  abscisssB  of  the  points  of  division,  the 
corresponding  ordinates  have,  respectively,  the  following  values : 

and  the  area  of  the  ^th  rectangle  is 

[a  (1  + a)"  -  a  (1  + a)''-"]  ^a'*  (1  + a)  ^^-i)"  =  ^a^+^a  (1 + a)<'-*>^+^*. 

Hence  the  sum  of  the  areas  of  all  the  rectangles  is 

Aa^  +  'all  +  (1  +  ay  +  '  +  (1  +  a)»<''  +  ')+  •  ••  +(1  +  a)<— W+»]. 

If  /i  +  1  is  not  zero,  as  we  shall  suppose  first,  the  sum  inside  the 
parenthesis  is  equal  to 

or,  replacing  a(l  +  a)"  by  b,  the  original  sum  may  be  written  in  the 

form 

a 


^(^+i_aM  +  i) 


(l  +  aX  +  ^-l 


As  a  approaches  zero  the  quotient  [(1  +  «)**+'  —  l]/a  approaches 
as  its  limit  the  derivative  of  (1  +  ay-^^  with  respect  to  a  for  a  =  0, 
that  is,  /i  + 1 ;  hence  the  required  area  is 

/*  +  ! 

If  /i  =  —  1,  this  calculation  no  longer  applies.  The  sum  of  the 
areas  of  the  inscribed  rectangles  is  equal  to  nAa,  and  we  have  to 
find  the  limit  of  the  product  na  where  n  and  a  are  connected  by  the 
relation 

a(l  +  a)"  =  5. 

From  this  it  follows  that 

,      b          a                   b          1 
na  =  log  -  z — 77-- — r  =  log r  > 
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where  the  symbol  log  denotes  the  Naperian  logarithm.  As  a 
approaches  zero,  (1  +  ay/"  approaches  the  number  e,  and  the  prod- 
uct na  approaches  log(b/a).  Hence  the  required  area  is  equal  to 
i4  log  (ft/a). 

67.  PrimitiTe  fonctiona.  The  invention  of  the  Integral  Calculus 
reduced  the  problem  of  evaluating  a  plane  area  to  the  problem  of 
finding  a  function  whose  derivative  is  known.  Let  y  =/(^)  be  the 
equation  of  a  curve  referred  to  two  rectangular  axes,  where  the 
function  f(x)  is  continuous.  Let  us  consider  the  area  enclosed  bj 
this  curve,  the  axis  of  x,  a  fixed  ordinate  MqPq,  and  a  variable 
ordinate  MP,  as  a  function  of  the  abscissa  x  of  the  variable  ordinate. 
In  order  to  include  all  pos- 
sible cases  let  us  agree  to 
denote  hjA  the  sum  of  the 
areas  enclosed  by  the  given 
curve,  the  x  axis,  and  the 
straight  lines  M^^P^,  MP, 
<«ach  of  the  portions  of 

^his  area  being  affected 

^y   a   certain    sign:   the 

^^ign  +  for  the  portions  to 

^the  right  of  MqP^  and  above  Ox,  the  sign  —  for  the  portions  to  the 

zvight  of  MqPq  and  below  Ox,  and  the  opposite  convention  for  por- 

^•ions  to  the  left  of  MqP^.    Thus,  if  MP  were  in  the  position  M'P',  we 

^"^ifrould  take  A  equal  to  the  difference 

MoPqC  -  M'P'C; 

^nd  likewise,  if  MP  were  at  M"P",  A  =  M"P"D  -  3/0^0^^- 

With  these  conventions  we  shall  now  show  that  the  derivative  of 

the  continuous  function  A,  defined  in  this  way,  is  precisely  /(«).    As 

in  the  figure,  let  us  take  two  neighboring  ordinates  MP,  NQ,  whose 

abscissae  are  x  and  x  +  Ax.    The  increment  of  the  area  Ai4  evidently 

lies  between  the  areas  of  the  two  rectangles  which  have  the  same 

We  PQ,  and  whose  altitudes  are,  respectively,  the  greatest  and  the 

least  ordinates  of  the  arc  MN,    Denoting  the  maximum  ordinate  by 

H  and  the  minimum  by  ?i,  we  may  therefore  write 

or,  dividing  by  Ax,  h<AA/Ax<H,    AsAa;  approaches  zero,  H  and 
h  approach  the  same  limit  MP,  or  f(x),  since  f(x)  is  continuous. 


Fio.  10 
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Hence  the  deritative  of  A  is  f(x).    The  proof  that  the  same  result 
holds  for  any  position  of  the  point  M  is  left  to  the  reader. 

If  we  already  know  a  primitive /unetion  oif(x),  that  is,  a  fonction 
F(x)  whose  derivative  is  /(«),  the  difference  A  —  F(x)  is  a  oonstaat, 
since  its  derivative  is  zero  (§  8).  In  order  to  determine  this  oon- 
stant,  we  need  only  notice  that  the  area  A  is  zero  for  the  afasoissa 
a;  =  a  of  the  line  MP,     Hence 

A  =  F(x)  -  F(a). 

It  follows  from  the  above  reasoning,  first,  that  the  determination 
of  a  plane  area  may  be  reduced  to  the  discovery  of  a  primitiye  func- 
tion ;  and,  secondly  (and  this  is  of  far  greater  importance  for  us), 
that  every  continuous  function  /(x)  is  the  derivative  of  some  other 
function.  This  fundamental  theorem  is  proved  here  by  means  of 
a  somewhat  vague  geometrical  concept,  —  that  of  the  area  under  a 
plane  curve.  This  demonstration  was  regarded  as  satisfactory  for  a 
long  time,  but  it  can  no  longer  be  accepted.  In  order  to  have  a  stable 
foundation  for  the  Integral  Calculus  it  is  imperative  that  this  theo- 
rem should  be  g^ven  a  purely  analytic  demonstration  which  does  not 
rely  upon  any  geometrical  intuition  whatever.  In  giving  the  above 
geometrical  proof  the  motive  was  not  wholly  its  historical  interest, 
however,  for  it  furnishes  us  with  the  essential  analytic  argument  of 
the  new  proof.  It  is,  in  fact,  the  study  of  precisely  such  sums  as 
(1)  and  sums  of  a  slightly  more  general  character  which  will  be 
of  preponderant  importance.  Before  taking  up  this  study  we  must 
first  consider  certain  questions  regarding  the  general  properties  of 
functions  and  in  particular  of  continuous  functions.* 

11.  DEFINITE  INTEGRALS    ALLIED  GEOMETRICAL  CONCEPtS 

68.  Upper  and  lower  limits.  An  assemblage  of  numbers  is  said  to 
have  an  upper  limit  (see  ftn.,  p.  91)  if  there  exists  a  number  N  so 
large  that  no  member  of  the  assemblage  exceeds  N,  Likewise,  an 
assemblage  is  said  to  have  a  lower  limit  if  a  number  N^  exists  than 
which  no  member  of  the  assemblage  is  smaller.  Thus  the  assem- 
blage of  all  positive  integers  has  a  lower  limit,  but  no  upper  limit ; 

*  Among  the  most  important  works  on  the  general  notion  of  the  definite  integral 
there  should  be  mentioned  the  memoir  by  Riemann :  Ober  die  MdgiichkeU,  etna  FunO" 
tion  durch  eine  trigonometriache  Reihe  darzustellen  ( Werke,  2d  ed.,  Leipzig,  1802, 
p.  239 ;  and  also  French  translation  by  Laugel,  p.  225) ;  and  the  memoir  by  Darboux,  to 
which  we  have  already  referred :  Sur  les  fonctUms  disconHnttea  {Anntdes  de  PjSeole 
Normaie  Supineure^  2d  series,  Vol.  IV). 
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the  assemblage  of  all  integers,  positive  and  negative,  has  neither ; 
and  the  assemblage  of  all  rational  numbers  between  0  and  1  has 
both  a  lower  and  an  upper  limit. 

Let  (E)  be  an  assemblage  which  has  an  upper  limit.  With 
respect  to  this  assemblage  all  numbers  may  be  divided  into  two 
classes.  We  shall  say  that  a  number  a  belongs  to  the  first  class  if 
there  are  members  of  the  assemblage  (E)  which  are  greater  than  or, 
and  that  it  belongs  to  the  second  class  if  there  is  no  member  of  the 
assemblage  (E)  greater  than  a.  Since  the  assemblage  (E)  has  an 
upper  limit,  it  is  clear  that  numbers  of  each  class  exist.  If  ^  be 
a  number  of  the  first  class  and  B  a  number  of  the  second  class,  it 
is  evident  that  A<B;  there  exist  members  of  the  assemblage  (E) 
which  lie  between  A  and  B,  but  there  is  no  member  of  the  assem- 
blage (E)  which  is  greater  than  B,  The  number  C  =  (A  -f  J5)/2 
may  belong  to  the  first  or  to  the  second  class.  In  the  former  case 
we  should  replace  the  interval  (A,  B)  by  the  interval  (C,  B),  in  the 
latter  case  by  the  interval  (A,  C).  The  new  interval  (^i,  B{)  is  half 
the  interval  (A^  B)  and  has  the  same  properties :  there  exists  at  least 
one  member  of  the  assemblage  {E)  which  is  greater  than  A^  but  none 
which  is  greater  than  B^,  Operating  upon  {Ai,  B{)  in  the  same  way 
that  we  operated  upon  {A,  B),  and  so  on  indefinitely,  we  obtain  an 
unlimited  sequence  of  intervals  (A,  B),  (Ai,  Bi),  (A^,  Bf),  -",  each 
of  which  is  half  the  preceding  and  possesses  the  same  property 
as  (Af  B)  with  respect  to  the  assemblage  (E),  Since  the  numbers 
Af  A  If  Af,  '"t  A^  never  decrease  and  are  always  less  than  B,  they 
approach  a  limit  X  (§  1).  Likewise,  since  the  numbers  B,  Bi,  £„  •  •  • 
never  increase  and  are  always  greater  than  A ,  they  approach  a  limit  X'. 
Moreover,  since  the  difference  B^  —  A^  =  (B  ^  A) /2'^  approaches  zero 
as  n  increases  indefinitely,  these  limits  must  be  equal,  i.e.  X'  =  X. 
Let  L  be  this  common  limit ;  then  L  is  called  the  upper  limit  of  the 
assemblage  {E),  From  the  manner  in  which  we  have  obtained  it, 
it  is  clear  that  L  has  the  following  two  properties : 

1)  No  member  of  the  assemblage  (E)  is  greater  than  L. 

2)  There  always  exists  a  member  of  the  a,ssemhlage  (E)  which  is 
greater  than  X  —  c,  where  c  is  any  arbitrarily  small  positive  number. 

For  let  us  suppose  that  there  were  a  member  of  the  assemblage 
greater  than  X,  say  L  •{-  h  (Ji>  0).  Since  B^  approaches  Z  as  n 
increases  indefinitely,  B^  will  be  less  than  L  -\-  h  after  a  certain 
value  of  n.  But  this  is  impossible  since  B^  is  of  the  second  class. 
On  the  other  hand,  let  c  be  any  positive  number.     Then,  after  a 
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certain  value  of  n,  A^  will  be  greater  than  X  —  c ;  and  since  there  are 
members  of  {E)  greater  than  ^.,  these  numbers  will  also  be  greater 
than  Z  —  c.  It  is  evident  that  the  two  properties  stated  above  can- 
not apply  to  any  other  number  than  L. 

The  upper  limit  may  or  may  not  belong  to  the  assemblage  (£). 
In  the  assemblage  of  all  rational  numbers  which  do  not  exceed  2, 
for  instance,  the  number  2  is  precisely  the  upper  limit,  and  it  belongs 
to  the  assemblage.  On  the  other  hand,  the  assemblage  of  all  irra- 
tional numbers  which  do  not  exceed  2  has  the  upper  limit  2,  bat 
this  upper  limit  is  not  a  member  of  the  assemblage.  It  should  be 
particularly  noted  that  if  the  upper  limit  L  does  not  belong  to  the 
assemblage,  there  are  always  an  infinite  number  of  members  of  {E) 
which  are  greater  than  Z  —  e,  no  matter  how  small  c  be  taken.  For  if 
there  were  only  a  finite  nimiber,  the  upper  limit  would  be  the  largest 
of  these  and  not  L,  When  the  assemblage  consists  of  n  different 
numbers  the  upper  limit  is  simply  the  largest  of  these  n  numbers. 

It  may  be  shown  in  like  manner  that  there  exists  a  number  L\ 
in  case  the  assemblage  has  a  lower  limit,  which  has  the  following 
two  properties : 

1)  No  member  of  the  asaemhlage  is  less  than  L\ 

2)  There  exists  a  member  of  the  assemblage  which  is  less  than 
X'  +  c,  where  t  is  an  arbitrary  positive  number,* 

This  number  V  is  called  the  lower  limit  of  the  assemblage. 

69.  OscillAtion.  Let/(a;)  be  a  function  of  x  defined  in  the  closed  t 
interval  (a,  b) ;  that  is,  to  each  value  of  x  between  a  and  b  and  to  each 
of  the  limits  a  and  b  themselves  there  corresponds  a  uniquely  dete^ 
mined  value  of /(x).  The  function  is  said  to  h^  finite  in  this  closed 
interval  if  all  the  values  which  it  assumes  lie  between  two  fixed 
numbers  A  and  B.  Then  the  assemblage  of  values  of  the  function 
has  an  upper  and  a  lower  limit.  Let  M  and  m  be  the  upper  and 
lower  limits  of  this  assemblage,  respectively ;  then  the  difference 


*  Whenever  all  numbers  can  be  separated  into  two  classes  A  and  B^  aooording  to 
any  characteristic  property,  in  such  a  way  that  any  number  of  the  class  A  is  less  than 
any  number  of  the  class  J9,  the  upper  limit  L  of  the  numbers  of  the  class  ul  is  at  the 
same  time  the  lower  limit  of  the  numbers  of  the  class  B.  It  is  clear,  first  of  all,  that 
any  number  greater  than  L  belongs  to  the  class  B.  And  if  there  were  a  nmnber  L'<L 
belonging  to  the  class  B^  then  every  number  greater  than  V  would  belong  to  the  class  B, 
Hence  every  number  less  than  L  belongs  to  the  class  A^  every  number  greater  than  L 
belongs  to  the  class  B^  and  L  itself  may  belong  to  either  of  the  two  classes. 

t  The  word  "  closed  "  is  used  merely  for  emphasis.    See  §  2. — Tbaks. 
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A  =  If  —  m  is  called  the  aseilkUion  of  the  function  f(x)  in  the 
interval  (a,  b). 

These  definitions  lead  to  seyeral  remarks.  In  order  that  a  func- 
tion be  finite  in  a  closed  interval  (a,  b)  it  is  not  sufficient  that  it 
should  have  a  finite  value  for  every  value  of  x.  Thus  the  function 
defined  in  the  closed  interval  (0, 1)  as  follows : 

/(O)  =  0,        /(«)  =  1  /x    for    X  >  0, 

has  a  finite  value  for  each  value  of  x ;  but  nevertheless  it  is  not 
finite  in  the  sense  in  which  we  have  defined  the  word,  for /(x)  >  A 
if  we  take  x<l/A,  Again,  a  function  which  is  finite  in  the  closed 
interval  (a,  b)  may  take  on  values  which  differ  as  little  as  we  please 
from  the  upper  limit  M  or  from  the  lower  limit  m  and  still  never 
assume  these  values  themselves.  For  instance,  the  function  f(x), 
defined  in  the  closed  interval  (0,  1)  by  the  relations 

/(0)  =  0,        /(aj)  =  l-aj    for    0<aj<l, 

has  the  upper  limit  Jf  =  1,  but  never  reaches  that  limit. 

70.  Properties  of  conttnnous  functions.  We  shall  now  turn  to  the 
study  of  continuous  functions  in  particular. 

Theobbm  a.  Letf(x)  be  ajkmetian  which  is  eonHnwnts  in  the  closed 
interval  (a,  b)  and  c  an  arbitrary  positive  number.  Then  we  can 
always  break  up  the  interval  (a,  h)  into  a  certain  nurnber  of  partial 
wtervals  in  such  a  way  that  for  any  two  values  of  the  variable 
whatever,  x*  and  x'\  which  belong  to  the  same  partial  interval,  we 
always  have  lAajO"" /(*")! <«• 

Suppose  that  this  were  not  true.  Then  let  e=:(a  +  5)/2;  at 
least  one  of  the  intervals  (a,  c),  (c,  b)  would  have  the  same  prop- 
erty as  (a,  b) ;  that  is,  it  would  be  impossible  to  break  it  up  into 
partial  intervals  which  would  satisfy  the  statement  of  the  theorem. 
Substituting  it  for  the  given  interval  (a,  b)  and  carrying  out  the 
reasoning  as  above  (§  68),  we  could  form  an  infinite  sequence  of 
intervals  (a,  5),  (a^,  bi),  (a,,  b^),  *  •  •,  each  of  which  is  half  the  preced- 
ing and  has  the  same  property  as  the  original  interval  (a,  b).  For 
any  value  of  n  we  could  always  find  in  the  interval  (a„,  b^)  two 
numbers  «'  and  x"  such  that !/(«')  ""/(^")  I  "''^ould  be  larger  than  c. 
Now  let  X  be  the  common  limit  of  the  two  sequences  of  numbers 
a,  Oi,  a^f  '"  and  b,  &i,  5|,  •  •  *.  Since  the  function  f(x)  is  continuous 
for  a5  =  X,  we  can  find  a  number  rj  such  that  \f(x)  —  f(\)\<t/2 
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whenever  \x  —  X|  is  less  than  i;.  Let  us  choose  n  so  large  that  both 
a,  and  6.  differ  from  X  by  less  than  7.  Then  the  interval  (a„  &,) 
will  lie  wholly  within  the  interval  (X  —  7,  X  4-  7) ;  and  if  x'  and  z" 
are  any  two  values  whatever  in  the  interval  (a,,  6,),  we  must  have 

!/(*•)  -/W I  <  «/2.   !/(*")  -/(A)  I  <  ./2, 

and  hence  |/(a;')  —f(x^^  |  <  c.  It  follows  that  the  hypothesis  made 
above  leads  to  a  contradiction ;  hence  the  theorem  is  proved. 

Corollary  L  Let  a,  Xi,  Xf,  •  •  •  ^  x^.n  6  be  a  method  of  subdivision 
of  the  interval  (a,  b)  into  p  subintervals,  which  satisfies  the  con- 
ditions of  the  theorem.  In  the  interval  (a,  Xi)  we  shall  have 
\f(x)  I  <  |/(a)  I  4-  e ;  and,  in  particular,  |/(aji)  |  <  |/(a)  |  -f  c  Like- 
wise, in  the  interval  (asj,  oj,)  we  shall  have  |/(aj)|<  |/(«i)| +  «> 
and,  a  fortiori,  \f(x)  \  <  \f(a)  |  +  2  e ;  in  particidar,  for  «  =  a^ 
|/(x,)  I  <  |/(a)  I  4-  2  c ;  and  so  forth.     For  the  last  interval  we  shall 

have 

\f(x)\<\f(x,.0\  +  t<\/(a)\+p€. 

Hence  the  absolute  value  of  f(x)  in  the  interval  (a,  b)  always 
remains  less  than  \f(a)  1 4-  i'c  It  foUotos  that  every  function  tohieh 
is  contintunu  in  a  closed  interval  (a,  b)  is  finite  in  that  interval. 

Corollary  IL  Let  us  suppose  the  interval  (a,  b)  split  up  into^  sub- 
intervals  (a,  aji),  (xi,  a^),  •  •  • ,  (aj^-i,  b)  such  that  |/(a')  — /(a")  |<  e/2 
for  any  two  values  of  x  which  belong  to  the  same  closed  subintervaL 
Let  17  be  a  positive  number  less  than  any  of  the  differences  x^  —  a, 
x^  —  Xi  '",  b  —  a5p«i.  Then  let  us  take  any  two  numbers  whatever 
in  the  interval  (a,  b)  for  which  \x*  —  x"\<^  17,  and  let  us  try  to  find 
an  upper  limit  for  \f(x')  —f(x'^\.  If  the  two  numbers  x*  and  x" 
fall  in  the  same  subinterval,  we  shall  have  |/(aj')  — /(35")|<  c/2. 
If  they  do  not,  x'  and  x"  must  lie  in  two  consecutive  intervals, 
and  it  is  easy  to  see  that  [/(«')  —f(x")  \  <  2(e/2)  =  e.  Hence  eor- 
responding  to  any  positive  number  c  another  positive  number  if  ean  be 

found  such  that 

\f(x>)  -fix")  I  <  ., 

where  x^  and  x"  are  any  two  numbers  of  the  interval  (a,  b)  for  which 
1 05'  —  a;"  I  <  rj.  This  property  is  also  expressed  by  saying  that  the 
function  f(x)  is  uniformly  continuous  in  the  interval  (a,  h). 

Theorem  B.  A  function  f(x)  which  is  continuous  in  a  dosed 
interval  (a,  b)  takes  on  every  value  between  f(a)  and  f(b)  at  least 
once  for  some  value  of  x  which  lies  between  a  and  b. 


IV,  1 70]  ALLIED  GEOMETRICAL  CONCEPTS  146 

Let  us  first  consider  a  particular  case.  Suppose  that  /(a)  and 
f{h)  have  opposite  signs,  —  that  /(a)  <  0  and  f(h)  >  0,  for  instance. 
We  shall  then  show  that  there  exists  at  least  one  value  of  x  between 
a  and  b  for  which  f(x)  =  0.  Now/(aj)  is  negative  near  a  and  posi- 
tive near  b.  Let  us  consider  the  assemblage  of  values  of  x  between 
a  and  b  tot  which  f(x)  is  positive,  and  let  X  be  the  lower  limit  of 
this  assemblage  (a  <  X  <  b).  By  the  very  definition  of  a  lower 
limit  /(A  —  A)  is  negative  or  zero  for  every  positive  value  of  A. 
Hence  /(X),  which  is  the  limit  of  f(\  —  A),  is  also  negative  or  zero. 
But/(X)  cannot  be  negative.  For  suppose  that  /(A)  =  --  m,  where 
9f»  is  a  positive  number.  Since  the  function  f(x)  is  continuous  for 
x  =  X,  a  number  i^  can  be  found  such  that  \f{x)  —f(\)  \  <  m  when- 
ever \x  —  k\<rff  and  the  function  f(x)  would  be  negative  for  all 
values  of  x  between  X  and  X  +  17.  Hence  X  could  not  be  the  lower 
limit  of  the  values  of  x  for  which /(x)  is  positive.  Consequently 
/(X)  =  0. 

Now  let  N  be  any  number  between  f(a)  and  f(b).  Then  the 
function  ^(a;)  =/(^)  —  N  is  continuous  and  has  opposite  signs  for 
x  =  a  and  x  =  b.  Hence,  by  the  particular  case  just  treated,  it 
vanishes  at  least  once  in  the  interval  (a,  b). 

Theorem  C.  Every  function  which  is  continuous  in  a  closed  inter- 
val (a,  b)  actually  assumes  the  value  of  its  upper  and  of  its  lower 
limit  at  least  once. 

In  the  first  place,  every  continuous  function,  since  we  have 
already  proved  that  it  is  finite,  has  an  upper  limit  M  and  a  lower 
limit  m.  Let  us  show,  for  instance,  that  f(x)  =  M  for  at  least  one 
value  of  a;  in  the  interval  (a,  b). 

Taking  e  =  (a'{-b)/2,  the  upper  limit  of  f(x)  is  equal  to  M  for 
at  least  one  of  the  intervals  (a,  c),  (c,  5).  Let  us  replace  (a,  b) 
by  this  new  interval,  repeat  the  process  upon  it,  and  so  forth. 
Reasoning  as  we  have  already  done  several  times,  we  could  form 
an  infinite  sequence  of  intervals  (a,  b),  (ai,  bi),  (a,,  &,),  •  •  • ,  each  of 
which  is  half  the  preceding  and  in  each  of  which  the  upper  limit  of 
f(x)  is  M.  Then,  if  X  is  the  common  limit  of  the  sequences  a,  oi, 
•  •  • ,  a„  •  •  •  and  b,biy  •  •  *,  ^n,  •  •  • ,  /(X)  is  equal  to  M,  For  suppose  that 
/(X)  =  3f  —  A,  where  h  is  positive.  We  can  find  a  positive  number 
71  such  that /(a)  remains  between  /(X)  +  h/2  and/(X)  —  A/ 2,  and 
therefore  less  than  M  —  h/2  as  long  as  x  remains  between  X  — 17 
and  X  +  7.  Let  us  now  choose  n  so  great  that  a^  and  b^  differ  from 
their  common  limit  X  by  less  than  rj.    Then  the  interval  (a„  b^  lies 
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wholly  inside  the  interval  (X  —  7,  X  4-  7),  and  it  follows  at  onoe 
that  the  upper  limit  of  f{x)  in  the  interval  (a.,  b^  oonld  not  1)6 
equal  to  M, 

Combining  this  theorem  with  the  preceding,  we  see  that  onyfwM- 
tion  which  is  continuous  in  a  closed  interval  (a,  b)  assumes^  at  least 
oncef  every  value  between  its  upper  and  its  lower  limit.  Moreover 
theorem  A  may  be  stated  as  follows :  Criven  a  function  which  if 
continuous  in  a  closed  interval  (a,  b),  it  is  possible  to  divide  the  inter' 
val  into  such  small  subregions  that  the  oscillation  of  the  function  in 
any  one  of  them  will  be  less  than  an  arbitrarily  assigned  positive 
number.  For  the  oscillation  of  a  continuous  function  is  equal  to 
the  difference  of  the  values  off(x)  for  two  particular  values  of  the 
variable. 

71.  The  sums  S  and  s.  Let  f(x)  be  a  finite  function,  continuous 
or  discontinuous,  in  the  interval  (a,  b),  where  a<b.  Let  us  sup- 
pose the  interval  (a,  b)  divided  into  a  number  of  smaller  partial 
intervals  (a,^i),  (xu  x,),  •••,  (a;,-i,  ^),  where  each  of  the  numbers 
Xij  aSf,  •  •  *,  aSp.i  is  greater  than  the  preceding.  Let  M  and  m  be  the 
limits  of  f(x)  in  the  original  interval,  and  M^  and  m^  the  limits 
in  the  interval  (os^.i,  x^y  and  let  us  set 

S  =  3fi(ai  -  a)  +  M^{x^  -  ajj)  -f  •  •  •  4-  3f,(6  -  aj,_i), 
s  =  m^(xi  -  a)  4-  wi,(aj,  —  ai)H 4-  Wp(6  —  »p.i). 

To  every  method  of  division  of  (a,  b)  into  smaller  intervals  there 
corresponds  a  stun  S  and  a  smaller  sum  s.  It  is  evident  that  none 
of  the  sums  S  are  less  than  m(b  ^  a),  for  none  of  the  numbers  Mi 
are  less  than  m ;  hence  these  sums  S  have  a  lower  limit  /.*  Like- 
wise, the  sums  «,  none  of  which  exceed  M(b^a)  have  an  upper 
limit  /'.  We  proceed  to  show  that  P  is  at  most  equal  to  I.  For  tiiis 
purpose  it  is  evidently  sufficient  to  show  that  s<S'  and  s*<S,  where 
Sf  s  and  S',  s'  are  the  two  sets  of  sums  which  correspond  to  any 
two  given  methods  of  subdivision  of  the  interval  (a,  b). 

In  the  first  place,  let  us  suppose  each  of  the  subintervals  (a,  osi), 
(xi,  0^),  •  •  •  redivided  into  still  smaller  intervals  by  new  points  of 
division  and  let 

^9  Vii  Vt9  '"f  Vk-if  ^f  Vk+iy  "9  Vi-ii  «i>  yi+u  "-9  b 


*  If /(x)  is  a  constant,  S  =  8,  M  =  m,  and,  in  general,  all  the  inequalities  mentioned 
become  equations.  —Trans. 
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be  the  new  suite  thus  obtained.  This  new  method  of  subdiyision 
is  called  consecutive  to  the  first  Let  %  and  <r  denote  the  sums  anal- 
ogous to  S  and  s  with  respect  to  this  new  method  of  division  of  the 
interval  (a,  b),  and  let  us  compare  S  and  s  with  %  and  cr.  Let  us 
compare,  for  example,  the  portions  of  the  two  sums  S  and  %  which 
arise  from  the  interval  (a,  Xi).  Let  M[  and  m/  be  the  limits  of 
f(x)  in  the  interval  (a,  yi),  M^  and  m^  the  limits  in  the  interval 
(yi9  ys) >  " ' )  ^k  s^cL  ml  the  limits  in  the  interval  (yt^i,  Xi).  Then 
the  portion  of  2  which  comes  from  (a,  Xi)  is 

and  since  the  numbers  Ml,  Mi,  •  •  •,  Ml  cannot  exceed  Mi,  it  is  clear 
that  the  above  sum  is  at  most  equal  to  Mi  (xi  —  a).  Likewise,  the 
portion  of  %  which  arises  from  the  interval  (a;,,  x^)  is  at  most  equal 
to  3f|  (x^  —  a^i),  and  so  on.  Adding  all  these  inequalities,  we  find 
that  li^S,  and  it  is  easy  to  show  in  like  manner  that  cr  ^  «. 

Let  us  now  consider  any  two  methods  of  subdivision  whatever, 
and  let  S,  s  and  S',  s'  be  the  corresponding  sums.  Superimposing 
the  points  of  division  of  these  two  methods  of  subdivision,  we  get  a 
third  method  of  subdivision,  which  may  be  considered  as  consecu- 
tive to  either  of  the  two  given  methods.  Let  %  and  <r  be  the  sums 
with  respect  to  this  auxiliary  division.  By  the  above  we  have  the 
relations 

%^S,     a>s,     %<S\     a>s'; 

and,  since  2  is  not  less  than  a,  it  follows  that  s'<S  and  s  ^  S'.  Since 
none  of  the  sums  S  are  less  than  any  of  the  sums  s,  the  limit  / 
cannot  be  less  than  the  limit  /';   that  is,  />/'. 

72.  Integrable  fonctions.  A  function  which  is  finite  in  an  inter- 
val (a,  b)  is  said  to  be  integrable  in  that  interval  if  the  two  sums 
S  and  8  approach  the  same  limit  when  the  number  of  the  partial 
intervals  is  indefinitely  increased  in  such  a  way  that  each  of  those 
partial  intervals  approaches  zero. 

Ths  necessary  and  sufficient  condition  that  a  Junction  be  integrable 
in  an  interval  is  that  corresponding  to  any  positive  number  c  another 
number  rf  exists  such  that  S  —  s  is  less  than  c  whenever  each  of  the 
partial  intervals  is  less  than  rf. 

This  condition  is,  first,  necessary,  for  if  S  and  s  have  the  same 
limit  /,  we  can  find  a  number  i^  so  small  that  |  'Sf  ~  f  |  and  |«  —  /|  are 
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each  less  than  c/2  whenever  each  of  the  partial  intervals  is  less 
than  ff.    Then,  a  fortioriy  S  —  sis  less  than  c. 

Moreover  the  condition  is  sufficient,  for  we  may  write  * 

and  since  none  of  the  numbers  S  —  ly  I  —  I',  I'  —  s  can  be  n^^tive, 
each  of  them  must  be  less  than  c  if  their  sum  is  to  be  less  than  c 
But  since  /  --  /'  is  a  fixed  number  and  c  is  an  arbitrary  positive 
number,  it  follows  that  we  must  have  /'=/.  Moreover  S  —  Ki 
and  I  —  s<€  whenever  each  of  the  partial  intervals  is  less  than  i^ 
which  is  equivalent  to  saying  that  S  and  s  have  the  same  limit  /. 

The  function  f(x)  is  then  said  to  be  integrable  in  the  interval 
(a,  h)y  and  the  limit  /  is  called  a  definite  integral.  It  is  represented 
by  the  symbol 

which  suggests  its  origin,  and  which  is  read  <'the  definite  integral 
from  a  to  6  of  f(x)  dx."  By  its  very  definition  /  always  lies  between 
the  two  sums  S  and  s  for  any  method  of  subdivision  whatever. 
If  any  number  between  S  and  s  be  taken  as  an  approximate  value 
of  /,  the  error  never  exceeds  5  —  *. 

Every  continuous  function  is  integrable. 

The  difference  5  —  «  is  less  than  or  equal  to  (5  —  a)  o>,  where 
0)  denotes  the  upper  limit  of  the  oscillation  of  f(x)  in  the  partial 
intervals.  But  tf  may  be  so  chosen  that  the  oscillation  is  less  than 
a  preassigned  positive  number  in  any  interval  less  than  i^  (§  70). 
If  then  tf  be  so  chosen  that  the  oscillation  is  less  than  c/(5  —  a), 
the  difference  S  —  s  will  be  less  than  c. 

Any  monotonically  increasing  or  monotonically  decreasing  function 
in  an  interval  is  integrable  in  that  interval, 

A  function /(a;)  is  said  to  increa^se  monotonicoMy  in  a  given  interval 
(a,  b)  if  for  any  two  values  x\  x"  in  that  interval  /(«')  >/(«")  when- 
ever x'  >  x".  The  function  may  be  constant  in  certain  portions  of  the 
interval,  but  if  it  is  not  constant  it  must  increase  with  x.  Dividing 
the  interval  (a,  b)  into  n  subintervals,  each  less  than  i;,  we  may  write 

S  =f(xi)  (xi  -  a)  +f(x;)  (ir,  -  aJx)  4-  •  •  •  4- /(A)  (b  -  x..^), 

s  =f(a)(x,  -  a)  +f(x,)(x,  -  x,)  +  •••  4-/(«,.0(*  -  aB,.0, 


•  For  the  proof  that  /  and  F  exist,  see  §  73,  which  may  be  read  before  f  72.  —Traiib. 
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for  the  upper  limit  of  f(x)  in  the  interval  (a,  x^),  for  instance, 
is  precisely  /(asi),  the  lower  limit  /(a) ;  and  so  on  for  the  other 
subintervals.     Hence,  subtracting, 

5-  *  =  (xi  -  a)[/(a5i)-/(a)]  4-  (x,  -  x,)[/{x,)  -/(a^O] 

Kone  of  the  differences  which  occur  in  the  right-hand  side  of  this 
equation  are  negative,  and  all  of  the  differences  Xi  ~  a,  a;,  ~  Xj, 
•••  are  less  than  i;;  oonsequentlj 

S-B<  ril/(x,)  -/(a)  4-/(aP.)  -/(x,)  +  •  •  •  ±f(b)  -  f(x,^i)2, 

5-'<i7C/(*)-/(a)], 
and  we  need  only  take 

in  order  to  make  5  —  «  <  c  The  reasoning  is  the  same  for  a  mono- 
tonically  decreasing  function. 

Let  us  return  to  the  general  case.  In  the  definition  of  the  inte- 
gral the  sums  S  and  s  may  be  replaced  by  more  general  expres- 
sions.    Given  any  method  of  subdivision  of  the  interval  (a,  b) : 

a,  Xi,  rr,,  •••,  aj,._i,  a?<,  •••,  aj,_i,  b; 

let  ^1,  (if  '" ,  (i, '"  he  values  belonging  to  these  intervals  in  order 
(«i  _  1  ^  f <  ^  Xf) .     Then  the  sum 

'ijAOC** -«<-.)  = 

evidently  lies  between  the  sums  S  and  s,  for  we  always  have 
%^/(f,)  5  -Wf.  If  the  function  is  integrable,  this  new  sum  has  the 
limit  /.  In  particular,  if  we  suppose  that  (1,(29  ")  (n  coincide 
with  a,  «!,  •••,  a;„_i,  respectively,  the  sum  (2)  reduces  to  the  sum 
(1)  considered  above  (§  65). 

There  are  several  propositions  which  result  immediately  from  the 
definition  of  the  integral.  We  have  supposed  that  a<b;  if  we  now 
interchange  these  two  limits  a  and  b,  each  of  the  factors  Xi  —  Xi_i 
changes  sign;  hence 

I  f(x)dx  =  -^  f  f(x)dx. 

a  Jb 


(2) 
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It  also  evidentlj  follows  from  the  definition  that 

ff(x)dx  =  ffix)dx  +  ff(x)dx, 

%/a  %Ja  t/e 

at  least  if  c  lies  between  a  and  h\  the  same  formula  still  holds  when 
h  lies  between  a  and  c,  for  instance,  provided  that  the  function  /(x) 
is  integrable  between  a  and  c,  for  it  may  be  written  in  the  form 

ff(x)dx=  ff(x)dx  -  ff(x)dx  =  ff(x)dx  -h  ff(x)dx. 

%J  a  %Ja  %Jc  %Ja  %Jh 

If  f{x)  =  Ai^(x)  4-  B^(x)f  where  A  and  B  are  any  two  constants, 
we  have 

I  f(x)dx  =  A  j  iKx)dx  +  B  I  if(x)dx, 

a  %Ja  %Ja 

and  a  similar  formula  holds  for  the  sum  of  any  number  of  functions. 
The  expression  /(£,)  in  (2)  may  be  replaced  by  a  still  more  gen- 
eral expression.  The  interval  (a,  li)  being  divided  into  n  sub- 
intervals  (a,  iBi),  •  •  • ,  (Xi-\i  Xi),  •  •  • ,  let  us  associate  with  each  of  the 
subintervals  a  quantity  (j,  which  approaches  zero  with  the  length 
X,  —  Xi_i  of  the  subinterval  in  question.  We  shall  say  that  {{ 
approaches  zero  uniformly  if  corresponding  to  every  positive  num- 
ber c  another  positive  number  rj  can  be  found  independent  of  %  and 
such  that  Iff  I  <  e  whenever  x,-  —  aj,_i  is  less  than  rj.  We  shall  now 
proceed  to  show  that  the  sum 

■S'=i)[/(*<-i)+C](«*-a:<-i) 

1=1 

approaches  the  definite  integral  J^f(x)dx  as  its  limit  provided 
that  li  approaches  zero  uniformly.  For  suppose  that  7  is  a  number 
so  small  that  the  two  inequalities 


<«.  iti<« 


are  satisfied  whenever  each  of  the  subintervals  «<  —  x^.^  is  less 
than  If.    Then  we  may  write 

ff-Cf(x)dx  = 
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and  it  is  clear  that  we  shall  have 


S' -  C  f(x)dx   <c4-€(6-a) 


whenever  each  of  the  subintervals  is  less  than  ij.  Thus  the  theorem 
is  proved.* 

78.  Daxboox*!  theofem.  Oiven  any  function  /(x)  which  is /ntte  in  an  inter- 
val (a,  6);  the  anniB  iS  and  a  approach  their  limita  I  and  I\  reapectively,  when 
the  number  of  suUntervala  increases  indefinitely  in  such  a  way  that  each  of 
them  approaches  zero.  Let  us  prove  this  for  the  sum  iS,  for  instance.  We 
ihall  suppose  that  a<&,  and  that/(x)  is  positive  in  the  interval  (a,  6),  which  can 
be  brought  about  \ij  adding  a  suitable  constant  to/(x),  which,  in  turn,  amounts 
to  adding  a  constant  to  each  of  the  sums  5.  Then,  since  the  number  J  is  the 
iower  limit  of  all  the  sums  iS,  we  can  find  a  particular  method  of  subdiylsion,  say 

for  which  the  sum  8  is  lens  than  I  +  t/2,  where  f  is  a  preassigned  positive  nnm- 
"ber.  Let  us  now  consider  a  division  of  (a,  6)  into  intervals  less  than  9,  and  let  us 
^ry  to  find  an  upper  limit  of  the  corresponding  sum  8\  Taking  first  those  inter- 
nals which  do  not  include  any  of  the  points  Xi,  Xf ,  •  •  • ,  Xp  .1,  and  recalling  the 
seasoning  of  §  71,  it  is  clear  that  the  portion  of  8^  which  comes  from  these  inter- 
nals vdll  be  less  than  the  original  sum  fif,  that  is,  less  than  J  + 1  /  2.  On  the  other 
liand,  the  number  of  intervals  which  include  a  point  of  the  set  Xi,  Xt,  •  •  • ,  Xp-i 
cannot  exceed  i>  —  1,  and  hence  their  contribution  to  the  sum  8^  cannot  exceed 
{p  —  l)3fiv,  where  if  is  the  upper  limit  of /(x).    Hence 

5'<I+e/2  +  (i)-l)Jtfi,, 

and  we  need  only  choose  1;  less  than  e/2  Jf  (p  —  1)  in  order  to  make  8'  less  than 
7  +  e.  Hence  the  lower  limit  I  of  all  the  sums  8  is  also  the  limit  of  any  sequence 
of  (SJs  which  corresponds  to  uniforuily  infinitesimal  subintervals. 

It  may  be  shown  in  a  similar  manner  that  the  sums  s  have  the  limit  F. 
If  the  function  f{x)  is  any  function  whatever,  these  two  limits  I  and  F  are  in 
general  different.  In  order  that  the  function  be  integrable  it  is  necessary  and 
sufficient  that  F  =  J. 

74.  First  law  of  the  mean  for  integrals.  From  now  on  we  shall 
assume^  unless  something  is  explicitly  said  to  the  contrary,  that 
the  functions  under  the  integral  sign  are  continuous. 

*  The  above  theorem  can  be  extended  without  difficulty  to  doable  and  triple  inte- 
grals ;  we  shall  make  use  of  it  in  several  places  (§§  80,  96,  97, 131, 144,  etc.). 

The  proposition  is  essentially  only  an  application  of  a  theorem  of  Duhamel's 
according  to  which  the  limit  of  a  sum  of  infinitesimals  remains  unchanged  when 
each  of  the  infinitesimals  is  replaced  by  anotlier  infinitesimal  which  differs  from  the 
given  infinitesimal  by  an  infinitesimal  of  higher  order.  (See  an  article  by  W.  F. 
Osgood,  Annais  of  Mathematics,  2d  series.  Vol.  IV,  pp.  161-178 :  The  Integral  as 
the  Limit  of  a  Sum  ami  a  Theorem  of  DtthameVs.) 
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Let  f(x)  and  ^(x)  be  two  functions  which  are  each  continuous 
in  the  interval  (a,  6),  one  of  which,  say  ^(x),  has  the  same  sign 
throughout  the  intervaL  And  we  shall  suppose  further,  for  the 
sake  of  definiteness,  that  a<h  and  ^ {x)  > 0. 

Suppose  the  interval  (a,  b)  divided  into  subintervals,  and  let 
£i9  ^S)  '"9  iij  "'  ^  values  of  x  which  belong  to  each  of  these 
smaller  intervals  in  order.  All  the  quantities  /(d)  lie  between  the 
limits  M  and  m  off(x)  in  the  interval  (a,  b) : 

m<f((,)<M. 

Let  us  multiply  each  of  these  inequalities  by  the  factors 

♦(f.)(«<-^<-i)> 

respectively,  which  are  all  positive  by  hypothesis,  and  then  add 
them  together.  The  sum  S/(f<)  ^  (f<)  («,•  —  a5<_i)  evidently  lies 
between  the  two  sums  m%i^(({)  (aj<  —  «<_,)  and  M%^(if)  (Xf  —  aj^.i). 
Hence,  as  the  number  of  subintervals  increases  indefinitely,  we 
have,  in  the  limit, 


m 


[   i>(x)dx^  j  f(x)4>(x)dx<M  j  ^(x)dx, 
which  may  be  written 

'  f{x)i^{x)dx  =  II  j   4>(x)dXf 

a  %Ja 

where  fi  lies  between  m  and  M,  Since  the  function  f(x)  is  con- 
tinuous, it  assumes  the  value  /x  for  some  value  £  of  the  variable 
which  lies  between  a  and  b ;  and  hence  we  may  write  the  preceding 
equation  in  the  form 

(3)  f  f(x)<t>(x)dx  =f(()  f  4>(x)dx, 

where  i  lies  between  a  and  6.*  If,  in  particular,  ^(x)  =  1,  the 
integral  ^  dx  reduces  to  (b  —  a)  by  the  very  definition  of  an  inte- 
gral, and  the  formula  becomes 

(4)  f/^''^'^  =  (*  ~  "^^^^^^ 


*  The  lower  sign  holds  in  the  preceding  relations  only  when/(a;)  =  k.  It  ia  evidens 
that  the  formula  still  holds,  however,  and  that  a  <  |  <  6  in  any  case. — Tkahs. 
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7S.  Seeood  Uw  of  tlie  mMui  for  integnlt.  There  is  a  aeoond  formula,  doe  to 
Bonnet,  which  he  deduced  from  an  important  lemma  of  AbePa. 

Lemma.  LiA  co,  cti  •  •  • ,  c^  be  a  Mf  <if  monoknUcaUy  decretuing  po»Ut»e  quaiiUi-' 
Ues^  and  uoi  ui ,  •  •  • ,  Up  the  tame  number  qf  arbitrary  poHtive  or  negative  quafUUiee, 
JfA  and  B  are  respectively  the  yreateet  and  the  leatft  of  aUcfthe  tume  to  =  iio, 
•i=uo  +  i«i,  •••,  Bp-uo^-ui^- http.UeMim 

S  =  Cftllo  +  lUi  +  •  •  •  +  9pU, 

loiU  tie  beCioeen  iico  and  Bco>  te.  A99  ^fif^Beo. 
For  we  have 

whence  the  som  8  is  equal  to 

«o(«tt  -  n)  +  «i  («i  -  «i)  +  •  •  •  + 1^-1  (cp-i  -  ^)  +  h^' 

Since  none  of  the  differences  co  —  ei,  «i  ~  ti,  •  •  •,  tp-i  ~  t,  are  negative,  two 
limits  for  8  are  given  by  replacing  to,  ai*  •  •  • ,  1^  by  their  npper  limit  ii  and  then 
>>y  their  lower  limit  B,    In  this  way  we  find 

iS<^(c0-«i  +  «i-fiH +  ^-i  -  ^  +  ^)  =  ^C0, 

«nd  it  is  likewise  evident  that  iS  ^  Bcq. 

Now  let/(2)  and  0  (x)  be  two  continoons  functions  of  x,  one  of  which,  0  (x), 
is  a  positive  monotonically  decreasing  function  in  the  interval  a  <  x  <  6.  Then 
the  integral  fj^f{x)  0(x)dx  is  the  limit  of  the  sum 

/(o) 0(a)  (xi  -  a)  +/(xi)  0(xi)  (X|  -  xi)  + . . .. 

The  numbers  0(a),  0(xi),  •  •  •  form  a  set  of  monotonically  decreasing  positive 

numbers;  hence  the  above  sum,  by  the  lemma,  lies  between  A^{a)  and  B^{a)f 

where  A  and  B  are  respectively  the  greatest  and  the  least  among  the  following 

sums: 

/(a)  (xi  -  a) , 

/(a)  (xi  -  a)  +/(xi)  (xi  -  xi), 


/(a)  (xi  -  a)  +/(xi)  (X,  -  xi)  +  . . .  +/(x,-i)  (6  -  x,-i). 

Paasing  to  the  limit,  it  ia  clear  that  the  integral  in  question  must  lie  between 
Ai^{a)  and  Bi0(a),  where  Ai  and  Bi  denote  the  maximum  and  the  minimum, 
respectively,  of  the  integral  fJ^f{x)dZj  as  e  varies  from  a  to  6.  Since  this  inte- 
gral is  evidently  a  continuous  function  of  its  upper  limit  e  (§  76),  we  may  write 
the  following  formula : 

(6)  ^/(«)0(«)dx  =  0(a)^/(x)dx,  a<^<b. 

When  the  function  0(x)  ia  a  monotonically  decreasing  function,  without 
being  always  positive,  there  exists  a  more  general  formula,  due  to  Weierstrass. 
In  such  a  case  let  us  set  0  (x)  s  0  (6)  +  f  (x).  Then  f  (x)  is  a  positive  monoton- 
ically decreasing  function.    Applying  the  formula  (6)  to  it,  we  find 


^ /(x)^(x)dx  =  [0(a)  -  ^mf%)dx. 
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From  this  it  is  eaqr  to  derive  the  f ommla 

f%)^(x)dx  =fy{x)Hb)dx  +  [0(a)  -  ^mf%)dx, 
or 

f\x)i^{x)dx  =  i^{a)f%)^  +  mfW}^' 

SimilAT  formuliB  exist  for  the  case  when  the  function  0(x)  is  increasing. 

76.  Retam  to  primitiTe  functions.  We  are  now  in  a  position  to 
give  a  purely  analytic  proof  of  the  fundamental  existence  theorem 
(§  67).  Let /(a;)  be  any  continuous  function.  Then  the  definite  integral 


F(x)^£f(t)dt, 


where  the  limit  a  is  regarded  as  fixed,  is  a  function  of  the  upper 
limit  X.  We  proceed  to  show  that  the  derivative  of  this  function 
is  f(x).    In  the  first  place,  we  have 


Xx  +  h 
f{t)dty 


or,  appljring  the  first  law  of  the  mean  (4), 

F(x  +  h)^F(x)^hf{i), 

where  i  lies  between  x  and  x  -{-h.  As  A  approaches  zero,  /({) 
approaches  f(x) ;  hence  the  derivative  of  the  function  F{x)  is  f(x)j 
which  was  to  be  proved. 

All  other  functions  which  have  this  same  derivative  are  given 
by  adding  an  arbitrary  constant  C  to  F(x),  There  is  one  such 
function,  and  only  one,  which  assumes  a  preassigned  value  y^  for 

ac  SB  a,  namely,  the  function 

X* 
f(t)dt. 

When  there  is  no  reason  to  fear  ambiguity  the  same  letter  x  is 
used  to  denote  the  upper  limit  and  the  variable  of  integration,  and 
f'f(x)  dx  is  written  in  place  of  f'f(t)  dt.  But  it  is  evident  that 
a  definite  integral  depends  only  upon  the  limits  of  integration  and 
the  form  of  the  function  under  the  sign  of  integration.  The  letter 
which  denotes  the  variable  of  integration  is  absolutely  immaterial. 

Every  function  whose  derivative  is  f(x)  is  called  an  indefinite 
integral  of  f{x)y  or  a  primitive  function  of  f{x)j  and  is  represented 
by  the  symbol 

f{x)dx, 


yo  + 


S' 
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the  limits  not  being  indicated.     By  the  above  we  evidently  have 


jf(x)dx  ==ff(x)dx+C. 


Conversely,  if  a  function  F(x)  whose  derivative  is  f(x)  can  be 
discovered  by  any  method  whatever,  we  may  write 


X 


f(x)dx  —  F(x)+  C. 


In  order  to  determine  the  constant  C  we  need  only  note  that  the 
left-hand  side  vanishes  for  x  =  a.  Hence  C  =  —  F(a),  and  the 
fundamental  formula  becomes 

(6)  ff(x)dx  =  F(x)  -  F(a) . 

If  in  this  formula /(a;)  be  replaced  by  F*(x),  it  becomes 


F(x)  -  F(a)  =  r  FXx)dx, 

or,  applying  the  first  law  of  the  mean  for  integrals, 

F(x)-F(a)  =  (x^a)FX(), 

where  (  lies  between  a  and  x.  This  constitutes  a  new  proof  of  the 
law  of  the  mean  for  derivatives ;  but  it  is  less  general  than  the  one 
given  in  section  8,  for  it  is  assumed  here  that  the  derivative  F'(x)  is 
continuous. 

We  shall  consider  in  the  next  chapter  the  simpler  classes  of  func- 
tions whose  primitives  are  known.  Just  now  we  will  merely  state 
a  few  of  those  which  are  apparent  at  once  : 

/A(x  -  aYdx  =  A  ^^  ~  ^^'^  4-  C,         a  -f  1  =?«=  0; 
^  ^  a-f  1 

/dx 
A^^—^  =  A\og(x-a)+C; 

j  coBxdx^sinx  +  C;  i  sinajdx  =  —  cosas  +  C; 


/ 


eT'dx  = \-  Cy        w  =^  0; 
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j-j-j^  =  arctMia;+C;  J -j^==  =  aro8ma!+C; 

The  proof  of  the  fundamental  formula  (6)  was  based  upon  the 
assumption  that  the  function  f(x)  was  continuous  in  the  closed  inter- 
val (a,  b).  If  this  condition  be  disregarded,  results  may  be  obtained 
which  are  paradoxical.  Taking  f{x)  =  l/x%  for  instance,  the  for- 
mula (6)  gives 

The  left-hand  side  of  this  equality  has  no  meaning  in  our  present 
system  unless  a  and  b  have  the  same  sign ;  but  the  right-hand  side 
has  a  perfectly  determinate  value,  even  when  a  and  b  have  different 
signs.  We  shall  find  the  explanation  of  this  paradox  later  in  the 
study  of  definite  integrals  taken  between  imaginary  limits. 
Similarly,  the  formula  (6)  leads  to  the  equation 


If /(a)  and/(6)  have  opposite  signs, /(a;)  vanishes  between  a  and  b, 
and  neither  side  of  the  above  equality  has  any  meaning  for  us  at 
present.  We  shall  find  later  the  signification  which  it  is  convenient 
to  give  them. 

Again,  the  formula  (6)  may  lead    to    ambiguity.      Thus,   if 
/(»)  =  1/(1  +  x%  we  find 


X 


doc 

arc  tan  5  —  arc  tan  a. 


Here  the  left-hand  side  is  perfectly  determinate,  while  the  right- 
hand  side  has  an  infinite  number  of  determinations.  To  avoid  this 
ambiguity,  let  us  consider  the  function 


This  function  F(x)  is  continuous  in  the  whole  interval  and  van- 
ishes with  X.  Let  us  denote  by  arc  tan  Xj  on  the  other  hand,  an 
angle  between  —  7r/2  and  -h  7r/2.     These  two  functions  have  the 
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same  derivatiYe  and  they  both  vanish  for  x  =  0.     It  follows  that 
they  are  equal,  and  we  may  write  the  equality 

Jr^  dx       r^  dx       n  dx  ^    ^ 

[  rT^=i  iTP-i  r+p  =  arctan5-arotan«, 

where  the  value  to  be  assigned  the  arctangent  always  lies  between 
-  ir/2  and  -f  ^/2. 
In  a  similar  manner  we  may  derive  the  formula 

*      dx 

=  arc  sin  b  —  arc  sin  a, 


X 


VT-ic^ 


where  the  ^ical  is  to  be  taken  positive,  where  a  and  h  each  lie 
between  —  1  and  +  1,  and  where  arc  sin  x  denotes  an  angle  which 
lies  between  —  ir/2  and  4-  ir/2. 

77.  iBdicM.  In  general,  when  the  primitiye  F(z)  is  multiply  determinate,  we 
should  chooee  one  of  the  initial  values  F(a)  and  follow  the  continuous  yariation 
of  this  branch  as  x  varies  from  a  to  6.    Let  us  consider,  for  instance,  the  Integral 


where 


J.       P*+<f  J.    !+/»(«) 


/(*)=! 


uid  where  P  and  Q  are  two  functions  which  are  both  continuous  in  the  interval 
(Ot  b)  and  which  do  not  both  vanish  at  the  same  time.  If  Q  does  not  vanish 
hetween  a  and  6,  f{x)  does  not  become  infinite,  and  arc  tan/(x)  remains  between 
^  It/2  and  +  ir/2.  But  this  is  no  longer  true,  in  general,  if  the  equation  Q  =  0 
has  roots  in  this  interval.  In  order  to  see  how  the  formula  must  be  modified,  let 
^  retain  the  convention  that  arc  tan  signifies  an  angle  between  —  ii/2  and  +  ir/2, 
and  let  us  suppose,  in  the  first  place,  that  Q  vanishes  just  once  between  a  and  b 
for  a  value  x  =  c.    We  may  write  the  integral  in  the  form 


^here  e  and  ^  are  two  very  small  positive  numbers.    Since  /(x)  does  not  become 
hifinite  between  a  and  e  —  c,  nor  between  e  +  e'  and  6,  this  may  again  be  written 


X 


*  rdx 
j-j^  =  «cUn/(e-.)-«ct«/(a) 


Several  cases  may  now  present  themselves.  Suppose,  for  the  sake  of  definite- 
n^  that /(x)  becomes  infinite  by  passing  from  +  oo  to  —  oo.  Then  f(c  —  c)  will 
ho  positive  and  very  large,  and  arc  tan/(c  —  c)  will  be  very  near  to  n/2 ;  while 
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X' 


/(c  +  O  will  ^  negative  and  very  Uige,  and  arc  tan/(e  +  O  ^^  ^  ▼ery  near 
-  ie/2.  Also,  the  integral  ^If  will  be  very  small  in  absolute  Talne;  and, 
passing  to  the  limit,  we  obtain  the  formula 

f^j^^  =  ir  +  arctan/(6)  -  arcton/(a). 

Similarly,  it  is  eaqr  to  show  that  it  would  be  necessary  to  mMraet  ie  if  f{x) 
passed  from  —  ao  to  +  oo.  In  the  general  case  we  would  divide  the  intervtl 
(a,  b)  into  subintervals  in  such  a  way  that  f{x)  would  become  infinite  just  once 
in  each  of  them.  Treating  each  of  these  subintervals  in  the  above  manner  ind 
adding  the  results  obtained,  we  should  find  the  formula 

•^'^^1^  =  arc  tan/(6)  -  arctan/(o)  +  (JET  -  JT)  jr, 
H-/«(x) 


X' 


where  K  denotes  the  number  of  times  that /(ob)  becomes  infinite  liy  passing  from 
+  00  to  —  00,  and  K^  the  number  of  times  that  f{x)  passes  from  —  oo  to  +  oo. 
The  number  JT  —  JET'  is  called  the  index  of  the  function /(ac)  between  a  and  b, 

Whenf{x)  reduces  to  a  rational  function  Fi/F,  this  index  may  be  calculated 
by  elementary  processes  without  knowing  the  roots  of  V,  It  is  dear  that  we 
may  suppose  Vi  prime  to  and  of  less  degree  than  F,  for  the  removal  of  a  poly- 
nomial does  not  affect  the  index.  Let  us  then  consider  the  series  of  divisions 
necessary  to  determine  the  greatest  common  divisor  of  Fand  Fi,  the  sign  of  the 
remainder  being  changed  each  time.  First,  we  would  divide  F  by  Fi,  obtaining 
a  quotient  Qi  and  a  remainder  —  Fs.  Then  we  would  divide  Vi  bj  Ft,  obtaining  a 
quotient  Qa  and  a  remainder  —  Fs ;  and  so  on.  Finally  we  should  obtain  a  con- 
stant remainder  —  F. + 1.    These  operations  give  the  following  set  of  equations : 

F       =  ViQi  -  F„ 
Vi      =  V2Q1  -  Fa, 


F,_i  =  FHQ»-Fn+i. 
The  sequence  of  polynomials 

(7)      F,     Fi,     F„    .   .,     Fr-i,     Vr,     Fr+i,    ...,     F„     F,+i 

has  the  essential  characteristics  of  a  Sturm  sequence :  1)  two  consecutive  poly- 
nomials of  the  sequence  cannot  vanish  simultaneously,  for  if  they  did,  it  could 
be  shown  successively  that  this  value  of  x  would  cause  all  the  other  polynomials 
to  vanish,  in  particular  Fn+i;  2)  when  one  of  the  intermediate  polynomials  Fi, 
Fs,  *"tVn  vanishes,  the  number  of  changes  of  sign  in  the  series  (7)  ia  not  altered, 
for  if  Vr  vanishes  for  x  =  c,  Fr-i  and  Fr+i  have  different  signs  for  a;  =  c  It 
follows  that  the  number  of  changes  of  sign  in  the  series  (7)  remains  the  same, 
except  when  x  passes  through  a  root  of  F  =  0.  If  Fi/F  passes  from  +  oo  to  —  oo, 
this  number  increases  by  one,  but  it  diminishes  by  one  on  the  other  hand  if 
Vi/V  passes  from  —  oo  to  +00.  Hence  the  index  is  equal  to  the  difference  of 
the  number  of  changes  of  sign  in  the  series  (7)  for  x  =  6  and  x  =  a. 

78.  Area  of  a  conre.  We  can  now  give  a  purely  analytic  definition 
of  the  area  bounded  by  a  continuous  plane  curve,  the  area  of  the 
rectangle  only  being  considered  known.     For  this  purpose  we  need 
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only  translate  into  geometrical  language  the  results  of  §  72.  Let 
f{x)  be  a  function  which  is  continuous  in  the  closed  interval  {a,  b), 
and  let  us  suppose  for  definiteness  that  a  <  b  and  that  f(x)  >  0  in 
the  interval.  Let  us  consider,  as  above  (Fig.  9,  §  65),  the  portion  of 
the  plane  bounded  by  the  contour  AMBBQAQf  composed  of  the  seg- 
ment ^oi^o  of  the  X  axis,  the  straight  lines  AAq  and  BB^^  parallel  to 
the  y  axis,  and  having  the  abscisssB  a  and  b,  and  the  arc  of  the  curve 
AMB  whose  equation  is  y  =f(x).  Let  us  mark  off  on  AqBq  a  certain 
number  of  points  of  division  Pi,  Pj,  •  •  • ,  /*,«i,  /'o  •  *  •  >  whose  abscissae 
are  Xi,  x^,  *  ••,  x^^i,  or,-,  •*•,  and  through  these  points  let  ug  draw 
parallels  to  the  y  axis  which  meet  the  arc  A  MB  in  the  points 
Qi>  Qt9  '"t  Qi-i9  ^f  '"f  respectively.  Let  us  then  consider,  in 
particular,  the  portion  of  the  plane  bounded  by  the  contour 
Qi^iQiPiPi^iQi-it  And  let  us  mark  upon  the  arc  Qi^iQi  the  highest 
and  the  lowest  points,  that  is,  the  points  which  correspond  to  the 
maximum  Mi  and  to  the  minimum  m^  of  f(x)  in  the  interval 
(Xi^if  Xi),  (In  the  figure  the  lowest  point  coincides  with  Q<.i«) 
Let  Ri  be  the  area  of  the  rectangle  Pi^iPiSfSi^i  erected  upon  the 
base  Pi-\Pi  with  the  altitude  if^  and  let  r^  be  the  area  of  the 
rectangle  Pi^\PiqiQi-\  erected  upon  the  base  Pi^iPi  with  the  alti- 
tude m<.    Then  we  have 

Ri  =  ^i («<  -  «<- 1),    n  =  w»,  («<  -  «,_i), 

and  the  results  found  above  (§  72)  may  now  be  stated  as  follows  : 
whatever  be  the  points  of  division,  there  exists  a  fixed  number  / 
which  is  always  less  than  Si2j  and  greater  than  Sr,,  and  the  two 
sums  ^Ri  and  Sr,-  approach  /  as  the  number  of  subintervals  Pi^iPt 
increases  in  such  a  way  that  each  of  them  approaches  zero.  We  shall 
call  this  common  limit  /  of  the  two  sums  S/2<  and  Zgr,-  the  area  of 
the  portion  of  the  plane  bounded  by  the  contour  AMBBqAqA,  Thus 
the  area  under  consideration  is  defined  to  be  equal  to  the  definite 
integral  j^f(x)dx. 

This  definition  agrees  with  the  ordinary  notion  of  the  area  of  a 
plane  curve.  Eor  one  of  the  clearest  points  of  this  rather  vague 
notion  is  that  the  area  bounded  by  the  contour  P{-iP<Q<njQ<-iPi-i 
lies  between  the  two  areas  Ri  and  r,-  of  the  two  rectangles  Pi^iPiStSi^i 
and  P<.iP{?<Q<.i;  hence  the  total  area  bounded  by  the  contour 
AMBBqA^A  must  surely  be  a  quantity  which  lies  between  the  two 
sums  'SRi  and  Sr,-.  But  the  definite  integral  I  is  the  only  fixed  quan- 
tity which  always  lies  between  these  two  sums  for  any  mode  of 
subdivision  of  Af^B^,  since  it  is  the  common  limit  of  S/?,-  and  Sr^. 
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The  g^ven  area  may  also  be  defined  in  an  infinite  number  of  other 
ways  as  the  limit  of  a  sum  of  rectangles.  Thus  we  have  seen  that 
the  definite  integral  /  is  also  the  limit  of  the  sum 

S(«,-aj,_i)/(&)» 

where  d  is  any  value  whatever  in  the  interval  (Xi^i,  x^).  But  the 
element 

of  this  sum  represents  the  area  of  a  rectangle  whose  base  is  P^.tPf 
and  whose  altitude  is  the  ordinate  of  any  point  of  the  arc  Q{_ in,(2(. 
It  should  be  noticed  also  that  the  definite  integral  /  represents 
the  area,  whatever  be  the  position  of  the  arc  AMB  with  respect  to 
the  X  axis,  provided  that  we  adopt  the  convention  made  in  f  67. 
Every  definite  integral  therefore  represents  an  area ;  hence  the  calcu- 
lation of  such  an  integral  is  called  a  qtuzdrature. 

The  notion  of  area  thus  having  been  made  rigorous  once  for  all, 
there  remains  no  reason  why  it  should  not  be  used  in  certain 
arguments  which  it  renders  nearly  intuitive.  For  instance,  it  is 
perfectly  clear  that  the  area  considered  above  lies  between  the  areas 
of  the  two  rectangles  which  have  the  common  base  AoBo,  and  which 
have  the  least  and  the  greatest  of  the  ordinates  of  the  arc  AMB, 
respectively,  as  their  altitudes.  It  is  therefore  equal  to  the  area  of 
a  rectangle  whose  base  is  AqBq  and  whose  altitude  is  the  ordinate 
of  a  properly  chosen  point  upon  the  arc  AMB,  —  which  is  a  restate- 
ment of  the  first  law  of  the  mean  for  integrals. 

79.  The  following  remark  is  also  important.  Letf(x)  be  a  func- 
tion which  is  finite  in  the  interval  (a,  b)  and  which  is  discontinuous 

in  the  manner  described  below  for 
a  finite  number  of  values  between 
a  and  b.  Let  us  suppose  that  f(x) 
is  continuous  from  e  to  e+k(k>0), 
and  that  f(c  +  c)  approaches  a  cer- 
tain limit,  which  we  shall  denote 

"x  ^y  f(p  +  ^)>  *s  c  approaches  zero 
through  positive  values;  and  like- 
wise let  us  suppose  that  f(x)  is 
continuous  between  c  —  k  and  c  and  that  f(c  —  c)  approaches  a  limit 
f(c  —  0)  as  c  approaches  zero  through  positive  values.  If  the  two 
limits  f(c  +  0)  and  f(c  -  0)  are  different,  the  function  f(x)  is  dis- 
continuous for  »  =  c.     It  is  usually  agreed  to  take  for  /(c)  the 


IV,  §80]  ALLIED  GEOMETRICAL  CONCEPTS  161 

value  [f(e  +  0)  +/(c  -  0)]/2.  If  the  function  f(x)  has  a  certain 
number  of  points  of  discontinuity  of  this  kind,  it  will  be  repre- 
sented graphically  by  several  distinct  arcs  AC,  CD,  D'B,  Let  e 
and  df  for  example,  be  the  abscissae  of  the  points  of  discontinuity. 
Then  we  shall  write 

J/»6  j^e  r*d  r%h 

I  f(x)dx  =  /  f(x)dx  +  /  f{x)dx  +  /  f(x)dx, 
a  %Ja  %Jc  %Jd 

in  accordance  with  the  definitions  of  §  72.  Geometrically,  this  definite 
integral  represents  the  area  bounded  by  the  contour  A  CC^DD^BB^A^A, 
If  the  upper  limit  h  now  be  replaced  by  the  variable  Xy  the  definite 
integral 


F(x)=Jf(x)dx 


is  still  a  continuous  function  of  x.  In  a  point  x  where  f(x)  is  con- 
tinuous we  still  have  F'(x)=f(x),  For  a  point  of  discontinuity, 
x  =  e  ioT  example,  we  shall  have 

Xe  +  k 
f(x)dx  =  hf(e  +  $h),       0  <  tf  <  1, 

and  the  ratio  [F(c  +  h)—  F{c)]/h  approaches /(c  -|-  0)  or /(c  —  0) 
according  as  ^  is  positive  or  negative.  This  is  an  example  of  a 
fanction  F(x)  whose  derivative  has  two  distinct  values  for  certain 
values  of  the  variable. 

80.  Length  of  a  carvilinear  arc  Given  a  curvilinear  arc  AB\  let  us 
take  a  certain  number  of  intermediate  points  on  this  arc,  mi,  m,, 
•••,  m,_i>  *°d  1®*  ^8  construct  the  broken  line  Aniim^  ••  •  m^^iB  by 
connecting  each  pair  of  consecutive  points  by  a  straight  line. 

If  the  length  of  the  perimeter  of  this  broken  line  approaches  a 
limit  as  the  number  of  sides  increases  in  such  a  way  that  each  of 
them  approaches  zero,  this  limit  is  defined  to  be  the  length  of  the 
arc  AB. 

Let 

be  the  rectangular  coordinates  of  a  point  of  the  arc  AB  expressed 
in  terms  of  a  parameter  f,  and  let  us  suppose  that  as  t  varies  from 
a  to  h{a<b)  the  functions  /,  ^,  and  ^  are  continuous  and  possess 
continuous  first  derivatives,  and  that  the  point  (x,  y,  z)  describes 
the  arc  AB  without  changing  the  sense  of  its  motion.    Let 
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be  the  valaes  of  t  which  conespond  to  the  vertioes  of  the  broken 
line.     Then  the  side  c^  is  g^ven  by  the  formula 


or,  applying  the  law  of  the  mean  to  a;,-  —  jt^.i,  •  •  •, 


where  f„  i;,,  (^  lie  between  ^,_i  and  ^j.     When  the  interval  (<,_,,  ff) 
is  very  small  the  radical  differs  very  little  from  the  expression 


In  order  to  estimate  the  error  we  may  write  it  in  the  form 


V/"(f,)+  'k'Xvd  +  f  (W+ V/'»(«i_,)+«'»(<,-  ,)+f  »(<,-i) 
But  we  hare 

l/'(6)  I  + !/'(«.- 1)  I  <  v/"(f<)+-- + v/'»(<,-0+---, 

and  consequently 


fm±f(h^ 


v/'«(&)+--+v/'«(e,.o+-- 


<i. 


Hence,  if  each  of  the  intervals  be  made  so  small  that  the  osoillatioii 
of  each  of  the  functions  f'(t),  ^'(f),  ^'(t)  is  less  than  c/S  in  any 
interval,  we  shall  have 

v/'«(&)+---=v/'»(^,.0+---+«<> 

where 

Kl<«5 
and  the  perimeter  of  the  broken  line  is  therefore  equal  to 

The  supplementary  term  Sc,(^<  — ^,_i)  is  less  in  absolute  value 
than  €l(ti  —  tf.i),  that  is,  than  €(b  —  a).  Since  c  may  be  taken  as 
small  as  we  please,  provided  that  the  intervals  be  taken  sufficiently 
small,  it  follows  that  this  term  approaches  zero ;  hence  the  length  S 
of  the  arc  AB  is  equal  to  the  definite  integral 

(8)  S  =  rV/'»+«'»  +  f"  dt 

This  definition  may  be  extended  to  the  case  where  the  derivatives 
f,  ^'f  ^  are  discontinuous  in  a  finite  number  of  points  of  the  arc  ABf 
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which  occurs  when  the  curve  has  one  or  more  comers.  We  need  only 
divide  the  arc  AB  into  several  parts  for  each  of  which/',  ^\  ^'  are 
continuous. 

It  results  from  the  formula  (8)  that  the  length  5  of  the  arc 
between  a  fixed  point  A  and  a  variable  point  3/,  which  corresponds 
to  a  value  t  of  the  parameter,  is  a  function  of  t  whose  derivative  is 

whence,  squaring  and  multiplying  by  dt*,  we  find  the  formula 

(9)  d^  =  da;»  +  rf/  +  dz\ 

which  does  not  involve  the  independent  variable.  It  is  also  easily 
remembered  from  its  geometrical  meaning,  for  it  means  that  dS  is 
the  diagonal  of  a  rectangular  parallelepiped  whose  adjacent  edges  are 
dXf  dy^  dz. 

Note.  Applying  the  first  law  of  the  mean  for  integrals  to  the 
definite  integral  which  represents  the  arc  Afo^fi,  whose  extremities 
correspond  to  the  values  tf^,  ti  of  the  parameter  (^i  >  ^o))  we  find 

*  =  arc  MoM^  =  (ti  -  t,)  y/f\e)  +  «'»(^  +  ^"(tf), 

where  B  lies  in  the  interval  (t^,  t^).  On  the  other  hand,  denoting 
the  chord  M^M^  by  e,  we  have 

Applying  the  law  of  the  mean  for  derivatives  to  each  of  the  differ- 
ences/(^i)—/(^o)>  ••  •,  we  obtain  the  formula 

c^(t,-  t,)  V/'«(f)  +  ♦'•(17)  +  *'"(0. 

where  the  three  numbers  i^  17,  {  belong  to  the  interval  (^o)  ^i)*  ^ 
the  above  calculation  the  difference  of  the  two  radicals  is  less  than  c, 
provided  that  the  oscillation  of  each  of  the  functions /'(^),  ^'(^),  ^\t) 
is  less  than  c/S  in  the  interval  (t^y  ti).    Consequently  we  have 

or,  finally, 

l-?< 


If  the  arc  M^Mi  is  infinitesimal,  ti—t^  approaches  zero ;  hence  c, 
and  therefore  also  1  —  e/«,  approaches  zero.  It  follows  that  ths  ratio 
of  an  tf^fimtetimal  wn  to  its  ehord  approa^shes  unity  as  its  limit. 
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Example.  Let  us  find  the  length  of  an  arc  of  a  plane  curve  whose 
equation  in  polar  codrdinates  is  p  =/(»).  Taking  m  as  independent 
variable,  the  curve  is  represented  by  the  three  equations  x  =  p  cos  «•, 
y  =  p  sin  ft»,  «  =  0 ;  hence 

di^  =  <to'  +  <^^=(coSttdp  — psintti^)*  +  (sina>dp  +  pcos»(2«i)^ 

or,  simplifying, 

<fo«  =  dp*  +  p»rf<o*. 

Let  us  consider,  for  instance,  the  eardiaidf  whose  equation  is 

p  =  /2  +  /2  cos  tt. 

By  the  preceding  formula  we  have 

ds*  =  R^dio*  [sin»<o  -h  (1  -h  cos  «)«]  =  4  /J«  cos*  ^  d»«, 

or,  letting  «>  vary  from  0  to  tt  only, 

d8  =  2R0OB-;Tdm; 

and  the  length  of  the  arc  is 

9 
Mo 

where  wq  and  o>i  are  the  polar  angles  which  correspond  to  the  extrem- 
ities of  the  arc.    The  total  length  of  the  curve  is  therefore  8  R. 

81.  Direction  cotines.  In  studying  the  properties  of  a  curve  we  aie 
often  led  to  take  the  arc  itself  as  the  independent  variable.  Let  us 
choose  a  certain  sense  along  the  curve  as  positive,  and  denote  by « 
the  length  of  the  arc  AM  between  a  certain  fixed  point  A  and  a  vari- 
able  point  3f,  the  sign  being  taken  +  or  —  according  as  M  lies  in 
the  positive  or  in  the  negative  direction  from  A,  At  any  point  M 
of  the  curve  let  us  take  the  direction  of  the  tangent  which  ooincidei 
with  the  direction  in  which  the  arc  is  increasing,  and  let  a,  ^,  y  be 
the  angles  which  this  direction  makes  with  the  positive  directions 
of  the  three  rectangular  axes  Ox,  Oy,  Oft,  Then  we  shall  have  the 
following  relations : 


(""»!)! 


COS 


2  as  ^^*^  —  ^^^y  Si  A i .^-i 


dan  dy  d»  V<to«  +  dy«  +  d»«       da 

To  find  which  sign  to  take,  suppose  that  the  positive  direction  of 
the  tangent  makes  an  acute  angle  with  the  x  axis ;  then  x  and « 
increase  simultaneously,  and  the  sign  +  should  be  taken.  If  the 
angle  a  is  obtuse,  cos  a  is  negative,  x  decreases  as  s  increases,  dx/di 
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is  negative,  and  the  sign  +  should  be  taken  again.     Henoe  in  any 
case  the  following  formulsB  hold  : 

(10)  C08a  =  ^,  C08fi  =  -^,  C08y  =  ^, 

where  dx,  dy^  dz,  ds  are  differentials  taken  with  respect  to  the  same 
independent  variable,  which  is  otherwise  arbitrary. 

82.  Variation  of  a  segment  of  a  straight  line.  Let  MMi  be  a  segment 
of  a  straight  line  whose  extremities  describe  two  curves  C,  Ci.  On 
each  of  the  two  curves  let  us  choose  a 
point  as  origin  and  a  positive  sense  of 
motion,  and  let  us  adopt  the  follow- 
ing notation :  s,  the  arc  AM'f  «i,  the  arc 
A I  Ml,  —  the  two  arcs  being  taken  with 
the  same  sign ;  I,  the  length  MMi ;  $,  the 
angle  between  MMi  and  the  positive  di- 
rection of  the  tangent  MT ;  $i,  the  angle 
between  MiM  and  the  positive  direction 
of  the  tangent  Mi  7\.  We  proceed  to 
try  to  find  a  relation  between  $,  $i  and  the  differentials  ds,  dsi,  dl. 

Let  (x,  y,  «),  (xi,  y^  z{)  be  the  coordinates  of  the  points  M,  Mi, 
respectively,  a,  p,  y  the  direction  angles  of  MT,  and  Oi,  pi,  yi  the 
direction  angles  of  Mi  Ti,    Then  we  have 

from  which  we  may  derive  the  formula 

Idl  =  (X'-Xi)(dx  -  dxi)  +  (y  -  yi)(dy  -  dyi)  +  («  -  «i)(<&  -  d»i), 

which,  by  means  of  the  formulae  (10)  and  the  analogous  formulae 
for  Ci,  may  be  written  in  the  form 

^«/lz£loo8a +  2^*008  i8 +  2^008  y)rf» 

+  hLj^QOBai  +  ^i^eoBPi^ 

But  (x  —  Xi)/l,  (y  —  ^i)/^  («  —  «i)/^  ftr®  the  direction  cosines  of 
MiM,  and  consequently  the  coefficient  of  <29  is  —  cos  $.  Likewise 
the  coefficient  of  dsi  is  —  cos  ^\  hence  the  desired  relation  is 

(lO')  dl  ss  -^  ds  COB  $  —  dsiOOB  $i. 

We  shall  make  frequent  applications  of  this  formula;  one  such  we 
proceed  to  discuss  immediately. 
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tt.  Thtoiimt  of  OimTM  ud  at  CkaalM.  Let  X  ukL  E*  be  two  confocal  eUipaeB, 

and  let  the  two  tangents  Jfil,  JfB  tothe  interior  elUpee  X  be  drawn  fromapoint 

Jf,  which  lies  on  the  exterior  ellipae  S',    The 

difference  MA  +  MB  —  are  ANB  remaim  eonr 

etant  a$  the  point  M  deecribea  the  ettipse  JT. 

Let  t  and  s'  denote  the  arcs  OA  and  0£, 

^  the  arc  O'Jf,  <  and  r  the  distances  ^Jf  and 

BMy  B  the  angle  between  MB  and  the  positiye 

direction  of  the  tangent  MT,    Since  the  eUipses 

are  confocal  the  angle  between  MA  and  MT  is 

Yjq  23  eqoal  to  ir  —  0.     Noting  that  AM  coincides 

with  the  positiTe  direction  of  the  tangent  at  A^ 

and  that  BM  is  the  negative  direction  of  the  tangent  at  B,  we  find  from  the 

formula  (1(K),  saocessiyely, 

dl  =  —ds  +d^costf, 

dr=      diT^dtreoBBi 
whence,  adding, 

d(2  +  0  =  d(f  >  9)  =  d(arcil^B), 

which  proves  the  proposition  stated  above. 

The  above  theorem  is  due  to  an  English  geometrician,  Graves.  The  f oUowfaig 
theorem,  discovered  by  Chasles,  may  be  proved  in  a  similar  manner.  Given  sn 
ellipse  and  a  confocal  hyperbola  which  meets  it  at  N,  If  from  a  point  Jf  on  that 
branch  of  the  hyperbola  which  passes  through  N  the  two  tangents  MA  and  MB 
be  drawn  to  the  ellipse,  the  difference  of  the  arcs  NA  —  NB  will  be  equal  to  the 
difference  of  the  tangents  MA  —  MB, 


in.   CHANGE  OF  VARIABLE      INTEGRATION  BY  PARTS 

A  large  number  of  definite  integrals  which  cannot  be  evaluated 
directly  yield  to  the  two  general  processes  which  we  shall  discuss 
in  this  section. 

84.  Change  of  Tariabte.  If  in  the  definite  integral  Pf(x)  dx  the 
variable  x  be  replaced  by  a  new  independent  variable  t  by  means 
of  the  substitution  x  =  ^(t),  a  new  definite  integral  is  obtained. 
Let  us  suppose  that  the  function  ^(t)  is  continuous  and  possesses  a 
continuous  derivative  between  a  and  py  and  that  ^(t)  proceeds  from 
atob  without  changing  sense  as  t  goes  from  a  to  p. 

The  interval  (a,  P)  having  been  broken  up  into  subintervals  by 
the  intermediate  values  a,  ti,  ^j,  •  •  •,  ^,»i,  j8,  let  a,  o^,  x^,  •  •  •,  a5._i,  h 
be  the  corresponding  values  of  a;  =  ^(t).  Then,  by  the  law  of  the 
mean,  we  shall  have 

where  Ot  lies  between  ^|_j  and  tf.    Let  d  ^  ^($i)  be  the  corresponding 
value  of  X  which  lies  between  a^j.i  and  x^    Then  the  sum 
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AfiX^i  -  «)  +  Af,)(^  -  a:0  +  •  •  •  +A(n)(P  -  a5«.i) 
i^proaches  the  given  definite  integral  as  its  limit    But  this  sum 
may  also  be  written 

and  in  this  form  we  see  that  it  approaches  the  new  definite  integral 


X 


/[♦(«)]«'(0«« 


as  its  limit    This  establishes  the  equality 

(*^^  f.-^"^ ^  "1/ 1^*^'^^ ♦'^'^*' 

which  is  called  the  formula  for  the  change  of  variable.  It  is  to 
be  observed  that  the  new  differential  under  the  sign  of  integration 
is  obtained  by  replacing  x  and  dx  in  the  differential /(a;)  c^  by  their 
values  ^(t)  and  ^'(t)dt,  while  the  new  limits  of  integration  are  the 
values  of  t  which  correspond  to  the  old  limits.  By  a  suitable  choice 
of  the  function  ^(^)  the  new  integral  may  turn  out  to  be  easier  to 
evaluate  than  the  old,  but  it  is  impossible  to  lay  down  any  definite 
rules  in  the  matter. 
Let  us  take  the  definite  integral 


£ 


dx 


for  instance,  and  let  us  make  the  substitution  xsaa  +  fit.    It 
becomes 

JC         dx  1   r^      dt         1  /  a\ 

or,  returning  to  the  variable  x, 

•r  ( arc  tan  ^^^  +  arc  tan  |  j . 

Not  all  the  hypotheses  made  in  establishing  the  formula  (11)  were 
necessary.  Thus  it  is  not  necessary  that  the  function  ^(t)  should 
always  move  in  the  same  sense  as  t  varies  from  a  to  fi.  For  defi- 
niteness  let  us  suppose  that  as  t  increases  from  a  to  y  (y  <  fi),  ^(t) 
steadily  increases  from  ato  e  (e>b)]  then  as  t  increases  from  y  to 
fif  ^(t)  decreases  from  c  to  b.  If  the  function  y][a;)  is  continuous  in 
the  interval  (a,  o),  the  formula  may  be  applied  to  each  of  the  inter- 
vals (o,  e)y  (c,  b),  which  gives 
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or,  adding, 


£/(x)dx  =jr/[«(<)]*'(0*. 


On  the  other  hand,  it  is  quite  necessaiy  that  the  function  ^) 
should  be  uniquely  defined  for  all  values  of  t.  If  this  condition  be 
disregarded,  fallacies  may  arise.  For  instance,  if  the  formula  be 
applied  to  the  integral  j^^  dx,  using  the  transformation  x  =  f^*, 
we  should  be  led  to  write 


f_y=fi^^^, 


which  is  evidently  incorrect,  since  the  second  integral  vanishes.  In 
order  to  apply  the  formula  correctly  we  must  divide  the  interval 
(—1,  +1)  into  the  two  intervals  (—  1,  0),  (0, 1).  In  the  first  of 
these  we  should  take  a;  =  —  V?  and  let  t  vary  from  1  to  0.  In  the 
second  half  interval  we  should  take  x  =  V^  and  let  t  vary  from 
0  to  1.     We  then  find  a  correct  result,  namely 

Note.  If  the  upper  limits  b  and  p  be  replaced  by  x  and  t  in  ther 
formula  (11),  it  becomes 


%Ja  %Ja 


which  shows  that  the  transformation  x  =  ^(^)  carries  a  function- 
F(x\  whose  derivative  is  f{x)^  into  a  function  ^{f)  whose  derivative 
i8/[<^(0]  <^'(0'  ^^^^  *^^^  follows  at  once  from  the  formula  for  th» 
derivative  of  a  function  of  a  function.  Hence  we  may  write,  i 
general. 


j^/(x)rfx=j7[<^(o]«'(o^> 


which  is  the  formula  for  the  change  of  variable  in  indefinite 
integrals. 
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85.  IstegntUm  by  p«rtt.  Let  u  and  v  be  two  functions  which, 
together  with  their  derivatives  u'  and  v',  are  continuous  between  a 
and  b.    Then  we  have 

d(uv)         dv  ,     du 
dx  dx         dx 

whence,  integrating  both  sides  of  this  equation,  we  find 

JC  d(uv)  ,         C     dv  _         C    du  - 
a      dx  Ja      dx         J^     ax 

This  may  be  written  in  the  form 

where  the  symbol  [F(a;)]^  denotes,  in  general,  the  difference 

F(6)  -  F(a). 

If  we  replace  the  limit  6  by  a  variable  limit  x^  but  keep  the  limit  a 
constant,  which  amounts  to  passing  from  definite  to  indefinite  inte- 
grals, this  formula  becomes 


(13)  j  udv  =:uv  —  j  V  du. 


Thus  the  calculation  of  the  integral  fudvia  reduced  to  the  cal- 
culation of  the  integral  fvdu,  which  may  be  easier.  Let  us  try, 
for  example,  to  calculate  the  definite  integral 

I   a5"»  logac  dx,         m  +  1  =^  0. 
Setting  u  =  logoc,  v  =  ai^+YO'^  +  ^)>  *^®  formula  (12)  g^ves 

Ta^+nogg      x^+^  T 
~L  w+i       (^+i)'J«' 

This  formula  is  not  applicable  if  m  + 1  =  0 ;  in  that  particular 

case  we  have 

►6  »        n-t  -i6 


Xi°8*T=[i(^°8^>']; 


It  is  possible  to  generalize  the  formula  (12).  Let  the  succes- 
sive derivatives  of  the  two  functions  u  and  v  be  represented  by 
u',  u",  •••,  u<*+*>;  v\  v"f  •  •,  v<»+*>.     Then  the  application  of  the 
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formula  (12)  to  the  integrals  Juc^tK*),  y*u'<{t^"''^,  •••  leads  to  the 
following  equations: 

a  «/a  ^a 

a                                 «/a                                                                 «/a 
• > 

Multiplying  these  equations  through  by  +1  and  —1  altematel]^'^^) 
and  then  adding,  we  find  the  formula 

/•* 

(14)  -  •^-  ^5 

+  (-l)»+W  ti^«+»>vcto, 

•/a 

whioh  reduces  the  calculation  of  the  integral  fuv^*'*'^^dx  to  the 
culation  of  the  integral  jt^'^-^^^vdx. 

In  particular  this  formula  applies  when  the  function  under  th  — ^ 
integral  sign  is  the  product  of  a  polynomial  of  at  most  the  n\ 
degree  and  the  derivative  of  order  (n  + 1)  of  a  known  function 
For  then  t^*-^^^  =  0,  and  the  second  member  contains  no  integr 
signs.    Suppose,  for  instance,  that  we  wished  to  evaluate  the  definit 
integral 

where /(«)  is  a  polynomial  of  degree  n.    Setting  u  =/(a5),  v  =  tf^/«"+'^^  j 

the  formula  (14)  takes  the  following  form  after  e***  has  been  take:^^ 
out  as  a  factor : 

a.)XW«.^=j-[^-^+..f(-.)-^]!2:- 

The  same  method,  or,  what  amounts  to  the  same  thing,  a  series  c^^ 
integrations  by  parts,  enables  us  to  evaluate  the  definite  integraLEP> 

J  ••ft  ^b 

I   QO^mxf(x)dXy       j  8\umxf(x)dXf 
a  %J  a 

where /(a?)  is  a  polynomial. 
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86.  Taylor's  teries  with  a  remainder.  In  the  formula  (14)  let  us 
replace  ti  by  a  functioxi  F(x)  which,  together  with  its  first  n  + 1 
derivatives,  is  continuous  between  a  and  6,  and  let  us  set  v  =  (p^x)\ 
Then  we  have 


v'  =  -  n(h  -  a?)— S     v"  =  n{n  -  l){b  -  «)•-«,     .. ., 
»<»)=(- 1)«1. 2. -n,     v<«+^>  =  0, 

and,  noticing  that  Vy  v',  v",  •  •  •,  i;<"-^>  vanish  for  x  =  b,we  obtain  the 
following  equation  from  the  general  formula : 

0  =(-  l)-rn!F(6)  -  n\F(a)  -  nlF'(a)  (b  -  o) 

-  J  P"(o)  {b-ay F<->  (o)  (b  -  o)«  I 

+  (-l)«+i  rF<-+>>(a;)(ft  -a)-cte, 
^^ch  leads  to  the  equation 

F(b)  =  F(a)  +  ^^  F'(a)  +  . . . 

^ince  the  factor  (b  —  x)*  keeps  the  same  sign  as  x  varies  from  a  to 
^9  we  may  apply  the  law  of  the  mean  to  the  integral  on  the  right, 
"^liich  gives 

f  F<«+i)(a;)(6-aj)»<to  =  F<-+'>(^  /  {b-xydx 

a  Ua 

^^^here  i  lies  between  a  and  b.  Substituting  this  value  in  the  preced- 
^^g  equation,  we  find  again  exactly  Taylor's  formula,  with  Lagrange's 
^^rm  of  the  remainder. 

87.  Tranacendeiital  diaraeter  of  e .  From  the  formula  (16)  we  can  prove  a 
^^^moos  theorem  due  to  Hermite :  The  number  e  is  not  a  root  of  any  algdrraic 
^^Quctfion  wtiose  co^fflcienU  are  aU  integers* 

Setting  a  =  0  and  w  =  —  1  in  the  formula  (16),  it  becomes 

^W(«)cto=-[e-*F(x)]J. 

*  The  present  proof  is  due  to  D.  Hilbert,  who  drew  his  insfdration  from  the  method 
^^"edbyHennite. 
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F{x)  =/(»)  +/'(x)  +  . . .  +/<»)(x) ; 
ftod  this  again  may  be  written  in  the  form 

(16)  F(b)  =  e^F(0)  -  tf>  ff{x)e''dx. 

Jo 


li! 


Now  let  U8  suppoee  that  e  were  the  root  of  an  algebraic  equation  whoee  coeffi- 
cients are  all  integers : 

Co  +  CiC  +  Cje*  +  •  •  •  +  Cmtf^  =  0. 

Then,  setting  6  =  0,  1,  2,  •  •  • ,  m,  successively,  in  the  formula  (16),  and  adding 
the  results  obtained,  after  multiplying  them  respectiyely  by  Cq,  Ci,  ••*,  Cn,  w^ 
obtain  the  equation 

(17)    coF(0)  +  CiF(l)  +  .   .  +  c^F{m)  +  ^ Cieiff(x)e''dz  =  0, 

where  the  index  i  takes  on  only  the  integral  values  0,  1,  2,  •  •  • ,  m.    We 
to  show  that  such  a  relation  is  impossible  if  the  polynomial /(s),  which  is  up 
the  present  arbitrary,  be  properly  chosen. 
Let  us  choose  it  as  follows : 

■^<*)  =  (JZ!)]*'"'^*  ~  ^)'<*  -  2)P. . . («  -  m)P, 

where  p  is  a  prime  number  greater  than  m.    This  poljmomial  is  of 

mp  +  p  —  1,  and  all  of  the  coefficients  of  its  successive  derivatives  past  the 

are  hitegral  multiples  of  p,  shice  the  product  of  p  successive  integers  is  divisibl^^ 

by  p\.    Moreover  /(x),  together  with  its  first  {p  —  1)  derivatives,  vanishes  fo^cr* 

X  =  1,  2,  •  •  • ,  m,  and  it  follows  that  F(l),  F(2),  •  •  • ,  F(m)  are  all  integral  mul 

tiples  of  p.    It  only  remains  to  calculate  F(0),  that  is, 

F(0)  =/(0)  +^0)  +  .  • .  +/('-i>(0)  +/(i'>(0)  +/('+») (0)  +  •  •  •. 

In  the  first  place,  /(O)  =  f{0)  =  . . .  =  /<p  -  «)  (0)  =  0,  while  /<p)  (0),  /Cp + D  (0),  •  •    - 
are  all  integral  multiples  of  p,  as  we  have  just  shown.    To  find  /(' - 1)  (0)  we  neec9 
only  multiply  the  coefficient  of  xp-^  in/(x)  by  (p  —  1) !,  which  gives  ±  (1 . 2  •  •  •  m)^  -^ 
Hence  the  sum 

CoF(0)  +  CiF(l)  +  •  •  •  +  e^Fim) 

is  equal  to  an  integral  multiple  of  p  increased  by 

i  Co(l .  2  •  •  •  m)p. 

If  p  be  taken  greater  than  either  m  or  co,  the  above  number  cannot  be  divisible' 
by  p ;  hence  the  first  portion  of  the  sum  (17)  will  be  an  integer  different  from  zen^  " 
We  shall  now  show  that  the  sum 


m 


^Ci(^ff{x)e"dx 


1=0 


can  be  made  smaller  than  any  preassigned  quantity  by  taking  p  sufficiently  laig^  * 
As  X  varies  from  0  to  t  each  factor  of /(x)  is  less  than  m ;  hence  we  have 
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from  which  it  follows  that 

Zci&  ff(x)er*dz 
Jo 


where  Jf  is  an  upper  limit  of  |  co  |  +  |  ci  |  -i +  |  <^  |  •  As  p  increases  indefi- 
nitely the  function  4>  (p)  approaches  zero,  for  it  is  the  general  term  of  a  conver- 
gent series  in  which  the  ratio  of  one  term  to  the  preceding  approaches  zero.  It 
follows  that  we  can  find  a  prime  number  p  so  large  that  the  equation  (17)  is 
impossible ;  hence  Hermite*s  theorem  is  proved. 

SS.  Legendre's  p(dynomials.   Let  us  consider  the  integral 


/. 


%PndX, 

a 


^here  P.  (x)  is  a  poljmomial  of  degree  n  and  Q  is  a  polynomial  of  degree  less 
thaA  n,  and  let  us  try  to  determine  Pn  {x)  in  such  a  way  that  the  integral  van- 
^l^es  for  any  polynomial  Q.  We  may  consider  Pm(x)  as  the  nth  derivative  of  a 
P^l^rnomial  R  of  degree  2n,  and  this  polynomial  R  is  not  completely  determined, 
'c>x>  yfQ  iQi^y  1^(1  to  it  an  arbitrary  polynomial  of  degree  (n  —  1)  without  changing 
*^  vith  derivative.  We  may  therefore  set  ii^=  d^R/dz%  where  the  polynomial  R, 
^^^^^«ther  with  its  first  (n  —  1)  derivatives,  vanishes  for  x  =  a.  But  integrating 
^^  parts  we  find 

since,  by  hypothesis, 


B(a)  =  0,        2l'(a)  =  0,        •   -,        R^^-^)(a)=0, 
^^«  expression 

Q(6)B(«-i)(6)  -  Q'(6)B(— «)(6)  +  ..'±  Q(»-i)(6)il(6) 

^^Vst  also  vanish  if  the  integral  is  to  vanish. 

Since  the  polynomial  Q  of  degree  n  -  1  is  to  be  arbitrary,  the  quantities 
^  i^)i  0^(^)1  " 't  Q^^'^Hb)  are  themselves  arbitrary;  hence  we  must  also  have 

B(6)  =  0,        2l'(6)=0,        ...,        Rf^'i)(h)  =  0, 

'^^e  polynomial  R  (x)  is  therefore  equal,  save  for  a  constant  factor,  to  the  product 
(as  ^  a)^{x  —  &)" ;  and  the  required  polynomial  Pm{x)  is  completely  determined, 
B^ve  for  a  constant  factor,  in  the  form 

If  the  limits  a  and  h  are  —  1  and  +  1,  respectively,  the  polynomials  P«  are 
'^^endre's  poljmomials.    Choosing  the  constant  C  with  Legendre,  we  will  set 

'  2.4.6.    .2ndx»'-^  '^ 
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U  we  alio  agree  to  eet  Xo  =  1,  we  ehmll  haTe 

y      -          ^                -      8a^-l          _      6x»-8x 
^0=1,        JLi  =  Zf        '^t  =  — - — »        -^»  = r »        •••• 

III  general,  JT.  is  a  polynomial  of  degree  a,  all  the  exponent!  of  x  being  em  or 
odd  with  m.  Leibniz'  formula  for  the  nth  deriTatire  of  a  product  of  two  futon 
(f  17)  gives  at  once  the  formula 

a»)  -^.(1)  =  1,        ^n{-  1)  =  (-  !)•. 

By  the  general  property  established  above. 


(20)  f_X^^x)dx  =  0, 


where  ^(z)  is  any  polynomial  of  degree  lees  than  m.    In  partknlar,  if  ii  aod* 
are  two  different  integers,  we  shall  always  have 


(21)  f^X^X»dz  =  0. 


This  formula  enables  us  to  establish  a  very  simple  recurrent  formula  betwedi^ 
three  successive  polynomials  X..  Observing  that  any  polynomial  of  degree  * 
can  be  written  as  a  linear  function  of  Xo,  Xi,  •  •  • ,  JT.,  it  is  dear  that  we  may  0^ 

xXn  =  CoXn  +  l  +  CiXn  +  Cj  JT^-i  +  Cg^n-i  +  *  *  • » 

where  Co,  Ci,  Cs,  •  •  •  are  constants.  In  order  to  find  Ct,  for  example,  let  '^ 
multiply  both  sides  of  this  equation  by  JT.-t,  and  then  integrate  between  tS^^ 
limits  ~  1  and  +  1.    By  virtue  of  (20)  and  (21),  all  that  remains  is 

Ctf^'xl_^dx  =  0, 

and  hence  Ct  =  0.  It  may  be  shown  in  the  same  manner  that  C4  =  0,  Ct  =  0,  •  *  '* 
The  coefficient  Ci  is  zero  also,  since  the  product  xX^  does  not  ccmtain  ae^.  FhiaUy> 
to  find  Co  and  Cs  we  need  only  equate  the  coefficients  of  ae^+i  and  then  equs^ 
the  two  sides  for  z  =  1.    Doing  this,  we  obtain  the  recurrent  formula 

(22)  (n  +  l)-r,+i  -  (2n  +  l)xXn  +  nXn-i  =  0, 

which  affords  a  simple  means  of  calculating  the  polynomials  JT.  successively. 
The  relation  (22)  shows  that  the  sequence  of  polynomials 

(23)  Xo,        Xi,        JTj,        •••,        Xn 

possesses  the  properties  of  a  Sturm  sequence.  As  x  varies  continuously  from  - 1 
to  +  1»  the  number  of  changes  of  sign  in  this  sequence  is  unaltered  except  when 
X  passes  through  a  root  of  Xn  =  0.  But  the  formula  (19)  show  that  there  are  n 
changes  of  sign  in  the  sequence  (28)  for  x  =  —  1,  and  none  for  x  =  1.  Hence 
the  equation  X«  =  0  has  n  real  roots  between  —  1  and  +  1,  which  also  readily 
follows  from  Rolle's  theorem. 
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IV.   GENERALIZATIONS  OF  THE  IDEA  OF  AN  INTEGRAL 
IMPROPER  INTEGRALS     LINE  INTEGRALS* 

89.  The  integrand  becomes  infinite.   Up  to  the  present  we  have  sup- 
posed that  the  integrand  remained  finite  between  the  limits  of  inte- 
gration.    In  certain  cases,  however,  the  definition  may  be  extended 
to  functions  which  become  infinite  between  the  limits.     Let  us  first 
consider  the  following  particular  case :  f(x)  is  continuous  for  every 
value  of  X  which  lies  between  a  and  6,  and  for  x  =  b,  but  it  becomes 
infinite  for  x  =  a.     We  will  suppose  for  definiteness  that  a<b. 
Then  the  integral  of  f(x)  taken  between  the  limits  a  -f  c  and 
i  (c  >  0)  has  a  definite  value,  no  matter  how  small  c  be  taken.     If 
this  integral  approaches  a  limit  as  c  approaches  zero,  it  is  usual  and 
natural  to  denote  that  limit  by  the  symbol 

f(x)dx. 


i: 


If  a  primitive  oi/(x),  say  F(x),  be  known,  we  may  write 

r   f(x)dx  =  F(p)-F(a-\-t), 

and  it  is  sufficient  to  examine  F(a  +  c)  for  convergence  toward  a 
^ixnit  as  c  approaches  zero.     We  have,  for  example, 

r*       Mdx  M    r        1 1_"|  - 

U  ^>  1,  the  term  l/c^~^  increases  indefinitely  as  i  approaches  zero. 
^ut  if  ft  is  less  than  unity,  we  may  write  l/^~^=  €*"'*,  and  it  is 
^lear  that  this  term  approaches  zero  with  c.  Hence  in  this  case 
the  definite  integral  approaches  a  limit,  and  we  may  write 


K  f»  =3 1,  we  have 


i: 


'   Mdx         Ma-ay-" 
(x  —  ay  1  —  /i 


x:.a— -M 


^the  right-hand  side  increases  indefinitely  when  c  approaches  zero. 
-LO  Bom  up,  the  necessaiy  and  sufficient  condition  that  the  given  inte- 
9^  should  approach  a  limit  is  that  ft,  should  be  less  than  unity, 

*It  is  possible,  if  desired,  to  read  the  next  chapter  before  reading  the  closing  seo- 
ticQi  of  this  chapter. 
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The  straight  line  x  =  a  is  an  asymptote  of  the  cimre  whose  equa- 
tion is 

M 

if  ft  is  positive.  It  follows  from  the  above  that  the  area  bounded  by 
the  X  axis,  the  fixed  line  x  =  6,  the  curve,  and  its  asymptote,  has  a 
finite  value  provided  that  ft  <  1. 

If  a  primitive  of  f{x)  is  not  known,  we  may  compare  the  given 
integral  with  known  integrals.  The  above  integral  is  usually  taken 
as  a  comparison  integral,  which  leads  to  certain  practical  rules  which 
are  sufficient  in  many  cases.  In  the  first  place,  the  upper  limit  h 
does  not  enter  into  the  reasoning,  since  everything  depends  upon  the 
manner  in  which  f{x)  becomes  infinite  for  a;  =  a.  We  may  therefore 
replace  b  by  any  number  whatever  between  a  and  h,  which  amounts 
to  writing  ^  ^  =  ^*  "^  X  *  ^°  particular,  unless  f(x)  has  an  infi- 
nite number  of  roots  near  a;  =  a,  we  may  suppose  that  f(x)  keeps 
the  same  sign  between  a  and  c. 

We  will  first  prove  the  following  lemma : 

Let  ^(x)  he  a  function  which  is  positive  in  the  interval  (a,  b)j 
and  suppose  that  the  integral  f  ^  (x)  dx  approaches  a  limit  as  c 
approaches  zero.  Then,  if  \f(x)  |  <  ^(aj)  throughout  the  whole  inter- 
val, the  definite  integral  J^f(x)dx  also  approaches  a  limit, 

lif(x)  is  positive  throughout  the  interval  (a,  b),  the  demonstration 
is  immediate.    For,  since /(a;)  is  less  than  ^(a;),  we  have 


'      f(x)dx<  I     ^{x)dx, 

a  +  <  «/ o  +  < 


Moreover  f^^^f(x)dx  increases  as  c  diminishes,  since  all  of  its  ele- 
ments are  positive.  But  the  above  inequality  shows  that  it  is  con- 
stantly less  than  the  second  integral ;  hence  it  also  approaches  a 
limit  If  f(x)  were  always  negative  between  a  and  b,  it  would 
be  necessary  merely  to  change  the  sign  of  each  element  Finally, 
if  the  function  f(x)  has  an  infinite  number  of  roots  near  a;  =  a,  we 
may  write  down  the  equation 

f    f(x)dx=f    [/(x)+\f(x)\-]dx-f    \f(x)\dx. 

«/•  +  «  %/a  +  t  t/a  +  t 

The  second  integral  on  the  right  approaches  a  limit,  since 
|/(«)|<*(x).     Now  the  function /(aj)  +  |/(a;)|  is  either  positive 
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or  zero  between  a  and  b,  and  its  value  cannot  exceed  2  ^(x) ;  henoe 
the  integral 


«/•  +  < 


also  approaches  a  limit,  and  the  lemma  is  proved. 

It  follows  from  the  above  that  if  a  function /(x)  does  not  approach 
any  limit  whatever  for  x  =  a,  but  always  remains  less  than  a  fixed 
number,  the  integral  approaches  a  limit.  Thus  the  integral 
j^^  am(l/x)dx  has  a  perfectly  definite  value. 

Pr€usHeal  rule.  Suppose  that  the  function  f(x)  can  be  written  in 
the  form 

where  the  function  ^(x)  remains  finite  when  x  approaches  a. 

If  fjL<l  and  the  function  ^(x)  remains  less  in  absolute  value  than 
a  fixed  number  My  the  integral  approaches  a  limit.  But  if  ik>l  and 
the  absolute  value  of  ^(x)  is  greater  than  a  positive  number  m,  the 
integral  approaches  no  limit. 

The  first  part  of  the  theorem  is  very  easy  to  prove,  for  the  abso- 
lute value  of  f{x)  is  less  than  M/{x  —  a)",  and  the  integral  of  the 
latter  function  approaches  a  limit,  since  fi  <  1. 

In  order  to  prove  the  second  part,  let  us  first  observe  that  ^(x) 
keeps  the  same  sign  near  x  =  a,  since  its  absolute  value  always 
exceeds  a  positive  number  m.  We  shall  suppose  that  ^(x)>0 
between  a  and  b.    Then  we  may  write 


I       -  >.  V  ■•         I          m  dx 
I     f(x)dx>  I 

Jm+9  Ja  +  t  \^  ~'  ^ 


r' 

a&d  the  second  integral  increases  indefinitely  as  c  decreases. 

These  rules  are  sufficient  for  all  cases  in  which  we  can  find  an 
exponent  ft  such  that  the  product  (x  —  aYf(x)  approaches,  for 
z  =  a,  a  limit  K  different  from  zero.  If  /i  is  less  than  imity,  the 
limit  b  may  be  taken  so  near  a  that  the  inequality 

inside  the  interval  (a,  b),  where  L  is  a  positive  number  greater 
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than  I K  |.    Hence  the  integral  approaches  a  limit    On  the  other  handi 
if  ^  >  1, 6  may  be  taken  so  near  to  a  that 

inside  the  interval  (a,  h),  where  Zis  a  positive  number  less  than  \K\ 
Moreover  the  function  f(x),  being  continuous,  keeps  the  same  sign; 
hence  the  integral  j^  f{x)dx  increases  indefinitely  in  absolute 
value.* 

ExampUB,  Let /(as)  =  P/Q  be  a  rational  function.  If  a  is  a  root 
of  order  m  of  the  denominator,  the  product  (a;  —  o)^f{x)  approsohei 
a  limit  different  from  zero  for  x^a.  Since  m  is  at  least  equal  to 
unity,  it  is  clear  that  the  integral  jr^^^/(«)(2a5  increases  beyond  all 
limit  as  c  approaches  zero.    But  if  we  consider  the  function 

f(x)  =     A-i-.» 

where  P  and  R  are  two  polynomials  and  R(x)  is  prime  to  its  deriy- 
ative,  the  product  (x  —  <i)*^'/(^)  approaches  a  limit  for  as  =  a  if  a 
is  a  root  of  R(x),  and  the  integral  itself  approaches  a  limit.  Thas 
the  integral 

dx 


f 

J-l  +  9 


vr^ 


approaches  7r/2  as  c  approaches  zero. 

Again,  consider  the  integral  jT  logxdx.  The  product  x^'logx 
has  the  limit  zero.  Starting  witii  a  sufficiently  small  value  of  x,  we 
may  therefore  write  \ogx<Mx~^^*,  where  ilf  is  a  positive  number 
chosen  at  random.     Hence  the  integral  approaches  a  limit. 

Everything  which  has  been  stated  for  the  lower  limit  a  may  be 
repeated  without  modification  for  the  upper  limit  b.  If  the  function 
/  (a;)  is  infinite  for  x=b,we  would  define  the  integral  f  f(x)  i2a;  to  be 
the  limit  of  the  integral  J]^  ~*f(x)dx9,s  c'  approaches  zero.  If /(as) 
is  infinite  at  each  limit,  we  would  define  J*  f(x)dx  as  the  limit  of 
the  integral  J*  ~*f(x)dx  as  c  and  c'  both  approach  zero  independ- 
ently of  each  other.  Let  c  be  any  number  between  a  and  b.  Then 
we  may  write 

*The  first  part  of  the  proposition  may  also  be  stated  as  foUows:  the  integral  has 
a  limit  if  an  exponent  fx  can  be  found  (0 <  /»<  1)  such  that  the  product  (x  —  a)i^/{x) 
approaches  a  limit  Aasz  approaches  a,  —  the  case  where  ^  =  0  not  heiog  ezdnded. 
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r"f{x)dx  =  r  f(x)dx  +  f    /(*)&, 

and  each  of  the  integrals  on  the  right  should  approach  a  limit  in 

this  case. 

Finally,  if  f(x)  becomes  infinite  for  a  value  e  between  a  and  b, 

we  would  define  the  integral  Cf(^)  dx  as  the  sum  of  the  limits  of 

the  two  integrals  J^~'f(x)dx,  J^    f(x)dx,  and  we  would  proceed 

in  a  similar  manner  if  any  number  of  discontinuities  whatever  lay 

1:>etween  a  and  b. 

It  should  be  noted  that  the  fundamental  formula  (6),  which  was 

established  under  the  assumption  that  f(x)  was  continuous  between 

a  and  b,  still  holds  when  f(x)  becomes  infinite  between  these  limits, 

provided  that  the  primitive  function  F(x)  remains  continuous.    For 

the  sake  of  definiteness  let  us  suppose  that  the  function /(x)  becomes 

infinite  for  just  one  value  e  between  a  and  b.    Then  we  have 

[  /(a;)<te  =  lim  /       /(x) (to -f  lim  /     f(x)dx; 
and  if  F(x)  is  a  primitive  of /(x),  this  may  be  written  as  follows : 


X 


6 

f{x)  <to  =  lim  F(c  -  €»)  -  F(a)  +  F(b)  -  lim  F(c  +  e). 

C'-iO  <aO 


Since  the  function  F(x)  is  supposed  continuous  for  x  =se,  F{e  •{- 1) 
and  F(<;  ~  c*)  have  the  same  limit  F(c),  and  the  formula  again 


f. 


f(x)dx  =  F(b)-F(a). 


L 


The  following  example  is  illustrative : 

If  the  primitive  function  F(x)  itself  becomes  infinite  between  a  and 
i)  the  formula  ceases  to  hold,  for  the  integral  on  the  left  has  as  yet 
no  meaning  in  that  case. 

The  formulae  for  change  of  variable  and  for  integration  by  parts 
may  be  extended  to  the  new  kinds  of  integrals  in  a  similar  manner 
by  considering  them  as  the  limits  of  ordinary  integrals. 

90.  Infinite  limits  of  integration.  Let  f(x)  be  a  function  of  x  which 
is  continuous  for  all  values  of  x  greater  than  a  certain  number  a. 
Then  the  integral  f^f(x)dXf  where  l>  a,  has  a  definite  value,  no 
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matter  how  large  I  be  taken.    If  this  integral  approaches  a  limit 
as  I  increases  indefinitely,  that  limit  is  represented  by  the  symbol 


I. 


f(x)dx. 


If  a  primitive  of  f(x)  be  known,  it  is  easy  to  decide  whether  the 
integral  approaches  a  limit    For  instance,  in  the  example 

dx 


i 


,  l  +  x«  =  "*'**°' 


the  right-hand  side  approaches  w/2  as  I  increases  indefinitely,  and 
this  is  expressed  by  writing  the  equation 

"*"*     dx  IT 


f. 


ro      !  +  »•      2 
Likewise,  if  a  is  positive  and  ft  —  1  is  different  from  zero,  we  have 


r^kdx         A;     /  1  1  \ 


If  fi  is  greater  than  unity,  the  right-hand  side  approaches  a  limit  as 
I  increases  indefinitely,  and  we  may  write 


1 


+• 


kdx  k 


On  the  other  hand,  if  /i  is  less  than  one,  the  integral  increases  indefi- 
nitely with  /.  The  same  is  true  for  /i  =  1,  for  the  integral  then 
results  in  a  logarithm. 

When  no  primitive  of  f(x)  is  known,  we  again  proceed  by  com- 
parison, noting  that  the  lower  limit  a  may  be  taken  as  large  as  we 
please.     Our  work  will  be  based  upon  the  following  lemma : 

Let  ^  (x)  be  a  function  which  is  positive  for  a;  >  a,  and  suppose  that 
the  integral  JJ  ^  (x)  dx  approaches  a  limit.  Then  the  integral  J '/ (x)  dx 
also  approaches  a  limit  provided  tha^  \f(x)  \  =  <Kx)  for  all  values  of 
X  greater  than  a. 

The  proof  of  this  proposition  is  exactly  similar  to  that  given  above. 
If  the  function  f(x)  can  be  put  into  the  form 

/(.)  -  ^. 

where  the  function  ^  (x)  remains  finite  when  x  is  infinite,  the  follow- 
ing theorems  can  be  demonstrated,  but  we  shall  merely  state  them : 
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If  the  absolttie  valtie  of  ^(x)  is  less  than  a  fixed  number  M  and 
fu  is  greater  than  unity,  the  integral  approaches  a  limit. 

If  the  absolute  value  of  ij/  (x)  is  greater  than  a  positive  number  m 
and  fjL  is  less  than  or  equal  to  unity,  the  integral  approaches  no  limit. 

For  instance,  the  integral 


X 


I 

QOBOX    . 

ax 


approaches  a  limit,  for  the  integrand  may  be  written 

cos  oaj  _  1  cos  ax 

iT^« "  x^  TTT' 

and  the  coefficient  of  1/a;'  is  less  than  unity  in  absolute  value. 

The  above  rule  is  sufficient  whenever  we  can  find  a  positive  num- 
ber iL  for  which  the  product  x^f(x)  approaches  a  limit  different  fiwn 
zero  as  x  becomes  infinite.  The  integral  approaches  a  limit  if  ft  is 
greater  than  unity,  but  it  approaches  no  limit  if  /a  is  less  than  or 
equal  to  unity.* 

For  example,  the  necessary  and  sufficient  condition  that  the  inte- 
gral of  a  rational  fraction  approach  a  limit  when  the  upper  limit 
increases  indefinitely  is  that  the  degree  of  the  denominator  should 
exceed  that  of  the  numerator  by  at  least  two  units.  Finally,  if  we 
take 

where  P  and  R  are  two  polynomials  of  degree  p  and  r>  respectively, 
the  product  a;'"/*~''/(a;)  approaches  a  limit  different  from  zero  when 
X  becomes  infinite.  The  necessary  and  sufficient  condition  that  the 
integral  approach  a  limit  is  that  ^  be  less  than  r/2  —  1. 

9L  The  rules  stated  above  are  not  always  sufficient  for  determin- 
ing whether  or  not  an  integral  approaches  a  limit.  In  the  example 
f(x)  =  (sin  x)/x,  for  instance,  the  product  x'^f(x)  approaches  zero  if 
/i  is  less  than  one,  and  can  take  on  values  greater  than  any  given 
number  if  /i  is  greater  than  one.  If  /i  =  1,  it  oscillates  between  + 1 
and  ~  1.  None  of  the  above  rules  apply,  but  the  integral  does  ap- 
proach a  limit     Let  us  consider  the  slightly  more  general  integral 

*  The  integral  also  approachea  a  limit  if  the  product  tf-fipt)  (where  m>  1)  approaches 
lero  as  x  heoomes  infinite. 
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«"•* OKf        a>0. 

0  « 

The  integrand  changes  sign  for  x  =  kw.    We  are  therefore  led  to 
study  the  alternating  series 

(24)  Oo-oi  +  a,  —  a,H -f(—  l)*ai,H , 

where  the  notation  used  is  the  following : 


•      ■   ■  « 


Substituting  y  +  n^  for  x,  the  general  term  a.  may  be  written 


-r 


^oy-Mrv  £_  ^y^ 


It  is  evident  that  the  integrand  decreases  as  n  increases,  and  henoe 
a^+i<a^.  Moreover  the  general  term  a,  is  less  than  JJ(l/nv)dy, 
that  is,  than  1/n.  Hence  the  above  series  is  convergent,  since  the 
absolute  values  of  the  terms  decrease  as  we  proceed  in  the  series, 
and  the  general  term  approaches  zero.  If  the  upper  limit  I  Ues 
between  nir  and  (n  + 1)  tt,  we  shall  have 

•I 


X 


X 


where  S^  denotes  the  sum  of  the  first  n  terms  of  the  series  (24).   As 
I  increases  indefinitely,  n  does  the  same,  a,  approaches  zero,  and  the 
integral  approaches  the  sum  S  of  the  series  (24). 
In  a  similar  manner  it  may  be  shown  that  the  integrals 


I       sinx^dx,  I        C08x*dx, 

0  Jo 


which  occur  in  the  theory  of  diffraction,  each  have  finite  values. 
The  curve  y  =  sin  x^,  for  example,  has  the  imdulating  form  of  a  sine 
curve,  but  the  undulations  become  sharper  and  sharper  as  we  go  out, 
since  the  difference  V(n  +  l)7r  —  ^/nir  of  two  consecutive  roots  of 
sin  x^  approaches  zero  as  n  increases  indefinitely. 

Remark.  This  last  example  gives  rise  to  an  interesting  remark.  Asxincreasei 
indefinitely  sin  x<  oscillates  between  —  1  and  +  1.  Hence  an  integral  may 
approach  a  limit  even  if  the  integrand  does  not  approach  zero,  that  is,  even  if 
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the  z  axis  is  not  an  asymptote  to  the  cnnre  y  =  /(x).   The  following  is  an  example 
of  the  same  kind  in  which  the  function  /(x)  does  not  change  sign.    The  function 

Ax)  = 


li-7fl  8in«x 

remains  positive  when  x  is  positive,  and  it  does  not  approach  sero,  since 
f{kic)  =  kit.  In  order  to  show  that  the  integral  approaches  a  limit,  let  ns  con- 
sider, as  above,  the  series 

flo  +  <*i  +  •••  +  <*»  +  ••  •» 
where 


.(«+i).   _^ 


J«  !  +  »=' 


sin'x 


As  X  varies  from  nr  to  (n  + 1)  r,  3^  is  constantly  greater  than  n***,  and  we  may 
write 

A  primitive  function  of  the  new  integrand  is 

.  arc  tan  (  VI +!!•«•  tan  x), 

VH-n«3r« 

and  as  x  varies  from  n^  to  (n  + 1)  r,  tanx  becomes  infinite  just  once,  passing 
from  +  oo  to  —  00.  Hence  the  new  integral  is  equal  (§  77)  to  jr/Vl +  !!•«•,  and 
we  have 

It  follows  that  the  series  ZOh  is  convergent,  and  hence  the  integral  fjf{x)dx 
approaches  a  limit. 

On  the  other  hand,  it  is  evident  that  the  integral  cannot  approach  any  limit 
if/(x)  approaches  a  limit  h  different  from  zero  when  x  becomes  infinite.  For 
beyond  a  certain  value  of  x,  /(x)  will  be  greater  than  ( h/2  \  in  absolute  value 
and  will  not  change  sign. 

The  preceding  developments  bear  a  close  analogy  to  the  treatment  of  infinite 
series.  The  intimate  connection  which  exists  between  these  two  theories  is 
brought  out  by  a  theorem  of  Cauchy*s  which  will  be  considered  later  (Chapter 
VIII).  We  shall  then  also  find  new  criteria  which  will  enable  us  to  determine 
whether  or  not  an  integral  approaches  a  limit  in  more  general  cases  than  those 
treated  above. 

98.  The  fonctioii  r(a).   The  definite  integral 

(26)  r(a)=  r"^*x«-»c-*(lx 

Jo 

baa  a  determinate  value  provided  that  a  is  positive. 
For,  let  us  consider  the  two  integrals 


J    x«-*c-*dx,         rx«-*c-*(fe, 
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where  c  is  a  Tery  nnall  podiiTe  number  and  { is  a  Tery  large  podUTe  noniber. 
The  aeeond  integral  alwaye  approaches  a  limit,  for  past  a  solBoiently  large  nfaie 
of  X  we  haTe  x«-ir-«<  l/as*,  that  is,  e'>x*+^  As  for  the  first  integrsl,  the 
prodoot  aB^*«/(x)  i4>proaches  the  limit  1  as  x  i^nvoaohes  zero,  and  the  neceHuy 
and  soffloient  condition  that  the  integral  i4>proach  a  limit  is  that  1  —  a  be  kii 
than  unity,  that  is,  that  a  be  posttive.  Let  ns  siqipose  this  condition  satiified. 
Then  the  sum  of  these  two  limiti  is  the  foncUon  r(a),  which  is  also  called  Mwki't 
inUffral  qfthe  $econd  kind.  This  fanctioa  T(a)  becomes  infinite  as  a  ^iprosdiBi 
zero,  it  is  positive  when  a  is  positive,  and  it  becomes  infinite  with  a.  It  hai 
a  minimum  for  a  =  1.4610881  •  •  • ,  and  the  correqponding  valoe  of  r(s)  ii 
0.8860082... 

Let  OS  suppose  that  a  >  1,  and  integrate  by  parts,  considering  r-«dc  si  tha 
differential  of  -  er*.    This  gives 

T(a)  =  -  [aj«-ie-*]+*  +  (a  -  1)  r"*'*x—«e-*d^, 

but  the  product  x^ - ie-«  vanishes  at  both  limits,  since  a  >  1,  and  there  reiDiiiu 
only  the  formula 

(20)  T(a)  =  (a  - 1)  T{a  - 1). 

The  repeated  implication  of  this  formula  reduces  the  calculation  of  r(a)  to 
the  case  in  which  the  argument  a  lies  between  0  and  1.  Moreover  it  is  euj  to 
determine  the  value  of  T{a)  when  a  is  an  integer.    For,  in  the  first  place, 


m=f 


0 


and  the  foregoing  formula  therefore  gives,  f or  a  =  2,  8,  > .  • ,  n  * .  • , 

r(2)  =  r<i)  =  1,      r(8)  =  2r(2)  =  i .  2 ; 

and,  in  general,  if  n  is  a  positive  integer, 

(27)  r(n)  =  1 .  2. 8. .  (n  -  1)  =  (n  - 1)!. 

93.  Line  integrals.  Let  ABhe  bh  arc  of  a  continuous  plane  curve, 
and  let  P(x,  y)  be  a  continuous  function  of  the  two  variables  x  and 
y  along  AB,  where  x  and  y  denote  the  coordinates  of  a  point  of  AB 
with  respect  to  a  set  of  axes  in  its  plane.  On  the  arc  ilJS  let  us 
take  a  certain  number  of  points  of  division  miy  f^ty  *  ">  ^9  -  - -y  whose 
coordinates  are  (aii,  yi),  (a;,,  y,),  •  •  •,  (x^,  y^), . . .,  and  then  upon  each 
of  the  arcs  m^.i^n^  let  us  choose  another  point  n^  ({j,  i^,)  at  random. 
Finally,  let  us  consider  the  sum 


(28) 


I  +P(iiyrf,)(x,^x,,,)  + 


extended  over  all  these  partial  intervals.  When  the  number  of  points 
of  division  is  increased  indefinitely  in  such  a  way  that  each  of  the 
differences  a;,-  —  x.-.j  approaches  zero,  the  above  sum  approaches  a 


V,§«3] 


IMPROPEK  AND  LINE  INTEGRALS 


186 


ixnit  which  is  called  the  line  irUegral  of  P(x,  y)  extended  over  the 
urc  AB,  and  which  is  represented  hy  the  symbol 


/ 

Jab 


P(Xf  y)dx. 

In  order  to  establish  the  existence  of  this  limit,  let  ns  first  sup- 
pose that  a  line  parallel  to  the  y  axis  cannot  meet  the  arc  AB  in 
more  than  one  point.  Let  a  and  b  be  the  abscissae  of  the  points  A 
and  B,  respectively,  and  let  y  =  i^x)  be  the  equation  of  the  curve  AB, 
Then  ^(as)  is  a  continuous  function  of  x  in  the  interval  (a,  h),  by 
hypothesis,  and  if  we  replace  y  by  ^(x)  in  the  function  P(x,  y),  the 
resulting  function  ^(x)  =  P  \x,  ^(a;)]  is  also  continuous.  Hence  we 
have 

and  the  preceding  sum  may  therefore  be  written  in  the  form 

It  follows  that  this  sum  approaches  as  its  limit  the  ordinary  definite 
ixitegral 

r  ^{x)dx  =  r  P[«,  ^(x)]dai^ 
^d  we  have  finally  the  formula 


J  I    P(x,  y)dx  =  /  P[x,  ^(x)]dai. 
AB  Ja 


If  a  line  parallel  to  the  y  axis  can  meet  the  arc  AB  in  more  than 
one  point,  we  should  divide  the  arc 
into  several  portions,  each  of  which 
is  met  in  but  one  point  by  any  line 
parallel  to  the  y  axis.  If  the  given 
arc  is  of  the  form  ACDB  (Fig.  14), 
for  instance,  where  C  and  D  are 
points  at  which  the  abscissa  has  an 

extiemum,  each  of  the  arcs  A  C,  CD, 

DB  satisfies  the  above  condition,  and 

we  may  write 

I      P(x,y)dx-  I  P(x,y)dx+  f   P(x,y)dx+  I    P(x,y)dx. 
*^Acj)B  Jac  Jcd  Jdb 

^ut  it  should  be  noticed  that  in  the  calculation  of  the  three  integrals 


Fio.  14 
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on  the  right-hand  side  the  variable  y  in  the  function  P(x^  y) 
must  be  replaced  by  three  different  functions  of  the  yariable  Xy 
respectively. 

Curvilinear  integrals  of  the  form  f^^  Q(x,  y)  dy  may  be  defined 
in  a  similar  manner.  It  is  clear  that  Uiese  int^;rals  reduce  at  once 
to  ordinary  definite  integrals,  but  their  usefulness  justifies  theii 
introduction.  We  may  also  remark  that  the  arc  AB  may  be  comr 
posed  of  portions  of  different  curves,  such  as  straight  lines,  arcs  of 
circles,  and  so  on. 

A  case  which  occurs  frequently  in  practice  is  that  in  which  the 
coordinates  of  a  point  of  the  curve  AB  are  given  as  functions  of  a 
variable  parameter 

where  i^(t)  and  ^(^),  together  with  their  derivatives  i^>(t)  and  ^(f), 
are  continuous  functions  of  t.  We  shall  suppose  that  as  t  varies 
from  a  to  p  the  point  (x,  y)  describes  the  arc  AB  without  changing 
the  sense  of  its  motion.  Let  the  interval  (a,  p)  be  divided  into  a 
certain  number  of  subintervals,  and  let  ti_  i  and  t^  be  two  consecu- 
tive values  of  ^  to  which  correspond,  upon  the  arc  AB,  two  points 
m^.i  and  m^  whose  co&rdinates  are  (x^.^,  ^^.i)  and  (Xf,  y^),  respec- 
tively.    Then  we  have 

where  $i  lies  between  t{^i  and  ti.  To  this  value  $i  there  corresponds 
a  point  (d,  rji)  of  the  arc  m^.^mj;  hence  we  may  write 

or,  passing  to  the  limit, 

f  P(x,  y)dx=f  P[*(0,  ^(0]  <kXt)dt. 
Jab  Jtt 

An  analogous  formula  for  JQdy  may  be  obtained  in  a  similar  manner* 
Adding  the  two,  we  find  the  formula 

(29)  f  Pdx-\-Qdy=  f  [P«'(0  H-  Q^\t)']dt, 

Jab  Ja 

which  is  the  formula  for  change  of  variable  in  line  integrals.  0^ 
course,  if  the  arc  AB  'v&  composed  of  several  portions  of  different 
curves,  the  functions  <f>(t)  and  ^(f)  will  not  have  the  same  fonc:^ 
along  the  whole  of  A  B,  and  the  formula  should  be  applied  in  tha^ 
case  to  each  portion  separately. 
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94.  Area  of  a  doaed  eurve.  We  have  already  defined  the  area  of  a 
portion  of  the  plane  bounded  by  an  arc  AMB,  a  straight  line  which 
does  not  cut  that  arc,  and  the  two  perpendiculars  AA^,  BB^  let  fall 
from  the  points  A  and  B  upon  the  straight  line  (§§  65^  78,  Fig.  9). 
Let  us  now  consider  a  continuous  closed  curve  of  any  shape,  by 
which  we  shall  understand  the  locus  described  by  a  point  M  whose 
co5rdinates  are  continuous  functions  x  ==/(/),  y  =  ^(^)  of  a  param- 
eter t  which  assume  the  same  values  for  two  values  t^  and  T  of 
the  parameter  t.  The  functions  f(t)  and  i^(t)  may  have  several 
distinct  forms  between  the  limits  to  and  T;  such  will  be  the  case, 
for  instance,  if  the  closed  contour  C  be  composed  of  portions  of 
several  distinct  curves.  Let  Af©,  Afi,  Af,,  • .  -,  Af<_  i,  Af,-,  •  •  •,  Jlf,_  i,  Mq 
denote  points  upon  the  curve  C  corresponding,  respectively,  to  the 
values  to,  tiy  tiy  •••,  ti_i,  tf,  •••,  <,_i,  T  of  the  parameter,  which 
increase  from  to  to  T.  Connecting  these  points  in  order  by  straight 
lines,  we  obtain  a  polygon  inscribed  in  the  curve.  The  limit 
approached  by  the  area  of  this  polygon,  as  the  number  of  sides  is 
indefinitely  increased  in  such  a  way  that  each  of  them  approaches 
zero,  is  called  the  area  of  the  closed  curve  C*  This  definition  ia 
seen  to  agree  with  that  given  in  the  particular  case  treated  above. 
For  if  the  polygon  AoAQiQ^-"  BBoAo  (Fig.  9)  be  broken  up  into 
small  trapezoids  by  lines  parallel  to  AAo,  the  area  of  one  of  these 
trapezoids  is  («, -a;<_  ,)[/(«<)+/(«<_  i)]/2,  or  («<-«,_,)/[{;), 
where  ii  lies  between  x^^^  and  x^.  Hence  the  area  of  the  whole 
polygon,  in  this  special  case,  approaches  the  definite  integral 
Sf(x)dx. 

Let  us  now  consider  a  closed  curve  C  which  is  cut  in  at  most  two 
(K>ints  by  any  line  parallel  to  a  certain  fixed  direction.  Let  us 
choose  as  the  axis  of  ^  a  line  parallel  to  this  direction,  and  as  the 
axis  of  x  a  line  perpendicular  to  it,  in  such  a  way  that  the  entire 
curve  C  lies  in  the  quadrant  xOy  (Fig.  16). 

The  points  of  the  contour  C  project  into  a  segment  ah  of  the  axis 
Ox,  and  any  line  parallel  to  the  axis  of  y  meets  the  contour  C  in  at 
most  two  points,  m^  and  m^.  Let  yx  =  ^\{x)  and  y%  =  ^s(^)  be  the 
equations  of  the  two  arcs  ArrviB  and  Am^B,  respectively,  and  let 
us  suppose  for  simplicity  that  the  points  A  and  B  of  the  curve  C 
which  project  into  a  and  b  are  taken  as  two  of  the  vertices  of  the 


*  It  is  saiqpoBed,  of  course,  that  the  curve  under  consideration  has  no  double  point, 
and  that  the  sides  of  the  polygon  have  been  chosen  so  small  that  the  polygon  itsell 
has  no  double  point. 
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polygon.  The  area  of  the  inscribed  polygon  is  equal  to  the  diff6^ 
ence  between  the  areas  of  the  two  polygons  formed  by  the  lines  Aa, 
ab,  hB  with  the  broken  lines  inscribed  in  the  two  aics  Am^B  sud 
Am^Bf  respectively.  Passing  to  the  limit,  it  is  clear  that  the  siet 
of  the  curve  C  is  equal  to  the  difference  between  the  two  sreis 
bounded  by  the  contours  Am^BbaA  and  Am^BbaA^  respectiyelyi  thst 

is,  to  the  difference  between 
the  corresponding  definite  in- 
tegrals 

These  two  integrals  represent 
the  curvilinear  integral  Jyetz 
taken  first  along  Am^B  and 
then  along  Am^B.  If  we 
agree  to  say  that  the  contour 
C  is  described  in  the  positive 
sense  when  an  observer  standing  upon  the  plane  and  walking  aroond 
the  curve  in  that  sense  has  the  enclosed  area  constantly  on  his  left 
hand  (the  axes  being  taken  as  usual,  as  in  the  figure),  then  the  above 
result  may  be  expressed  as  follows :  the  area  O  enclosed  by  the 
contour  C  is  given  by  the  formula 


Fio.  15 


(30) 


0  =  -  fy 

•/(C) 


dXf 


where  the  line  integral  is  to  be  taken  along  the  closed  contour  C  in 
the  positive  sense.  Since  this  integral  is  unaltered  when  the  origin 
is  moved  in  any  way,  the  axes  remaining  parallel  to  their  original 
positions,  this  same  formula  holds  whatever  be 
the  position  of  the  contour  C  with  respect  to 
the  codrdinate  axes. 

Let  us  now  consider  a  contour  C  of  any  form 
whatever.  We  shall  suppose  that  it  is  possible 
to  draw  a  finite  number  of  lines  connecting 
pairs  of  points  on  C  in  such  a  way  that  the 
resulting  subcontours  are  each  met  in  at  most 
two  points  by  any  line  parallel  to  the  y  axis. 
Such  is  the  case  for  the  region  boimded  by  the 
contour  C  in  Fig.  16,  which  we  may  divide  into  three  subr^ons 
bounded  by  the  contours  ambay  cUmdeqa,  cdpe^  by  means  of  the 
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transversals  ah  and  cd.  Applying  the  preceding  formula  to  each 
of  these  subregions  and  adding  the  results  thus  obtained,  the  line 
integ^rals  which  arise  from  the  auxiliary  lines  ah  and  cd  cancel  each 
other,  and  the  area  bounded  by  the  closed  curve  C  is  still  given  by 
the  line  integral  —  jydx  taken  along  the  contour  C  in  the  positive 
sense. 

Similarly,  it  may  be  shown  that  this  same  area  is  given  by  the 
formula 

(31)  0=:fxdfj; 

J(C) 

and  finally,  combining  these  two  formulae,  we  have 

(32)  0  =  5  f  xdij-ydx, 

where  the  integrals  are  always  taken  in  the  positive  sense.    This 
last  formula  is  evidently  independent  of  the  choice  of  axes. 
lif  for  instance,  an  ellipse  be  given  in  the  form 

a;  =  a  cos  ^,        y  =  6  sin  ^, 
its  area  is 

1  r*' 

0  =  2!     ab(eo8*t  +  8in"<)  dt  =  wab . 

95.  Area  of  a  cure  in  polar  coordinates.  Let  us  try  to  find  the 
area  enclosed  by  the  contour  0AM BO  (Fig.  17),  which  is  composed 
of  the  two  straight  lines  OA^  OB,  and  the  arc  A  MB,  which  is 
met  in  at  most  one 
point  by  any  radius 
vector.  Let  us  take 
0  as  the  pole  and  a 
straight  line  Ox  as 
the  initial  line,  and 
let  p=/(«)  be  the   ^N^ 

equation  of  the  arc       ^*' ''  ^ 

AMB.  ^«-  ^^ 

Inscribing  a  polygon  in  the  arc  AMB,  with  A  and  B  as  two  of 
the  vertices,  the  area  to  be  evaluated  is  the  limit  of  the  sum  of  such 
triangles  as  OMMK     But  the  area  of  the  triangle  OMM^  is 


^p(/)  +  Ap)  sin  Att  =  ^«(|^  +  cj, 
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where  c  approaches  zero  with  A«».  It  is  easy  to  show  that  all  the 
quantities  analogous  to  c  are  less  than  any  preassigned  number  ij 
provided  that  the  angles  Aw  are  taken  sufficiently  small,  and  that 
we  may  therefore  neglect  the  term  cAw  in  evaluating  the  limit 
Hence  the  area  sought  is  the  limit  of  the  sum  2p*AM/2y  that  is,  it 
is  equal  to  the  definite  integral 


1  r*^ 
2I  ^"^' 


where  <oi  and  o),  are  the  angles  which  the  straight  lines  OA  and  OB 
make  with  the  line  Ox, 

An  area  bounded  by  a  contour  of  any  form  is  the  algebraic  sum 
of  a  certain  number  of  areas  bounded  by  curves  like  the  above.  If 
we  wish  to  find  the  area  of  a  closed  contour  surrounding  the  point 
0,  which  is  cut  in  at  most  two  points  by  any  line  through  0,  for 
example,  we  need  only  let  a»  vary  from  0  to  27r,  The  area  of  a  con- 
vex closed  contour  not  surrounding  0  (Fig.  17)  is  equal  to  the  dif- 
ference of  the  two  sectors  OAMBO  and  OANBO,  each  of  which  may 
be  calculated  by  the  preceding  method.  In  any  case  the  area  is 
represented  by  the  line  integral 


|//.'«^ 


taken  over  the  curve  C  in  the  positive  sense.  This  formula  does 
not  differ  essentially  from  the  previous  one.  For  if  we  pass  from 
rectangular  to  polar  coordinates  we  have 

a;  =  p  cos  <o,        y  =^  p  sin  «, 
dx  =:  cos  mdp  —  p  sin  <o  <ia>,       dy  =  sin  w  <fp  -|-  p  cos  «>  dm^ 

xdy  —  ydx  =  p*dm. 

Finally,  let  us  consider  an  arc  A  MB  whose  equation  in  obliqu9 
coordinates  is  y  =/(^)'  In  order  to  find  the  area  bounded  by  tiiiis^ 
arc  A  MB,  the  x  axis,  and  the  two  lines  AAq,  BBq,  which  are  parallel 
to  the  y  axis,  let  us  imagine  a  polygon  inscribed  in  the  arc  AMB,  and 
let  us  break  up  the  area  of  this  polygon  into  small  trapezoids  by 
lines  x>arallel  to  the  y  axis.    The  area  of  one  of  these  trapezoids  is^ 


.22l=iy-^  (.,-.,..)  sin*, 
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which  may  b6  written  in  the  form  (a;,_i  —  Xi) /(d)  sin  6,  where  ( 
lies  in  the  interval  (a;,.!,  x^.  Hence  the  area  in  question  is  equal 
to  the  definite  integral 

sin  ^  I    f(x)  dx, 

where  Xq  and  X  denote  the  abscissas 

of  the  points  A  and  B,  respectively. 

It  may  be  shown  as  in  the  similar 

case  above  that  the  area  bounded  by 

any  closed  contour  C  whatever  is  given 

by  the  formula 

sin^  r      -  - 

— ^  I    xdy  —  ydx, 

^  Jcc) 

Note,  Given  a  closed  curve  C  (Fig.  15),  let  us  draw  at  any  point 
M  the  portion  of  the  normal  which  extends  toward  the  exterior, 
and  let  a,  fihe  the  angles  which  this  direction  makes  with  the  axes 
of  x  and  y,  respectively,  counted  from  0  to  ^.  Along  the  arc  AmiB 
the  angle  p  is  obtuse  and  dx=i  —  ds  cos  p.    Hence  we  may  write 


Fia.  18 


J  I        ydx  =  —  /  ycospds. 


Along  Brn^A  the  angle  p  is  acute,  but  cbc  is  negative  along  BuiiA 
in  the  line  integral.  If  we  agree  to  consider  ds  always  as  positive, 
we  shall  still  have  dx^  —  ds  cos  p.  Hence  the  area  of  the  closed 
curve  may  be  represented  by  the  integral 


/ 


yoospds, 


where  the  angle  p  is  defined  as  above,  and  where  ds  is  essentially 
positive.  This  formula  is  applicable,  as  in  the  previous  case,  to  a 
contour  t>f  any  form  whatever,  and  it  is  also  obvious  that  the  same 
area  is  given  by  the  formula 


/ 


X  COB  ads. 


These  statements  are  absolutely  independent  of  the  choice  of  axes. 

96.  Value  of  the  integral /xdy  -  ydx.  It  is  natural  to  inquire  what  will 
be  represented  by  the  integral  fxdy^ydz^  taken  over  any  curve  whatever, 
closed  or  unclosed. 
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Let  us  oomider,  for  ezmmple,  the  two  doeed  cmrm  OAOBO  and 
ApBqCrAtBiCuA  (Fig.  10)  which  have  one  ftnd  three  doaUe  points,  req^ 
tively.  It  ie  clear  that  we  may  replace  either  of  these  corves  bj  a  oomhinttion 
of  two  closed  corres  without  douUe  points.    Thus  the  closed  contour  OAOBO 

is  equiTalent  to  a  comUnation  of  the 
two  contours  OAO  and  OBO,  Hie 
integral  taken  over  the  whole  contour 
is  equal  to  the  area  of  the  portton 
OAO  less  the  area  of  the  portton 
OBO,  likewise,  the  other  coatonr 
may  be  replaced  by  the  two  doied 
curves  ApBqCrA  and  AaBtCuA,  and 
the  integ^  taken  over  the  whole  coo- 
tour  is  equal  to  the  sum  of  the  areas  of  ApBsA,  BtCqB^  and  ArCuA ,  plus  twice 
the  area  of  the  portion  A9BqCuA,  This  reasoning  is,  moreover,  general  Any 
closed  contour  with  any  number  of  double  points  determines  a  certain  number 
of  partial  areas  eu  's»  *  *  *«  fp«  ot  each  of  which  it  forms  all  the  boundaries. 
The  integral  taken  over  the  whole  contour  is  equal  to  a  sum  of  the  form 

tni^i  +  fn%<r%  +  •  •  •  +  "^•'^j 

where  mi,  nit,  •  •  • ,  iiip  are  positive  or  negative  integers  which  may  be  found  by 
the  following  rule :  Oioen  two  a^faceni  areat  9^  «^,  wpanAfA  &y  on  arc  a&  Q^tl< 
wnJUiiw  (7,  imcvine  an  i:kiiener  waiking  an  the  plane  along  the  contour  iniAe  aeiiM 
ddarmined  by  the  arrowa;  then  the  cotifficieid  of  the  area  at  hie  l^  is  one  greater 
than  that  of  the  area  at  hie  right.  Giving  the  area  outside  the  contour  the  coe£B- 
dent  zero,  the  coefficients  of  all  the  other  portions  may  be  determined  successively. 
If  the  given  arc  A B  is  not  closed,  we  may  transform  it  into  a. dosed  curve  by 
joining  its  extremities  to  the  origin,  and  the  preceding  formula  is  applicable  to 
this  new  region,  for  the  integral  fxdy-ydz  taken  over  the  radii  vectores  OA 
and  OB  evidently  vanishes. 


V.  FUNCTIONS  DEFINED  BY  DEFINITE  INTEGRALS 

97.  DiiferentiAtion  under  the  integral  tign.  We  frequently  have  to 
deal  with  integrals  in  which  the  function  to  be  integrated  depends 
not  only  upon  the  yariable  of  integration  but  also  upon  one  or  more 
other  yariables  which  we  consider  as  parameters.  Let  /(x,  or)  be  a 
continuous  function  of  the  two  variables  x  and  a  when  x  varies  from 
XqIo  X  and  a  varies  between  certain  limits  otq  and  ori.  We  proceed 
to  study  the  function  of  the  variable  a  which  is  defined  by  the 
definite  integral 


F(a)=:  jf(x,a)dx, 


where  a  is  supposed  to  have  a  definite  value  between  Oq  and  ai,  and 
where  the  limits  x^  and  X  are  independent  of  a. 
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We  have  then 

(33)     F(a  +  Aa)  -  F{a)  =  f  [/(«,  a  +  Aa)  -/(a;,  a)]  &;. 

•A, 

Since  the  function  /(a;,  a)  is  continuous,  this  integrand  may  be  made 
less  than  any  preassigned  number  c  by  taking  Aa  sufficiently  small. 
Hence  the  increment  AF(a)  will  be  less  than  t\X  —  x^\  in  absolute 
value,  which  shows  that  the  function  F{a)  is  continuous. 

If  the  function  f(x,  a)  has  a  derivative  with  respect  to  or,  let  us 
write 

f(x,  a  +  Aor) -f{x,  a)=  Aa[/,(a;,  a) 4-  c], 

where  c  approaches  zero  with  Aa.  D^^iding  both  sides  of  (33)  by 
Aor^  we  find 

and  if  17  be  the  upper  limit  of  the  absolute  values  of  c,  the  absolute 
value  of  the  last  integral  will  be  less  than  rf\X  —  x^l  Passing  to 
the  limit,  we  obtain  the  formula 


dF    r^ 

(34)  —=j  f,(x,a)dx. 


In  order  to  render  the  above  reasoning  perfectly  rigorous  we  must 
show  that  it  is  possible  to  choose  A<7  so  small  that  the  quantity  c 
will  be  less  than  any  preassigned  number  17  for  all  values  of  x  between 
the  given  limits  a^o  and  X  This  condition  will  certainly  be  satisfied 
if  the  derivative  f^  (x,  a)  itself  is  continuous.  For  we  have  from 
the  law  of  the  mean 

f(x,  a  +  Aa)-/(j;,  a)=  Aa/,(a;,  a  +  B^a),         0<^<1, 

and  hence 

€  =/r(a5,  «  +  e^a) -/,(«,  a). 

If  the  function  f^  is  continuous,  this  difference  c  will  be  less  than  ij 
for  any  values  of  x  and  a,  provided  that  |  Aa|  is  less  than  a  properly 
chosen  positive  number  A  (see  Chapter  VI,  §  120). 

Let  us  now  suppose  that  the  limits  X  and  Xq  are  themselves  func- 
tions of  a.  If  A^  and  Aa;^  denote  the  increments  which  correspond 
to  an  increment  Aa,  we  shall  have 
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P(a  +  Aa)  -  F(a)  =  J     [/(x,  a  +  Aa)  -f(x,  a)]«fe 


-i 


or,  applying  the  first  law  of  the  mean  for  integrals  to  each  of  the 
last  two  integrals  and  dividing  by  Aa, 

F(a  +  Aa)-F(a)  _  C "" f(x,  a  ^- i^a) ^ f(x,  a)  ^ 
Aa  J^  Aa 

+  — /(X  +  ^A^,   a  +  Aa) 

As  Aor  approaches  zero  the  first  of  these  integrals  approaches  the 
limit  found  above,  and  passing  to  the  limit  we  find  the  formula 


(3«)    ^  =  jT /.  («=. «)  '^  +  5!  AJf. ')  -  ^A!^  «) , 


da 


which  is  the  general  formula  for  differentiation  under  the  itUegrol 
sign. 

Since  a  line  integral  may  always  be  reduced  to  a  sum  of  ordinary 
definite  integrals,  it  is  evident  that  the  preceding  formula  may  1)6 
extended  to  line  integrals.  Let  us  consider,  for  instanoei  the  line 
integral 

F(a)  «  /    P(x,  y,  a)dx  +  Q(«,  y,  a)dy 
Jab 

taken  over  a  curve  AB  which  is  independent  of  a.  It  is  evident  that 
we  shall  have 

FXa)  -  r  P.(«,  y,  a)dx  +  Q.(«,  y,  a)rfy, 

where  the  integral  is  to  be  extended  over  the  same  curve.  On  the 
other  hand,  the  reasoning  presupposes  that  the  limits  are  finite  and 
that  the  function  to  be  integrated  does  not  become  infinite  between 
the  limits  of  integration.  We  shall  take  up  later  (Chapter  YIII, 
(  175)  the  cases  in  which  these  conditions  are  not  satisfied. 
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The  formula  (35)  is  frequently  used  to  evaluate  certain  definite 
integrals  by  reducing  them  to  others  which  are  more  easily  calcu- 
lated.    Thus,  if  a  is  positive,  we  have 


£ 


dx  1         ^       X 

-J— —  =  -7=  arc  tan —7=9 


whence,  applying  the  formula  (34)  n  —  1  times,  we  find 

(-l).-.1.2...(«-l)jf"^.  =  £:l(;^arctan:^). 

98.  Bzamptes  of  diMontiaiiity.  If  the  conditions  imposed  are  not  satisfied  for 
all  values  between  the  limits  of  integration,  it  may  happen  that  the  definite  inte- 
gral defines  a  discontinuous  function  of  the  parameter.  Let  us  consider,  for 
example,  the  definite  integral 

sinadx 


'<''>=I  rr 


2x  cos  a  +  x^ 


This  integral  always  has  a  finite  value,  for  the  roots  of  the  denominator  are 
imaginary  except  when  a  =  jbir,  in  which  case  it  is  evident  that  F{a)  =  0.  Sup- 
posing that  sin  a  ^  0  and  making  the  substitution  aE  =  cosa  +  tsina,  the  indefi- 
nite integral  becomes 

/sinadx  C  dt  ^     . 

z — :: i=  I  z — 3.  =  arctanC. 
l-2xcosa  +  xS     J  !+«» 

Hence  the  definite  integral  F{a)  has  the  value 

.     /I  — cosorN  ^     /-I  — costtN 

arctanf — ; 1  — arc  tan ( ; ], 

\    sina    /  \      sina      / 

where  the  angles  are  to  be  taken  between  ~  ie/2  and  jr/2.    But 

1  —  cos  a      —  1  —  cos  a 


sina  sina 


=  "1, 


and  hence  the  difference  of  these  angles  is  ±  jr/2.  In  order  to  determine  the 
sign  uniquely  we  need  only  notice  that  the  sign  of  the  integral  is  the  same  as 
that  of  sin  a.  Hence  F{a)  =  ±  ie/2  according  as  sin  a  is  positive  or  negative. 
It  follows  that  the  function  F{a)  is  diBcontinuous  for  all  values  of  a  of  the  form 
kit.  This  result  does  not  contradict  the  above  reasoning  in  the  least,  however. 
For  when  x  varies  from  —  1  to  + 1  and  a  varies  from  —  e  to  +  e,  f or  example, 
the  function  under  the  integral  sign  assumes  an  indeterminate  form  for  the  sets 
of  values  a  =  0,  x  =  —  1  and  a  =  0,  x  =  + 1  which  belong  to  the  region  in  ques- 
tion for  any  value  of  c. 

It  would  be  easy  to  give  numerous  examples  of  this  nature.    Again,  consider 
the  integral 


•/— ao 


*  sinmx  . 
dx. 
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Making  the  sabstitution  mx  =  y,  we  find 


siny  . 

y 


where  the  sign  to  be  taken  is  the  sign  of  m,  since  the  limits  of  the  tranafonned 
integral  are  the  same  as  those  of  the  given  integral  if  m  is  poaitiye,  but  should 
be  interchanged  if  m  is  negative.  We  have  seen  that  the  integral  in  the  second 
member  is  a  positive  number  N  (§  01).  Hence  the  given  integral  is  eqoal  to  ±  iT 
according  as  m  is  positive  or  negative.  If  m  =  0,  the  value  of  the  integral  is 
zero.    It  is  evident  that  the  integral  is  discontinuons  for  m  =  0. 


VI.  APPROXIMATE  EVALUATION  OF  DEFINITE  INTEGRALS 

99.  Introduction.  When  no  primitiye  of  /(a;)  is  known  we  may 
resort  to  certain  methods  for  finding  an  approximate  value  of  the 
definite  integral  ^  f(x)  dx.  The  theorem  of  the  mean  for  integrals 
furnishes  two  limits  between  which  the  value  of  the  integral  most 
lie,  and  by  a  similar  process  we  may  obtain  an  infinite  number  of 
others.  Let  us  suppose  that  ^(x)  <f(x)  <  ^(x)  for  all  values  of  x 
between  a  and  b  (a<  b).     Then  we  shall  also  have 

[   4i(x)dx<  j  f(x)dx<  J    ^(x)dx. 

If  the  functions  ^(x)  and  ^{x)  are  the  derivatives  of  two  known 
functions,  this  formula  gives  two  limits  between  which  the  value  of 
the  integral  must  lie.     Let  us  consider,  for  example,  the  integral 


Now  Vl— a;*  =  Vl—  aj»  Vl  +  x\  and  the  factor  Vl4-a5*  lies 
between  1  and  V2  for  all  values  of  x  between  zero  and  unity* 
Hence  the  given  integral  lies  between  the  two  integrals 


r'    dx         1   r^   dx 

Jo  vrr^'    V2J0  vn^' 


that  is,  between  ir/2  and  9r/(2V2).  Two  even  closer  limits  ma; 
be  found  by  noticing  that  (14- «•)-*/•  is  greater  than  1— aj'/ir  - 
which  results  from  the  expansion  of  (1  +  u)~^/'  by  means  of  Taylor'^ 
series  with  a  remainder  carried  to  two  terms.  Hence  the  integnui^ 
/  is  greater  than  the  expression 


r'     dx      _1   r'    x^dx 

X  virile*  2J,  vnii?' 
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The  second  of  these  integrals  has  the  value  7r/4  (§  105) ;  hence  / 
lies  between  7r/2  and  3  7r/8. 

It  is  evident  that  the  preceding  methods  merely  lead  to  a  rough 
idea  of  the  exact  value  of  the  integral.  In  order  to  obtain  closer 
approximations  we  may  break  up  the  interval  (a,  b)  into  smaller 
subintervals,  to  each  of  which  the  theorem  of  the  mean  for  inte- 
grals may  be  applied.  For  definiteness  let  us  suppose  that  the 
function  f(x)  constantly  increases  as  x  increases  from  a  to  b.  Let 
us  divide  the  interval  (a,  b)  into  n  equal  parts  (ft  —  a  =  nh).  Then, 
by  the  very  definition  of  an  integral,  if{x)dx  lies  between  the 
two  sums 

s^h\f(a)         +/(a4-A)    +•  ••+/[«+ (n -1) A]}, 
S  =  h\f(a  4-  h)  +f(a  +  2A)  -f  •  •  •  +/(«  +  nh)  \. 

If  we  take  (S  +  «)/2  as  an  approximate  value  of  the  integral,  the 
error  cannot  exceed  |'S-«|/2=|[(5  -  a)/2n][/(ft)-/(a)]|.  The 
value  of  (S  -\-  s)/2  may  be  written  in  the  form 

j^{f(a)  +  f(a  +  h)  ^   f(a  +  h)+f(a  +  2h)  ^ 

/Co-Kn-l)A]+/(a-hnA)) 
■^  2  )• 

Observing  that  {/(a-f  lA)  4-/[a  +  (t +  l)A]|A/2  is  the  area  of 
the  trapezoid  whose  height  is  h  and  whose  bases  are/(a  +  tA)  and 
f{a  +  t A  +  A),  we  may  say  that  the  whole  method  amounts  to 
replacing  the  area  under  the  curve  y  =>  f(x)  between  two  neighbor- 
ing ordinates  by  the  area  of  the  trapezoid  whose  bases  are  the  two 
ordinates.  This  method  is  quite  practical  when  a  high  degree  of 
approximation  is  not  necessary. 
Let  us  consider,  for  example,  the  integral 


X' 


dx 


1-f  «« 
Taking  n  a  4,  we  find  as  the  approximate  value  of  the  integral 

^d  the  error  is  less  than  1/16  =:  .0625.*     This  gives  an  approxi- 
mate value  of  TT  which  is  correct  to  one  decimal  place, — 3.1311  •  • «. 

*  Found  from  the  formula  |5  —  « |  / 2.   In  fact,  the  error  is  about  .00260»  the  exact 
^«lne  being  )r/4.  —  Tbans. 
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If  the  function /)[jr)  does  not  increase  (or  deerenae)  oonstuidy  u 
X  increases  from  a  to  6,  we  may  break  up  the  interval  into  sab- 
intervals  for  each  of  which  that  conditioD  is  satisfied, 

IOOl  InterpdlatlML  Another  method  of  obtaining  an  approximito 
value  of  the  integral  f^/{x)dx  is  the  following.  Let  ua  detenains 
a  parabolic  curve  of  order  n, 

y  =  ^x)  =  a,  4-  «i «  H h  o^aT, 

which  passes  through  (n  + 1)  points  B^,  Bi^  "•»  ^  oi  the  ootyb 
y=:f(x)  between  the  two  points  whose  abscissse  are  a  and  b. 
These  points  having  been  chosen  in  any  manner,  an  approximate 
value  of  the  given  integral  is  furnished  by  the  integral  f^^(x)dXf 
which  is  easily  calculated. 

I^  (^>  yo)»  ('i>  ¥1)9 ' '  •»  ('»>  y^^heUie  coordinates  of  the  (a  +1) 
points  Boy  Bif  •-•,  B..  The  polynomial  ^(x)  is  determined  bjr 
Lagrange's  interpolation  formula  in  the  form 

♦(x)  =  yoXo  +  yiXi+  ..+y,jr,4---  +  y.-X„ 
where  the  coefficient  of  y,-  is  a  polynomial  of  d^ree  n^ 

*      ('i  -  '0)  •  •  (*.  -  *.-i)(a^.  -  'i+i)  •••  («i-«.)' 

which  vanishes  for  the  given  values  Xo,  Xi ,  •  •  • ,  x„  except  for  x  s  x^, 
and  which  is  equal  to  unity  when  x  =  Xj.     Hence  we  have 


J/*6  ■  y*t 


The  numbers  x,-  are  of  the  form 

Xo  =  a  +  Bo(P  —  «)>     Xi^a-^  6i(b  —  a),     •  •  •,     x.  =  a  +  $j(b  —  a)» 

where  0  <  ^0  <  ^1  <   •  •  <  ^.  ^1.     Setting  «  =  a  +  (ft  —  a)t,  the  ap- 
proximate value  of  the  given  integral  takes  the  form 

(36)  (b  -  a)(/Coyo  +  /^ly,  +  •  •  •  +  K,yn)f 

where  K^  is  given  by  the  formula 

If  we  divide  the  main  interval  (a,  b)  into  subintervals  who^ 
ratios  are  the  same  constants  for  any  given  function /(x)  whatever  ^ 
the  numbers  $0,  $iy  •  •  •,  $^,  and  hence  also  the  numbers  K^,  are  ind  ^ 
pendent  of  f(x).     Having  calculated  these  coefficients  onoe  for 
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b  only  remains  to  replace  yot  Vif   "iVm^J  their  respeotiye  values 
1  the  formula  (36). 

If  the  curve  /(x)  whose  area  is  to  be  evaluated  is  given  graph- 
sally,  it  is  convenient  to  divide  the  interval  (a,  b)  into  equal  parts, 
nd  it  is  only  necessary  to  measure  certain  equidistant  ordinates  of 
bis  curve.  Thus,  dividing  it  into  halves,  we  should  take  do  =  0, 
'i  =  1/2,  $2  =  1,  which  gives  the  following  formula  fer  the  approxi- 
[late  value  of  the  integral : 

likewise,  for  n  =  3  we  find  the  formula 

/  =  ^^(yo  +  3yi  +  3y,  +  y,), 
nd  for  n  =  4 

/  =  ^^  (7yo  4-  32yi  +  1 2y,  +  32y,  4-  Ty*) . 

The  preceding  method  is  due  to  Cotes.  The  following  method, 
ue  to  Simpson,  is  slightly  different.  Let  the  interval  (a,  b)  be 
ivided  into  2n  equal  parts,  and  let  yo>  yn  ys>  "*»  yt»  be  the  ordi- 
lates  of  the  corresponding  points  of  division.  Applying  Cotes' 
ormula  to  the  area  which  lies  between  two  ordinates  whose  indices 
tre  consecutive  even  numbers,  such  as  yo  and  y,,  ya  and  y^,  etc.,  we 
^d  an  approximate  value  of  the  given  area  in  the  form 

/=  -^^  [(yo  +  4yi  4-  ya)  +  (yi  +  4y,  4-  y4)  +  ••• 

+  (y».-iH-4y»,.i  +  yi»)], 
whence^  upon  simplification,  we  find  Simpson's  formula : 

/  -  -^  [yo  +  yt»  +  2  (y,  4-  y4  +  •  •  •  +  y*,  - 1) 

+  4(yi4-yi4----4-yt»-i)]. 

101.  OauM'  method.  In  Gauss'  method  other  values  are  assigned 
be  quantities  6^.  The  argument  is  as  follows:  Suppose  that  we 
^  find  polynomials  of  increasing  degree  which  differ  less  and  less 
^om  the  given  integrand  f(x)  in  the  interval  (a,  b).  Suppose, 
^^  instance,  that  we  can  write 

f(x)  «  ao  +  «i«  +  «!«"  4-  •  •  •  4-  «t,-i  «•""*  4-  -«»»(«), 
>^liere  the  remainder  R^(x)  is  less  than  a  fixed  number  i^  for  all 
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Talues  of  X  between  a  and  b,*  The  coefficients  a^  will  be  in  gen- 
eral unknown,  but  they  do  not  occur  in  the  calculation,  as  we  shall 
see.  Let  Xq,  Xi,  •  •  •,  a;,_|  be  values  of  x  between  a  and  b,  and  let 
^(x)  be  a  polynomial  of  degree  n  ~  1  which  assumes  the  same 
values  as  does  f(x)  for  these  values  of  x.  Then  Lagrange's  inte> 
polation  formula  shows  that  this  polynomial  may  be  written  in  the 
form 

«(«) = X  "-*-(*) + «».(«•)♦•(*) + •  •  • + «fc(«.-o  ♦.-i(*), 

where  ^^  and  i^^  are  at  most  polynomials  of  degree  n  —  1.  It  is 
clear  that  the  polynomial  ^j(x)  depends  only  upon  the  choice  of 
^o>  ^1)  "*)  ^H-i-  ^^  tl^o  other  hand,  this  polynomial  ^.(a;)  must 
assume  the  same  values  as  does  x^  for  x  =  Xq,  x  =  Xi,  -  •  -,  x  =  x^_i. 
For,  supposing  that  all  the  a's  except  a^  and  also  Rt^{x)  vanish, 
/(x)  reduces  to  a.a^  and  ^(a;)  reduces  to  a^^^(x).  Hence  the 
difference  x"  —  ^>»(^)  must  be  divisible  by  the  product 

P^(x)  =  (a;  -  ajo)  (a;  -  an)  •  •  •  («  -  «.-i)- 

It  follows  that  35*  —  ^m(^)=  PnQm-n(^)f  whcre  Q„_,(aj)  is  a  poly- 
nomial of  degree  m  —  n,  if  m  >  n ;  and  that  a:*— ^^(a?)  =  Oifm<n— 1. 
The  error  made  in  replacing  J  f(x)dx  hj  f^^(x)dx  is  evidently 
given  by  the  formula 

(37)  Va^l    [«- -  ♦^(aj)]  £te  +  /    It^{x)dx 

n-l 


The  terms  which  depend  upon  the  coefficients  ao,  ^d  *  *  •,  a.  _i  vanish 
identically,  and  hence  the  error  depends  only  upon  the  coefficients 
^ni  ^11+ 1)  '"9  ^sn-i  ^^^  ^^^  remainder  R^(x),  But  this  remain- 
der is  very  small,  in  general,  with  respect  to  the  coefficients 
'i  ^2ii-i*     Hence  the  chances  are  good  for  obtaiiiing  a 


^••j  ^fi+i* 


high  degree  of  approximation  if  we  can  dispose  of  the  quantities 
XQf  Xi,  •••,  a;,.,  in  such  a  way  that  the  terms  which  depend  upon 
^11)  ^n  +  i)  "*)  ^tH-i  &lso  vanish  identically.  For  this  purpose  it  is 
necessary  and  sufficient  that  the  n  integrals 

a  ft/a  l/a 

*  This  is  a  property  of  any  function  which  is  continnons  in  the  intenral  (a,  i)i 
aooording  to  a  theorem  due  to  Weierstrass  (see  Chapter  IX,  §  190). 
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should  Yaniflh,  where  Q^  is  a  polynomial  of  degree  i.  We  have 
already  seen  ((  88)  that  this  condition  is  satisfied  if  we  take  P.  of 
the  form 

It  is  therefore  sufficient  to  take  for  a^,  Xi,  •  •  •,  x^^i  the  n  roots  of 
the  equation  P.  =  0,  and  these  roots  all  lie  between  a  and  b. 

We  may  assume  that  a  =  —  1  and  6  =  4-1,  since  all  other  oases 
may  be  reduced  to  this  by  the  substitution  a;  =  (ft  +  a)  /2  +  ^  (6  —  a)  /2. 
In  the  special  case  the  values  of  Xq,  Xi,  •••,  x^_i  are  the  roots  of 
Legendre's  polynomial  X^,  The  values  of  these  roots  and  the 
values  of  Kf  for  the  formula  (36),  up  to  n  =  5,  are  to  be  found  to 
seven  and  eight  places  of  decimals  in  Bertrand's  Traiti  de  CcUeul 
integral  (p.  342). 

Thus  the  error  in  Gauss'  method  is 

«/a  {kO  ^o 

where  the  functions  %(x)  are  independent  of  the  given  integrand. 
In  order  to  obtain  a  limit  of  error  it  is  sufficient  to  find  a  limit  of 
R^(x)f  that  is,  to  know  the  degree  of  approximation  with  which 
the  function  f(x)  can  be  represented  as  a  polynomial  of  degree 
2n  —  1  in  the  interval  (a,  b).  But  it  is  not  necessary  to  know 
this  polynomial  itself. 

Another  process  for  obtaining  an  approximate  numerical  value  of 
a  given  definite  integral  is  to  develop  the  function /(x)  in  series  and 
integrate  the  series  term  by  term.  We  shall  see  later  (Chapter  VIII) 
under  what  conditions  this  process  is  justifiable  and  the  degree  of 
approximation  which  it  gives. 

108.  Amster's  plaaimttar.  A  great  many  machines  have  been  hiyented  to 
meaeare  mechanically  the  area  bounded  by  a  closed  plane  cur¥e.*  One  of  the 
most  ingenioQB  of  these  is  Amsler^s  planimeter,  whoee  theory  affords  an  interest- 
ing application  of  line  integrals. 

Let  OS  consider  the  areas  Ai  and  At  bounded  by  the  carves  described  by  two 
points  Ai  and  Af  of  a  rigid  straight  line  which  moves  in  a  plane  in  any  manner 
and  finally  returns  to  its  original  position.  Let  (zi,  yi)  and  (2a,  yt)  be  the  codr. 
dinates  of  the  points  Ai  and  Af^  respectively,  vrith  respect  to  a  set  of  rectangu- 
lar axes.    Let  I  be  the  distance  AiAt^  and  $  the  angle  which  Ai  At  makes  with 

*A  description  of  these  instruments  is  to  be  found  in  a  wcnrk  by  Abdank- 
Abakanowicz:  Le«  inUgnqthes,  la  oourbe  integrate  et  tea  applications  (Gauthier- 
Yinais,  18S6). 
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the  poBitive  x  axis.  In  order  to  define  the  motion  of  the  line  analytically,  xi,  yi, 
and  e  must  be  supposed  to  be  periodic  functions  of  a  certain  variable  parameter  ( 
which  resume  the  same  values  when  t  is  increased  by  7.  We  have  Xt = xi  + 1  cot  ^, 
y%  =  yi-\-l  sin  9,  and  hence 

T^dyt  —  Vidxt  =  Xtdvt  —  Vidxi  +  1^d$ 

+  l{coB$dyi  —  sin^dxi  +  ZicoB^d^  +  yisin^d^. 

The  areas  Ai  and  As  of  the  curves  described  by  the  points  Ai  and  At,  under  tits 
general  conventions  made  above  (§  96),  have  the  foUowing  values : 

Ai  =  -  fxidyi  -  yidxi,       At  =  -  Jx^dyt  -  ytdxt. 

Hence,  integrating  each  side  of  the  equation  just  found,  we  obtain  the  equation 

A«  =  Ai  +  -  fd$  +  -  r  fcos^dyi  -  sin^dxi  +f{xiOOB$  +  yi8inl)d9J, 

where  the  limits  of  each  of  the  integrals  correspond  to  the  values  to  uul  to  +  7 
of  the  variable  t.  It  is  evident  that  Jd$  =  2KXt  where  IT  is  an  integer  which 
depends  upon  the  way  in  which  the  straight  line  moves.  On  the  other  hand, 
integration  by  parti  leads  to  the  formula 


jXicoB$d$=     Xisin^  — Jsin^dxi, 
jyiBiik9d$  =  —  yiCOB0  -^  jcoB0dyi, 


But  OBisin  $  and  yi  cos  9  have  the  same  values  for  t  =  to  ftnd  t  =  to  +  T,  HeoM 
the  preceding  equation  may  be  written  in  the  form 

As  =  Ai  +  KTtJ^  +  lfc(M$dyi  -  sin^dsi. 

Now  let  a  be  the  length  of  the  arc  described  hj  Ai  counted  positive  In  a  certain 
sense  from  any  fixed  point  as  origin,  and  let  a  be  the  angle  which  the  podtire 
direction  of  the  tangent  makes  with  the  positive  x  axis.    Then  we  shall  have 

cos^d^i  —  a\n9dxi  =  (sinacos^  — sin  9  cos  or)  ds  =  sin  Fds, 

where  V  is  the  angle  which  the  positive  direction  of  the  tangent  makes  with  the 
positive  direction  AiA^  of  the  straight  line  taken  as  in  Trigonometiy.  Tlie 
preceding  equation,  therefore,  takes  the  form 


(38)  As  =  Ai  +  JT^rP  +  Z  fsinFds. 


Similarly,  the  area  of  the  curve  described  by  any  third  point  Ai  of  the  straight 
line  is  given  by  the  formula 


(39)  A,  =  Ai  -f  KnV^  +  r  fsinFds, 


where  V  is  the  distance  AiA^.    Eliminating  the  imknown  quantity  /sinFdl 
between  these  two  equations,  we  find  the  formula 

Z'As  -  Us  =  (r  -  i)  Ai  +  K7tlV{l  -  V), 
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which  may  be  written  in  the  form 

(40)  Ai(23)  +  A,(31)  +  A,(12)  +  Kit  (i2)  {9S)  (SI)  =  0, 

where  {ik)  denotes  the  distance  between  the  points  Ai  and  ^^  (i,  ft  =  1,  2,  8) 
taken  with  its  proper  sign.  As  an  application  of  this  formula,  let  ns  consider 
a  straight  line  AiAf  of  length  (a  +  6),  whose  extremities  Ai  and  A^  describe  the 
same  closed  convex  curve  C.  The  point  A%,  which  divides  the  line  into  seg- 
ments of  length  a  and  6,  describes  a  closed  carve  C  which  lies  wholly  inside  C. 
In  this  case  we  have 

A,=  Ai,        (12)  =  o  +  6,        (28)  =  -6,        (81)  =  -a,        r  =  l; 

whence,  dividing  by  a  +  6, 

Ai  ~  As  =  nab. 

Bat  Ai  —  At  is  the  area  between  the  two  carves  C  and  C,  Hence  this  area  is 
independent  of  the  form  of  the  curve  (7.    This  theorem  is  due  to  Holditch. 

If,  instead  of  eliminating  /sinFds  between  the  equations  (88)  and  (89),  we 
eliminate  Ai,  we  find  the  formula 

(41)  A,  =  Aj  +  Kit{r*  -  P)  +  (r  -  0  JsinFds. 

Amsler's  planimeter  affords  an  application  of  this  formula.  Let  A\AtAt  be  a 
rigid  rod  joined  at  A%  with  another  rod  0A%,  The  point  O  being  fixed,  the  point 
At^  to  which  is  attached  a  sharp  pointer,  is  made  to  describe  the  curve  whose  area 
is  sought.     The  point  A%  then 

describes  an  arc  of  a  circle  or  }zjA% 

an  entire  circumference,  accord- 
ing to  the  nature  of  the  motion. 
In  any  case  the  quantities  At,  IT, 
2,  V  are  all  known,  and  the  area 
At  can  be  calculated  if  the  in- 
tegral /sin  Fds,  which  is  to  be 
taken  over  the  curve  C\  described 
by  the  point  A^  can  be  evaluated.  ^^ 

This  end  Ai  carries  a  graduated    ^"^ 
circular  cylinder  whose  axis  coin- 
cides with  the  axis  of  the  rod  AxAz^  and  which  can  turn  about  this  axis. 

Let  us  consider  a  small  displacement  of  the  rod  which  carries  A\A%At  into 
the  position  AiAiA't.  Let  Q  be  the  intersection  of  these  straight  lines.  About 
Q  as  center  draw  the  circular  are  ^f  a  and  drop  the  perpendicular  AiP  from 
Ai  upon  AiAf,  We  may  imagine  the  motion  of  the  rod  to  consist  of  a  sliding 
along  its  own  direction  untU  Ai  comes  to  a,  followed  by  a  rotation  about  Q  which 
brings  a  to  Al.  In  the  first  part  of  this  process  the  cylinder  would  slide,  with- 
out turning,  along  one  of  its  generators.  In  the  second  part  the  rotation  of 
the  cylinder  is  measured  by  the  arc  aA{,  The  two  ratios  aAi/AiP  and 
AiP/arcAiAl  approach  1  and  sinF,  respectively,  as  the  arc  AiAi  approaches 
zero.  Hence  aAl  =  As  (sinF  +  c),  where  c  approaches  zero  with  As.  It  follows 
that  the  total  rotation  of  the  cylinder  is  proportional  to  the  limit  of  the  sum 
2As(sinF+  e),  that  is,  to  the  integral  /sin  Fds.  Hence  the  measurement  of 
this  rotation  is  suificient  for  the  determination  of  the  given  area. 
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1.  ShofwtbafttiM  ■iiHl/a  +  l/(m  +  l)  +  ...+l/Sii  Kppnmdbm  log  8  am 
In  0  ummm  »i»<wii««t— ly 

[Sliow  that  thii  ■OH  approMlMB  tiM  daOnita  im^gnd  //[1/(1  +  s)](it  aiiti 
Bmii.] 

8.  Aft  in  thft  praoeding  exncSfte,  find  tht  Umiti  of  oftch  of  tha  tiuas 

1^  oonneetinf  tb«n  with  cvtain  definite  intagnb.    In  geneinlf  the  Uniit  of 
the  iiim 

M  »  beoomet  infinite,  is  eqwd  to  a  certain  definite  integnl  idMnerer  #(<,  n)  ii 
a  homogeneouft  fonotion  of  degree  - 1  in  i  and  n. 

8.  Sliow   that  the  Talne  of   the   definite   integral  f/^\ogtbkxdi  ii 
-.(ir/8)log2. 
[This  may  be  proved  by  starting  with  the  known  trigonometric  formula 

^   ^^   ^^      -I   (»-I)i'        » 
sin —  sin  —  •  •  'Sin-^ —  = , 

AH  n  2*-* 

or  elss  Iqr  use  of  the  following  almost  self-eyident  equalities : 

J"log8inxdx=j|j"logcos«dx  =  i   f'log^^^^W] 
i.  By  the  aid  of  the  preceding  example  e?alnate  the  definite  integral 


fH) 


tanxdx. 


6.  Show  that  the  Talne  of  the  definite  integral 


X 


log(l±«) 

is  (ir/8)log2. 

[Set  X  =  tan  f  and  break  up  the  transformed  integral  into  three  parts.] 


6*.  Eralnate  the  definite  integral 

Jlog(l  —  2a  coss  +  aS)dx. 
0 


[FonsoH.] 
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[Diyiding  the  interval  from  0  to  ir  into  n  equal  parts  and  applying  a  well-known 
mala  of  trigonometry,  we  are  led  to  seek  the  limit  of  the  expression 


?,o.[^(^-l)] 


n  becomes  infinite.    If  a  lies  between  —  1  and  + 1,  this  limit  is  sero.    If 
>  1,  it  is  jr  log  a^.    Compare  §  140.] 

7.  Show  that  the  Talue  of  the  definite  integral 

sinxdx 


X 


VI  — Sorcosx  +  a* 
lere  a  is  positiye,  is  2  if  a  ^  1,  and  is  2/a  if  a  >  1. 

8*.  Show  that  a  necessary  and  sufficient  condition  that  f{z)  should  be  inte- 
able  in  an  interval  (a,  6)  is  that,  corresponding  to  any  preassigned  number  e, 
subdivision  of  the  interval  can  be  found  such  that  the  difference  iS  —  t  of  the 
»rresponding  sums  8  and  t  is  less  than  e. 

9.  Let/(x)  and  ^(x)  be  two  functions  which  are  continuous  in  the  interval  (a,  6), 
nd  let  (a,  Xi,  Zi,  •  •  • ,  6)  be  a  method  of  subdivision  of  that  interval.  If  (^,  ly^. 
pe  any  two  values  of  x  in  the  interval  (x,-i,  x<),  the  sum  Z/(|<)  ^{m)  {^  —  ^-i) 
>proaches  the  definite  integral  J^f(x)  ^(x)  dx  as  its  limit. 

10.  Let/(x)  be  a  function  which  is  continuous  and  positive  in  the  Interval  (a,  6). 
ow  that  the  product  of  the  two  definite  integrals 


/>*=•  £m 


X  minimum  when  the  function  is  a  constant. 

11.  Let  the  symbol  i^  denote  the  index  of  a  function  {%  77)  between  So 
i)  xi.    Show  that  the  following  formula  holds: 

Ure  e  =  +  l  if /(Xo)>0  and/(xi)<0,  e  =  -l  if /(xo)<0  and/(xi)>0,  and 
3=  0  if  /(xo)  and  /(xi)  have  the  same  sign. 

[Apply  the  last  formula  in  the  second  paragraph  of  §  77  to  each  of  the  func- 
tus/(x)  and  l//(x).] 

12*.  Let  XJ  and  V  be  two  polsmomials  of  degree  n  and  n  —  1,  respectively, 
bich  are  prime  to  each  other.  Show  that  the  index  of  the  rational  fraction 
JTJ  between  the  limits  ~  oo  and  +  oo  is  equal  to  the  difference  between  the 
^mber  of  imaginary  roots  of  the  equation  Z7  +  tF  =  0  in  which  the  coefficient 
'  i  is  positive  and  the  number  in  which  the  coefficient  of  i  is  negative. 

[Hebmite,  BidUtin  de  la  SoeUU  matMfMitique,  Vol.  VII,  p.  128.] 

18*.  Derive  the  second  theorem  of  the  mean  for  integrals  l^  integration  1^ 
^rti. 
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[L6t/[s)  and  ^x)  be  two  fnnotions  each  of  which  ii  eontinuooi  In  the  inter- 
▼il  (a,  h)  and  the  flnt  of  whkh,  /(x),  oooatantly  increaaes  (or  decreaeaa)  and 
haa  a  eontiniioiia  derivatiye.    Introdaoing  the  auxiUary  fanctlon 

*{x)=f%{x)dx 

and  Integrating  by  parti,  we  find  the  equation 

^/(x)^(x)dx  =  /(6)*(6)  -  j^/'(x)*(x)dK. 

Since /'(x)  always  has  the  same  sign,  it  only  remaina  to  apply  the  first  theorem 
of  the  mean  for  integrals  to  the  new  integral] 

14.  Show  directly  that  the  definite  integral  fxdif  —  ydz  extended  oter  a 
dosed  eontonr  goes  oyer  into  an  integral  of  the  same  form  when  the  axes  are 
replaced  l^  any  other  set  of  rectangular  axes  which  have  the  same  aqpeet 

15.  Given  the  formula 

I   coeXxdx  = -(sinX6  — sinXa), 
•ralnate  the  integrals 

Jx^+^sinXxdx,        jx^cosXxdx. 

16.  Let  ns  associate  the  points  (x,  y)  and  (x^,  /)  upon  any  two  giren  corves 
C  and  Cj  respectively,  at  which  the  tangents  are  parallel.  The  point  whose 
co5rdinates  are  Xi  =  px  +  9x',  yi=py  •¥  qy'^  where  p  and  q  are  given  constants, 
describes  a  new  curve  C\.  Show  that  the  following  relation  holds  between  the 
corresponding  arcs  of  the  three  curves : 

«i  =  ±  pa  ±  qt^. 

17.  Show  that  corresponding  arcs  of  the  two  curves 


(0  +  t^'W  -  ^(4 


have  the  same  length  whatever  be  the  functions /(t)  and  ^Q. 

18.  From  a  point  If  of  a  plane  let  us  draw  the  normals  JfPi,  •  •  • ,  JfP.  to 
n  given  curves  Ci,  Cg,  •  •  •,  C.  which  lie  in  the  same  plane,  and  let  U  be  the 
distance  MPi,  The  locus  of  the  points  If,  for  which  a  relation  of  the  form 
•^(^it  ^1  "  '1  M  =  0  holds  between  the  n  distances  {<,  is  a  curve  F.  If  lengths 
proportional  to  oF/bU  be  laid  off  upon  the  lines  IfP,*,  respectively,  according  to 
a  definite  convention  as  to  sign,  show  that  the  resultant  of  these  n  vectors  gives 
the  direction  of  the  normal  to  r  at  the  point  M,  Generalize  the  theorem  for 
surfaces  in  space. 

19.  Let  C  be  any  closed  curve,  and  let  us  select  two  points  p  and  p'  upon  the 
tangent  to  C  at  a  point  m,  on  either  side  of  m,  making  mp  =  mj^.  Supposing 
that  the  distance  mp  varies  according  to  any  arbitrary  law  as  m  describes  the 
carve  O,  show  that  the  points  p  and  p'  describe  curves  of  equal  area.  Discnas 
the  special  case  where  mp  is  constant. 
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20.  Given  any  closed  conyez  curre,  let  us  draw  a  parallel  curve  by  laying  oft 
a  constant  length  I  upon  the  normals  to  the  given  curve.  Show  that  the  area 
between  the  two  curves  is  equal  to  ±  xP  -^  81,  where  t  is  the  length  of  the  given 
curve. 

21.  Let  C  be  any  closed  curve.  Show  that  the  locus  of  the  points  A,  for 
which  the  corresponding  pedal  has  a  constant  area,  is  a  circle  whose  center  is 
fixed. 

[Take  the  equation  of  the  curve  C  in  the  tangential  form 

z  cos  t  +  y  sin  t  =  /(<).] 

22.  Let  C  be  any  closed  curve,  Ci  its  pedal  with  respect  to  a  point  A,  and  Ca 
the  locus  of  the  foot  of  a  perpendicular  let  fall  from  A  upon  a  normal  to  C. 
Show  that  the  areas  of  these  three  curves  satisfy  the  relation  A  =  Ai  —  Ag. 

[By  a  property  of  the  pedal  (§  86),  if  p  and  w  are  the  polar  coordinates  of  a  point 
on  Ci,  the  coordinates  of  the  corresponding  point  of  Ca  are  p'  and  w  +  jr/2,  and 
those  of  the  corresponding  point  of  C  are  r  =  V^Ty*  and  ^  =  w  +  arc  tan  p'/p.] 

23.  If  a  curve  C  rolis  vdthout  slipping  on  a  straight  line,  every  point  A  which 
is  rigidly  connected  to  the  curve  C  describes  a  curve  which  is  called  a  roukUe. 
Show  that  the  area  between  an  arc  of  the  roulette  and  its  base  is  tvdce  the  area 
of  the  corresi)onding  portion  of  the  pedal  of  the  point  A  with  respect  to  C  Also 
show  that  the  length  of  an  arc  of  the  roulette  is  equal  to  the  length  of  the  corre- 
sponding arc  of  the  pedal.  [Stewer.] 

[In  order  to  prove  these  theorems  analytically,  let  X  and  T  be  the  coordi- 
nates of  the  point  A  with  respect  to  a  moving  system  of  axes  formed  of  the 
tangent  and  normal  at  a  point  If  on  C.  Let  t  be  the  length  of  the  are  OM 
counted  from  a  fixed  point  O  on  C,  and  let  w  be  the  angle  between  the  tangents 
at  O  and  M,    First  establish  the  formulte 

and  then  deduce  the  theorems  from  them.] 

24*.  The  error  made  in  Gauss*  method  of  quadrature  may  be  ezpresMd  in 
the  form 

/fft»)(Q  2       r     1.2.8  -n    -|« 

1 . 2 . . .  2n  ^  2n  +  1  Ll .  2  .  •  •  (2n  -  1)  J  ' 
where  |  Uea  between  - 1  and  + 1.  [BiAHsiOH,  Comptes  rendus,  1886.] 


CHAPTER  V 

nrDEFIHITE  INTSORALS 

We  shall  review  in  this  chapter  the  general  classes  of  elemen* 
tary  functions  whose  integrals  can  be  expressed  in  terms  of  ele- 
mentary functions.  Under  the  term  elemetUary  fitnetions  we  shall 
include  the  rational  and  irrational  algebraic  functions,  the  exponen- 
tial function  and  the  logarithm,  the  trigonometric  functions  and 
their  inverses,  and  all  those  functions  which  can  be  formed  by  a 
finite  number  of  combinations  of  those  already  named.  When  the 
indefinite  integral  of  a  function  f(x)  cannot  be  expressed  in  terms 
of  these  functions,  it  constitutes  a  new  transcendental  function. 
The  study  of  these  transcendental  functions  and  their  classification 
is  one  of  the  most  important  problems  of  the  Integral  Calculus. 

I.  INTEGRATION  OF  RATIONAL  FUNCTIONS 

103.  Qenend  method.  Every  rational  function  f(x)  is  the  sum  of 
an  integral  function  E{x)  and  a  rational  fraction  P(x)/Q(x)f  wheie 
P(x)  is  prime  to  and  of  less  degree  than  Q(x).  If  the  real  and 
imaginary  roots  of  the  equation  Q(x)  be  known,  the  rational  frac- 
tion may  be  decomposed  into  a  sum  of  simple  fractions  of  one  or  the 
other  of  the  two  types 

A  Mx  +  N 

The  fractions  of  the  first  type  correspond  to  the  real  roots,  those 
of  the  second  type  to  pairs  of  imaginary  roots.  The  integral  of 
the  integral  function  E(x)  can  be  written  down  at  once.  The  inte* 
grals  of  the  fractions  of  the  first  type  are  g^ven  by  the  formul» 


= =Zi'      ifm>l; 


(x  —  «)"•  (m  —  l)(x  —  a) 

A  dx 


X  —  a 


=  Alog(x  —  a)f  if  m  =  1 . 


For  the  sake  of  simplicity  we  have  omitted  the  arbitrary  constant  C, 
which  belongs  on  the  right-hand  side.    It  merely  remains  to  examine 

808 
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le   simple  fractions  which  arise  from  pairs  of  imaginary  roots. 

1  order  to  simplify  the  corresponding  integrals,  let  us  make  the 

ibstitution 

x^a  +  pty     dx  =  pdt, 

he  integral  in  question  then  becomes 

l(x  -  ay  +  /8T  "^  ~  /8*- J  (1  +  t^r        ^*' 

[id  there  remain  two  kinds  of  integrals : 


(14-0"'    J  (1  + 


t^' 


Since  t  dt  is  half  the  differential  of  1  +  t*,  the  first  of  these  inte- 
rals  is  given^  if  n  >  1,  by  the  formula 

r  tdt   ^ 1 ^ ff**-' 

/  (l-fO"         2 (n-l) (!+<«)-»         2(n-l)[(a;-a)«  +  /8»]-»' 
»r,  if  n  =  1^  by  the  formula 

j^P^  =  -log(l+0  =  ^log^^        ^^j' 
rhe  only  integrals  which  remain  are  those  of  the  type 

r   dt 

J  (i  +  tY 

\in  =  l,  the  value  of  this  integral  is 


/ 


dt  X  —  a 

=  arc  tan  t  =  arc  tan 


1+^ p 

If  n  is  greater  than  unity,  the  calculation  of  the  integral  may  be 
reduced  to  the  calculation  of  an  integral  of  the  same  form,  in  which 
the  exponent  of  (1  +  ^  is  decreased  by  unity.  Denoting  the  inte- 
gral in  question  by  /.,  we  may  write 

•    J(14-<«)*     J     (1+0"  J  (14-0""'     J  (1  +  0"* 

From  the  last  of  these  integrals,  taking 

tdt  1 


(1  ^^nr  2(n  -  1)  (1  4-  O"" 
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and  integrating  by  parts,  we  find  the  formula 

r  t*dt   ^ t 1      r    dt 

J  (1+^)"  2(n-l)(H-e«)-»'*"2(n-l)J  (!  +  <«)"-»* 

Substituting  this  value  in  the  equation  for  /„,  that  equation  becomes 

J       2n-3  t 


2n-2  "-'  ■  2(n-l)(H-e«)— » 

Repeated  applications  of  this  formula  finally  lead  to  the  integral 
Ii  =  arc  tan  t.     Retracing  our  steps,  we  find  the  formula 

,       (2n-3)(2n-6)...3.1       ^     .  .    „/.x 
"'  =  (2n-2)(2n^4)...4.2^^^^"^^  +  ^W> 

where  i2(^)  is  a  rational  function  of  t  which  is  easily  calculated. 
We  will  merely  observe  that  the  denominator  is  (1  +  ^*~S  and  that 
the  numerator  is  of  degree  less  than  2n  —  2  (see  §  97,  p.  192). 

It  follows  that  the  integral  of  a  rational  function  consists  of 
terms  which  are  themselves  rational,  and  transcendental  terms  of 
one  of  the  following  forms : 

log  (x  -  a),     log  [(x  —  ay  +  /8«],     arc  tan     "T  ^' 

P 

Let  us  consider,  for  example,  the  integral  J'[l/(a5*  — l)]da5.    The 

denominator  has  two  real  roots  4- 1  and  —  1,  and  two  imaginaij 

roots  +  t  and  —  t.     We  may  therefore  write 

1  A  B         Cx  +  D 

a;*~l""aj-l'*"a;  +  l"'"   l-fo;** 

Li  order  to  determine  A,  multiply  both  sides  by  x  —  1  and  then  set 
05  =  1.  This  gives  A  =  1/4,  and  similarly  B  =  —  1/4.  The  iden- 
tity assumed  may  therefore  be  written  in  the  form 

1  1/1  l\Ca;4-2> 

x*-l      4Vaj-l      x  +  l)        1+x*  ' 

or,  simplifying  the  left-hand  side, 

- 1       _Cx-^D 
2(l  +  a;')"    1+x^  ' 
It  follows  that  C  =  0  and  D  =  —  1/2,  and  we  have,  finally^ 

1^1 1 1 

ic*~l      4(a;-l)      4(a;+l)      2(x«-fl)' 
which  gives 

"    dx         1,      /:r-l\      1 


h 


k> 
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Nate.  The  preceding  method,  though  absolutely  general,  is  not 
Iwajs  the  simplest.    The  work  may  often  be  shortened  by  using 
suitable  device.     Let  us  consider,  for  example,  the  integral 


/; 


dx 


(««  -  1)* 

f  n  >  1,  we  may  either  break  up  the  integrand  into  partial  frac- 
Lons  by  means  of  the  roots  + 1  and  —  1,  or  we  may  use  a  reduction 
ormula  similar  to  that  for  /..  But  the  most  elegant  method  is  to 
lake  the  substitution  2  =  (1  +  «)/(l  —  z),  which  gives 

.      ^  4«  ,  2dz 

ar  —  1  =  jz rzf      ax  =  7^ rr> 

(1  _  zy  (1  -  zy 


(X*  -  1)-  ■"  I- J  «-         '^*- 


Developing  (1  —  «)*"''  by  the  binomial  theorem,  it  only  remains 
0  integrate  terms  of  the  form  Azf^,  where  fi  may  be  positive  or 
egative. 


I  A- 


104.  Hermite's  method.  We  have  heretofore  supposed  that  the 
raction  to  be  integrated  was  broken  up  into  partial  fractions,  which 
resumes  a  knowledge  of  the  roots  of  the  denominator.  The  fol- 
}wing  method,  due  to  Hermite,  enables  us  to  find  the  algebraic 
art  of  the  integral  without  knowing  these  roots,  and  it  involves 
nly  elementary  operations,  that  is  to  say,  additions,  multiplications, 
nd  divisions  of  polynomials. 

Let  f(x)/F(x)  be  the  rational  fraction  which  is  to  be  integrated. 
Ye  may  assume  that  f(x)  and  F(x)  are  prime  to  each  other,  and 
ve  may  suppose,  according  to  the  theory  of  equal  roots,  that  the 
)olynomial  F(x)  is  written  in  the  form 

vheie  Xi,  Xf, '",  Xp  are  polynomials  none  of  which  have  multiple 
"oots  and  no  two  of  which  have  any  common  factor.  We  may  now 
)reak  up  the  given  fraction  into  partial  fractions  whose  denomina- 
^tBZseXifXl,  -..,  X^: 

F(x)      Xr^Xl^       ^X;' 

^here  Ai  is  a  polynomial  prime  to  Xf,  For,  by  the  theory  of  high- 
^t  common  divisor,  if  X  and  Y  are  any  two  polynomials  which  are 
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prime  to  each  other,  and  Z  any  third  polynomial,  two  other  poly- 
nomials A  and  B  may  always  be  found  such  that 

BK-\-AY^Z. 

Let  us  set  X^X^,  K=:  .Y|  •  •  •  X^,  and  Z  =/(«).    Then  this  identity 
becomes 

or,  dividing  by  -F(a5), 

F(x)    Xi    xi"X; 

It  also  follows  from  the  preceding  identity  that  if  f(x)  is  prime  to 

F(x),  A  is  prime  to  .Yi  and  B  is  prime  to  JCJ  •  •  •  X^,     Repeating  the 

process  upon  the  fraction 

B 

Xl'^Xl' 

and  so  on,  we  finally  reach  the  form  given  above. 

It  is  therefore  sufficient  to  show  how  to  obtain  the  rational  part 
of  an  integral  of  the  form 

Adx 


f 


*" 


where  <Kx)  is  a  polynomial  which  is  prime  to  its  derivative.    Then, 

by  the  theorem  mentioned  above,  we  can  find  two  polynomials  B 

and  C  such  that 

B<l>(x)  +  C<l>Xx)  =  A , 

and  hence  the  preceding  integral  may  be  written  in  the  form 

/Adx^  CBffi^  C4>'^  fBdx       f    <l>'dx 

If  n  is  greater  than  unity,  taking 

-1 
(w  — 1)^"  * 
and  integrating  by  parts,  we  get 

r^4>'dx_        c         1    r_c^, 

whence,  substituting  in  the  preceding  equation,  we  find  the  formu 

/Adx  _  C r Aidx 
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where  ^i  is  a  new  polynomial.  If  n  >  2,  we  may  apply  the  same 
process  to  the  new  integral,  and  so  on :  the  process  may  always  be 
continued  until  the  exponent  of  ^  in  the  denominator  is  equal  to 
one,  and  we  shall  then  have  an  expression  of  the  form 


/^=*<-)^/*f' 


where  R(x)  is  a  rational  function  of  x,  and  ^  is  a  polynomial  whose 
degree  we  may  always  suppose  to  be  less  than  that  of  <^,  but  which 
is  not  necessarily  prime  to  ^.  To  integrate  the  latter  form  we  must 
know  the  roots  of  4>,  but  the  evaluation  of  this  integral  will  intro- 
duce no  new  rational  terms,  for  the  decomposition  of  the  fraction 
^/^  leads  only  to  terms  of  the  two  types 

A  Mx-\-N 

X  —  a     (a  —  a)"  -h  )8* 

each  of  which  has  an  integral  which  is  a  transcendental  function. 

This  method  enables  us,  in  particular,  to  determine  whether  the 
integral  of  a  given  rational  function  is  itself  a  rational  function. 
The  necessary  and  sufficient  condition  that  this  should  be  true  is 
that  each  of  the  polynomials  like  ^  should  vanish  when  the  process 
luis  been  carried  out  as  far  as  possible. 

It  will  be  noticed  that  the  method  used  in  obtaining  the  reduction  formula 
'or  J,  is  essentially  only  a  special  case  of  the  preceding  method.  Let  us  now 
(insider  the  more  general  integral 


/i 


^  -A96O,  B«--AC96  0. 


^Vom  the  identity 

A(Az*  +  2Ba;  +  C)  -  (Ax  +  B)«  =  AC--  B« 
^  is  evident  that  we  may  write 

dx 


r       dx        ^    A     r 

J  (Ax*  +  2Ba;  +  C)"     AC-B*J 

L_r 

AC-B*J 


(^x2  +  2Bx+  C)"-» 


{Ax*  +  2Bx  +  C7)» 
'^tcgrating  the  last  integral  by  parts,  we  find 


/ 


(^^^^...""It^   ^dx  =  -  ^^  +  ^ 


{Ax*  +  2Bx  +  C)»  2  (n  -  1)(-Ax*  +  2Bx  +  C7)«-  ^ 

A       r  dx 


+ 


^/ 


2n  -  2  /  {Ax*  +  2Bx  +  C)— i 
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whence  the  preceding  relation  becomes 

dx  AZ'\-  B 


f 


{Aa^  +  2Bz  +  C)»     2(n  -  l)(ilC  -  B*){Aix^  +  2Bx  +  C)»-» 

2n-8 


C-B*J  (ilx«  +  2-Bx  +  C)«-i' 


2n  -  2  ill 

Continning  the  nme  procev,  we  are  led  eventually  to  the  integral 

dx 


/ 


Az*  +  2Bx  +  C 

which  is  a  logarithm  if  B>  -  ilC>0,  and  an  arctangent  if  B*  —  AC<0. 
As  another  example,  consider  the  integral 


/i 


6x«  +  8x-l    , 
dx. 


(x«+8x  +  l)« 
From  the  identity 

6x«  +  8x  -  1  =  6x(x«  + 1)  -  (as*  +  8x  + 1) 

it  is  evident  that  we  may  write 

r  6x«  4-  8x  -  1  ^  ^   f    6x(x«  +  l)     ^       r  dx 

J  (x»  +  8x  +  1)«         J  (x«  +  8x  +  1)«         J  (x«  +  8x  +  1)«* 

Integrating  the  first  integral  on  the  right  by  parts,  we  find 

/6(xg-fl)dx    _  -X  r  dx 

*  (x«  +  3x  +  1)«  "  (x«  +  3x  +  1)«     J  (x«  +  8x  +  !)«' 

whence  the  value  of  the  given  integral  is  seen  to  be 

—  X 


/; 


5x«4-8x-l    , 

(x«  +  3x  +  1)«      ~  («•  +  8x  +  !)«' 


JViote.  In  applying  Hermite's  method  it  becomes  necessary  to  solve  the  fol' 
lowing  problem :  given  three  polynomials  A,  B,  C,  of  degrees  m,  n,  p,  respeetiveiyi 
tioo  of  which,  A  and  B,  are  prime  to  each  other,  find  two  other  pdynomiais  u  and  « 
such  that  the  relation  Au  +  Bv  =  C  is  identically  satined. 

In  order  to  determine  two  polynomials  u  and  v  of  the  least  possible  degree 
which  solve  the  problem,  let  us  first  suppose  that  p  is  at  most  equal  to  m  +  n  - 1* 
Then  we  may  take  for  u  and  v  two  polynomials  of  degrees  n  —  1  and  m  - 1| 
respectively.  The  m  +  n  unknown  coefficients  are  then  given  by  the  system  of 
m  +  n  linear  non-homogeneous  equations  found  by  equating  the  coefficients. 
For  the  determinant  of  these  equations  cannot  vanish,  since,  if  it  did,  we  coold 
find  two  polynomials  u  and  v  of  degrees  n  —  1  and  m  —  1  or  less  which  satisfy 
the  identity  Au  +  Bv  =  0,  and  this  can  be  true  only  when  A  and  B  have  a 
common  factor. 

If  the  degree  of  C  is  equal  to  or  greater  than  m  +  n,  we  may  divide  Chy  AB 
and  obtain  a  remainder  C  whose  degree  is  less  than  m  +  n.  Then  C  =  ABQ  +  C, 
and,  making  the  substitution  u  —  BQ  =  ui ,  the  relation  Au-^  Bv  =  C  reduces  to 
Aui  +  Bv  =  C^    This  is  a  problem  under  the  first  case. 
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105.  Integrals  of  the  type  /r(x,  V^^l*  +  2Bz  +  C)  dx.  After  the 
integrals  of  rational  functions  it  is  natural  to  consider  the  inte- 
grals of  irrational  functions.  We  shall  commence  with  the  case  in 
which  the  integrand  is  a  rational  function  of  x  and  the  square  root 
of  a  polynomial  of  the  second  degree.  In  this  case  a  simple  substitu- 
tion eliminates  the  radical  and  reduces  the  integral  to  the  preceding 
case.  This  substitution  is  self-evident  in  case  the  expression  under 
the  radical  is  of  the  first  degree,  say  (ix-\-h.  If  we  set  ox  +  6  =  t\ 
the  integral  becomes 

and  Che  integrand  of  the  transformed  integral  is  a  rational  function. 
If  the  expression  under  the  radical  is  of  the  second  degree  and 
Las  two  real  roots  a  and  b,  we  may  write 

and  the  substitution 


actually  removes  the  radical. 

If  the  expression  under  the  radical  sign  has  imaginary  roots,  the 
above  process  would  introduce  imaginaries.  In  order  to  get  to  the 
bottom  of  the  matter,  let  i/  denote  the  radical  Vilas*  -f  2Bx  -f  C. 
Then  x  and  y  are  the  coordinates  of  a  point  of  the  curve  whose 
equation  is 

(1)  y*  =  i4x»  -h  2Bx  +  C, 

and  it  is  evident  that  the  whole  problem  amounts  to  expressing  the 

coordinates  of  a  point  upon  a  conic  by  means  of  rational  functions 

of  a  parameter.     It  can  be  seen  geometrically  that  this  is  possible. 

For,  if  a  secant 

y-fi=-t(x^a) 

be  drawn  through  any  point  (a,  P)  on  the  conic,  the  coordinates  of 
the  second  point  of  intersection  of  the  secant  with  the  conic  are 
given  by  equations  of  the  first  degree,  and  are  therefore  rational 
functions  of  t. 

If  the  trinomial  Ax*  +  2Bx  +  C  has  imaginary  roots,  the  coeffi- 
cient A  must  be  positive,  for  if  it  is  not,  the  trinomial  will  be 
negative  for  all  real  values  of  x.    In  this  case  the  conic  (1)  is  an 
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hyperbola.    A  straight  line  parallel  to  one  of  the  aqrmptotes  of 
this  hyperbola, 

ents  the  hyperbola  in  a  point  whose  coordinates  are 
X  = 7= >       y  « ^  +  Vil 


If  i4  <  0,  the  conic  is  an  ellipse,  and  the  trinomial  At^  +  2Bx  +  C 
must  have  two  real  roots  a  and  6,  or  else  the  trinomial  is  negatire 
for  all  real  values  of  x.  The  change  of  variable  g^ven  above  is  pre- 
cisely that  which  we  should  obtain  by  cutting  this  oonio  by  the 

moving  secant 

y  =  «(a;  — a). 

As  an  example  let  us  take  the  integral 


/; 


dx 


The  auxiliary  conic  y*  =  a^  +  A;  is  an  hyperbola,  and  the  straight  line 
X'\-y^t^  which  is  parallel  to  one  of  the  asymptotes,  cuts  the  hyper* 
bola  in  a  point  whose  coordinates  are 

Making  the  substitution  indicated  by  these  equations,  we  find 
_  <fe  /<«  4-  A  Cdx       r    Udt 2_ 

or,  returning  to  the  variable  x, 

dx  X  —  "y/x*  +  k  X  1 


/; 


(a^  +  A;)'        ky/x^-^k        k  Va;«  4-  k      k 

where  the  right-hand  side  is  determined  save  for  a  constant  tenn 
In  general,  if  AC  —  B^  is  not  zero,  we  have  the  formula 

dx  1  Ax  4-  B 


/; 


(Ax*  -h  2Bx  +  C)'      AC  -  5"  V^a;"  +  2Bx  +  C 

In  some  cases  it  is  easier  to  evaluate  the  integral  directly  without 
removing  the  radical.     Consider,  for  example,  the  integral 

dx 


f 


y/Ax*  +  2Bx  4-  C 
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If  the  coefficient  A  is  positive^  the  integral  may  be  written 

/VAdx  ^  r VAdx ^ 

^A*x*  +  2ABx  +  AC'~J  V(i4«-fJ5)«+i4C-^' 

or  setting  Ax  +  B^^t, 

Returning  to  the  yariable  a;,  we  have  the  formula 

//Lr  1 
=  — ^  log  (ila?  +  B  +  VI  Vila?*  +  2Bx  +  c). 
V^a^  +  25a;  +  C      Va 

If  the  coefficient  of  x*  is  negative,  the  integral  may  bs  written  in 
the  form 

r ^c ^  r y/Adx 

J   V-  At^  +  25aj  -^-C^J  ^AC-\'B*'-(AX'-By 

The  quantity  ^4  C  +  ^  is  necessarily  positive.     Hence,  maiing  the 

substitution  

Ax  —  B^^zt  VacT^, 

the  given  integral  becomes 

1      r_dt_        1  .    ^ 

— =  I     ,  =-7=arc8m^. 

Hence  the  formula  in  this  case  is 


/ 


dx  1  Ax  —  B 

arc  Sin 


V-  Aoc^  +  2Bx  +  C      Va  -VacT^ 

It  is  easy  to  show  that  the  argument  of  the  arcsine  varies  from  —  1 
to  -f  1  as  a;  varies  between  the  two  roots  of  the  trinomial. 

In  the  intermediate  case  when  A  =0  and  B  ^  0,  the  integral  is 
algebraic : 

**         =  I  ^2Bx  +  C. 


I- 


^2Bx  +  C      B 
Integrals  of  the  type 

dx 


/: 


(a?  -  a)Vi4«*  +  2Baj  +  C 
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reduce  to  the  preceding  type  bj  means  of  the  substitution  a?  =  a  + 1/^* 
We  find,  in  fact,  the  formula 

r         ^  r       ^y 

J  (x  -  a)  y/Ax^  +  2Bx  +  C         J   VI^yM^lS^yTcl 
where 

It  should  be  noticed  that  this  integral  is  algebraic  if  and  only  if 
the  quantity  a  is  a  root  of  the  trinomial  under  the  radical. 

Let  us  now  consider  the  integrals  of  the  type  /  Voj*  -f  A  dx.    Inte- 
grating by  parts,  we  find 

dx 


j^x*  +  Adx^x  VacMTI  -  j -;^ 


On  the  other  hand  we  have 

=  fVie*  +  Adx-  A  log(«  +  Va!»  +  il). 
Fiom  these  two  relations  it  is  ea,sy  to  obtain  the  f  oimuls 

(2)     fyH^TAdxr^     |ViHr5+|iog(«  +  V?+l), 

The  following  formulae  may  be  derived  in  like  manner : 


(4)       f^a^^x^dx^      I  Va«-a;»  +  ~ 


.    X 

arcsm-i 
a 


.    X 

arc  sm-< 
a 


106.  Area  of  the  hsrperbola.  The  preceding  integrals  occur  in  the  eyaluati^^ 
of  the  area  of  a  sector  of  an  ellipse  or  an  hyperbola.    Let  as  conaider,  f  ^ 
example,  the  hyperbola 
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let  us  try  to  find  the  area  of  a  segment  AMP  bounded  by  the  arc  AM^  the 
38,  and  the  ordinate  MP.    This  area  is  equal  to  the  definite  integral 


f. 


a 


is,  by  the  formula  (2), 


!5[.vSr^-„^(-4H?)]. 

2iP  =  y  =  (b/a)  Vx«  -  o«,  and  the  term  (6/2a)  x  Vx^-cfl  is  precisely  the 
i  of  the  triangle  OMP.    Hence  the  area  iS  of  the  sector  OAM^  bounded  by 
arc  AM  and  the  radii  vectores  OA 
I  OJf ,  is  V  y 


fi  = 


-06  log 


=  -06  log 


/x  +  Vz«  -  a*\ 

ii4 


Fhis  formula  enables  us  to  express 
co-ordinates  x  and  y  of  a  point  M 
he  hyperbola  in  terms  of  the  area  8. 
fact,  from  the  above  and  from  the 
ation  of  the  hyperbola,  it  is  easy  to 
wthat 


a     0 


X 

a 


y 

h 


-\{ 


15  _J5 


)v  /   M  _tS\ 
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e  •» 


The  functions  which  occur  on  the  right-hand  side  are  called  the  hyperbolie 
Ine  arid  sine : 


COBhX  = 


c  +  e-- 


sinhx  = 


c*  —  e~* 


2  "2 

€  above  equations  may  therefore  be  written  in  the  form 

25 


X  =  a  cosh 


ab 


y  =  b  sinh  — 
ab 


tese  hyperbolic  functions  possess  properties  analogous  to  those  of  the  trigo- 
metric  functions.*   It  is  easy  to  deduce,  for  instance,  the  following  formuUe : 

cosh'x  —  sinh^x  =  1, 
cosh  (z  +  y)  =  cosh  X  cosh  y  +  sinh  x  sinh  y, 
sinh  (x  +  y)  =  sinh  x  cosh  y  +  sinh  y  cosh  x. 

A  table  of  the  logarithms  of  tliese  functions  for  positive  values  of  the  argument 
^  be  found  in  Houel's  Recueil  des/ormules  num^riques. 
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It  may  be  shown  in  like  manner  that  the  coOrdinatea  of  a  point  <m  an  ellipM 
may  be  expressed  in  terms  of  the  area  of  the  corresponding  sector,  as  followi: 


28 
x  =  a  cos  -—  I 
ab 


y  =  osin  —  • 
ab 


In  the  case  of  a  circle  of  unit  radius,  and  in  the  case  of  an  equilateral  hyperbolt 
whose  semiaxis  is  one,  these  formul»  become,  respectively, 


X  =  cos2S, 

2  =  C06h2S, 


y  =  sin  2i8 ; 
y  =  sinh2S. 


It  is  evident  that  the  hjrperbolic  functions  bear  the  same  relations  to  the  equi- 
lateral hyperbola  as  do  the  trigonometric  functions  to  the  circle. 

107.  RectiflcatioB  of  the  psnbola.  Let  us  try  to  find  the  length  of  the  irc  of 
a  parabola  2py  =  x'  between  the  vertex  O  and  any  point  2i,    The  genenl 

formula  gives  

~  Va5»+p« 


arc 


"-r^hw-'f 


dXf 


or,  applying  the  formula  (2), 


arcOJf  = 


2p 


2^"n — p — /• 


The  slgebraic  term  in  this  result  is  precisely  the  length  2fT  of  the  tanfMit, 
for  we  know  that  OT^  2/2,  and  hence 

"^  ^  4      4i)»  ^  4  4p« 

If  we  draw  the  straight  line  connecting  T  to  the  focus  F,  the  angle  JfTFwUl 

be  a  right  angle.    Hence  we 
have 

whence  we  may  deduce  a  curi- 
ous property  of  the  parabola. 
Suppose  that  the  parabola 
rolls  without  slipping  on  the  x 
axis,  and  let  us  try  to  find  the 
locus  of  the  focus,  which  is  sup- 
posed rigidly  connected  to  the 
parabola.  When  the  parabola 
is  tangent  at  3f '  to  the  x  axis,  OM'  =  arc  OM.  The  point  T  has  come  into  a 
position  T'  such  that  M'T  =  MT,  and  the  focus  F  is  at  a  point  F'  which  is 
found  by  laying  off  T'F'  =  TF  on  a  line  parallel  to  the  y  axis.  The  coordi- 
nates X  and  T  of  the  point  F'  are  then 

X=arc02f-2fr  =  |log(?±^^±2^, 

r=  TF=-V^T^, 

2 
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And  the  eqoAtioii  of  the  locoi  ie  glTen  by  eliminating  x  between  theee  two  equa- 
tions.   From  the  first  we  find 

x  +  Vx«  +  j)«  =  i)e#f 

to  which  we  may  add  the  equation 

X  —  Vx*-H)*  =  —  pe"  9  » 

since  the  product  of  the  two  lef  t-liand  sides  is  equal  to  7- 1)*.  Subtracting  these 
two  equations,  we  find 

and  the  desired  equation  of  the  locus  is 

r  =  ?  (elf +  e-T)=:P cosh ?£. 

This  curre,  which  is  called  the  caUnwryy  is  quite  easy  to  construct    Its  form 
is  somewhat  similar  to  that  of  the  parabola. 

106.  Unicarsal  cnnrM.   Let  us  now  consider,  in  general,  the  inte- 
grals of  algebraic  functions.     Let 

(6)  F{x,  y)  =  0 

be  the  equation  of  an  algebraic  curve,  and  let  R(xy  y)  be  a  rational 
function  of  and  y.  If  we  suppose  y  replaced  by  one  of  the  roots 
of  the  equation  (6)  in  R(Xy  y),  the  result  is  a  function  of  the  single 
variable  Xy  and  the  integral 


/ 


R(Xy  y)dx 

is  called  an  Abelian  integral  with  respect  to  the  carve  (6).  When 
the  g^ven  curve  and  the  function  R(Xf  y)  are  arbitrary  these  inte- 
grals are  transcendental  functions.  But  in  the  particular  case  where 
the  curve  is  unicursal,  ie.  when  the  codrdinates  of  a  point  on  the 
curve  can  be  expressed  as  rational  functions  of  a  variable  param- 
eter if  the  Abelian  integrals  attached  to  the  curve  can  be  reduced  at 
once  to  integrals  of  rational  functions.     For,  let 

be  the  equations  of  the  curve  in  terms  of  the  parameter  t  Taking 
t  as  the  new  independent  variable,  the  integral  becomes 

Jr{x,  y)dx  ^jRlfit),  4^(t)-]f\t)dt, 
and  the  new  integrand  is  evidently  rational. 
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It  is  shown  in  treatises  on  Analytic  Geometry  *  that  every  luii- 
cursal  curve  of  degree  n  has  (n  —  l)(n  —  2)/2  double  points,  and, 
conversely,  that  every  curve  of  degree  n  which  has  this  number  of 
double  points  is  unicursaL  I  shall  merely  recall  the  process  for 
obtaining  the  expressions  for  the  coordinates  in  terms  of  the  param- 
eter. Given  a  curve  C,  of  degree  n,  which  has  8  =  (n  —  l)(n  —  2)/2 
double  points,  let  us  pass  a  one-parameter  family  of  curves  of  degree 
n  —  2  through  these  S  double  points  and  through  n  —  3  ordinary  points 
on  C..     These  points  actually  determine  such  a  family,  for 

(n~l)(n-2)  (n-2)(n4-l)      ^ 

whereas  (n  —  2)(n  + 1)/2  points  are  necessary  to  determine  uniquely 
a  curve  of  order  n  —  2.  Let  P{x,  y)  -f  tQ{x,  y)  =  0  be  the  equation 
of  this  family,  where  t  is  an  arbitrary  parameter.  Each  curve  of  the 
family  meets  the  curve  C,  in  n(n  —  2)  points,  of  which  a  certain  num- 
ber are  independent  of  t,  namely  the  n  ~  3  ordinary  points  chosen 
above  and  the  S  double  points,  each  of  which  counts  as  two  points  of 
intersection.     But  we  have 

n-3-f28  =  n-3-f(»i-  l)(n  -  2)  =  n(n  —  2)  - 1, 

and  there  remains  just  one  point  of  intersection  which  varies  with  t 
The  coordinates  of  this  point  are  the  solutions  of  certain  linear  equa- 
tions whose  coefficients  are  integral  polynomials  in  t,  and  hence  they 
are  themselves  rational  functions  of  t.  Instead  of  the  preceding  we 
might  have  employed  a  family  of  curves  of  degree  n  ~  1  through  the 
(n  — l)(n— 2)/2  double  points  and  2n  —  3  ordinary  points  chosen  at 
pleasure  on  C,. 

If  n  =  2,  (n  —  l)(n  —  2)/ 2  =  0,  —  every  curve  of  the  second 
degree  is  therefore  unicursal,  as  we  have  seen  above.  If  n=s3, 
(n  —l){n  —  2)/ 2  =  1,  —  the  unicursal  curves  of  the  third  degree 
are  those  which  have  one  double  point.  Taking  the  double  point 
as  origin,  the  equation  of  the  cubic  is  of  the  form 

*8(«,  y)  +  ^(«,  y)  =  0, 

where  ^s  and  ^2  ^^^  homogeneous  polynomials  of  the  degree  of  their 
indices.  A  secant  y  =  tx  through  the  double  point  meets  the  cubic 
in  a  single  variable  point  whose  coordinates  are 

*See,  e.g.,  Niewenglowski,  Cours  de  Oiom^trie  ancUytique,  Vol.  II,  pp.  99-114. 
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A  unicursal  curve  of  the  fourth  degree  has  three  double  points. 
In  order  to  find  the  co5rdiuates  of  a  point  on  it,  we  should  pass  a 
family  of  conies  through  the  three  double  points  and  through  another 
point  chosen  at  pleasure  on  the  curve.  Every  conic  of  this  family 
would  meet  the  quartic  in  just  one  point  which  varies  with  the 
parameter.  The  equation  which  gives  the  abscissae  of  the  points  of 
intersection,  for  instance,  would  reduce  to  an  equation  of  the  first 
degree  when  the  factors  corresponding  to  the  double  points  had 
been  removed,  and  would  give  a;  as  a  rational  function  of  the 
parameter.     We  should  proceed  to  find  y  in  a  similar  manner. 

As  an  example  let  us  consider  the  lemniscate 

which  has  a  double  point  at  the  origin  and  two  others  at  the  imagi- 
nary circular  points.  A  circle  through  the  origin  tangent  to  one  of 
the  branches  of  the  lemniscate, 

meets  the  curve  in  a  single  variable  point.  Combining  these  two 
equations,  we  find 

or,  dividing  by  x  —  y. 

This  last  equation  represents  a  straight  line  through  the  origin  which 
eats  the  circle  in  a  point  not  the  origin,  whose  co()rdinates  are 

*~      <*  +  «*     '        ^"      **  +  «*     * 

These  results  may  be  obtained  more  easily  by  the  following 
process,  which  is  at  once  applicable  to  any  unicursal  curve  of  the 
foorth  degree  one  of  whose  double  points  is  known.  The  secant 
y^Xx  cuts  the  lemniscate  in  two  points  whose  coordinates  are 

The  expression  under  the  radical  is  of  the  second  degree.  Hence, 
ty  §  106,  the  substitution  (1  -  X)/(l  -f  A)  =  (a/ty  removes  the  radi- 
al It  is  easy  to  show  that  this  substitution  leads  to  the  expressions 
just  found. 


224  INDEFINITE  INTEGRALS  [Y.fiOB 

Note.  When  a  plane  corye  has  singular  points  of  higher  order,  it 
can  be  shown  that  each  of  them  is  equiyalent  to  a  certain  number  of 
isolated  double  points.  In  order  that  a  curve  be  unicursal^  it  is  suffi- 
oient  that  its  singular  points  should  be  equiyalent  to  (n  —  l)(n — 2)/2 
isolated  double  points.  For  example,  a  curre  of  order  n  which  has 
a  multiple  point  of  order  n  —  1  is  unicursaly  for  a  secant  throoc^ 
the  multiple  point  meets  the  curve  in  only  (me  yariable  point 

109.  Integrals  of  Unomial  difiereatialA.  Among  the  other  integrals 
in  which  the  radicals  can  be  removed  may  be  mentioned  the  foUov- 
ing  types: 

j  R[xy  (ax  +  b)^]dx,         j  R{x,  VmsTI,  y/ex  +  d)dx, 


f 


R(xfy  aj**,  xf'f  •  •  •)  dxy 

where  R  denotes  a  rational  function  and  where  the  exponents 
a,  a\  a" J  •  •  •  are  commensurable  numbers.  For  the  first  type  it  is 
sufficient  to  set  oa;  +  5  =  f*.  In  the  second  type  the  substitution 
ax  -\-b  =  t^  leaves  merely  a  square  root  of  an  expression  of  the 
second  degree,  which  can  then  be  removed  by  a  second  substitution. 
Finally,  in  the  third  type  we  may  set  x  =  t^,  where  i>  is  a  common 
denominator  of  the  fractions  a,  a',  a",  •  •  •. 

In  connection  with  the  third  type  we  may  consider  a  class  of 
differentials  of  the  form 

which  are  called  btnamial  differentials.  Let  us  suppose  that  the 
three  exponents  m,  n,  p  are  commensurable.  If  j9  is  an  integer,  the 
expression  may  be  made  rational  by  means  of  the  substitution 
X  =  f^,  as  we  have  just  seen.  In  order  to  discover  further  cases 
of  integrability,  let  us  try  the  substitution  ax^  +  &  =  f.    This  gives 

\    a    /  na\    a    / 

fa;'"  (aaj»  -f  ft)'<te  =  -^  M'  ( ^^)   *     *<^. 

The  transformed  integral  is  of  the  same  form  as  the  original,  and 
the  exponent  which  takes  the  place  of  j9  is  (m  +  l)/n  —  1.  Hence 
the  integration  can  be  performed  if  (m  +  l)/n  is  an  integer. 
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On  the  other  hand,  the  integral  may  be  written  in  the  form 


f- 


whence  it  is  clear  that  another  case  of  integrabilitj  is  that  in  which 
(i»  -f  np  -f  l)/n  =  (i»  -f  l)/n  +  />  is  an  integer.  To  sum  up,  the 
integration  can  be  performed  whenever  one  of  the  three  numbers 
Pi  (m  + 1)/^}  (fi^  +  l)/n  -\-p  is  an  integer.  In  no  other  case  can  the 
integral  be  expressed  by  means  of  a  finite  number  of  elementary 
functional  symbols  when  m,  n,  and  p  are  rational. 

In  these  cases  it  is  convenient  to  reduce  the  integral  to  a  simpler 
form  in  which  only  two  exponents  occur.     Setting  ox"  =  bt,  we  find 

Keglecting  the  constant  factor  and  setting  ^  =  (m  +  l)/n  —  1,  we 
are  led  to  the  integral 


/ 


^(i  +  O'*^- 


The  cases  of  integ^bility  are  those  in  which  one  of  the  three  nufn- 
bers  p,  q,  p  -\-  q  is  an  integer.  If  />  is  an  integer  and  q  ss  r/sy  we 
should  set  t  =  u^.  If  ^  is  an  integer  and  p  =  r/s,  we  should  set 
1  -f.  ^  =  u*.  Finally,  it  p  -k- q  is  an  integer,  the  integral  may  be 
written  in  the  form 


/,...(i±i)V 


and  the  substitution  l-\'t=tu^,  where  p  =  r/s,  removes  the  radical 
As  an  example  consider  the  integral 


/  a;  Vl-f-ar^doB. 


Here  m  =  1,  n  =  3,  />  =  1/3,  and  (m  +  l)/n  -f  /?  =  1.    Hence  this 
is  an  integrable  case.     Setting  a;*  =  t,  the  integral  becomes 

snd  a  second  substitution  l+t^tu*  removes  the  radical 
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II.   ELLIPTIC  AND  HYPERELLIPTIC  INTEGRALS 

110.  Reduction  of  integnla.  Let  P(x)  be  an  integral  polynomial 
of  degree  p  which  is  prime  to  its  derivative.     The  integral 


fR[x,  VP(a;)]<te, 


where  R  denotes  a  rational  function  of  x  and  the  radical  y  s  VP(«), 
cannot  be  expressed  in 'terms  of  elementary  functions,  in  general, 
when  p  is  greater  than  2.  Such  integrals,  which  are  particular 
cases  of  general  Abelian  integrals,  can  be  split  up  into  portions  which 
result  in  algebraic  and  logarithmic  functions  and  a  certain  number 
of  other  integrals  which  give  rise  to  new  transcendental  functions 
which  cannot  be  expressed  by  means  of  a  finite  number  of  elemen- 
tary functional  symbols.     We  proceed  to  consider  this  reduction. 

The  rational  function  R(x,  y)  is  the  quotient  of  two  integral 
polynomials  in  x  and  y.  Replacing  any  even  power  of  y,  such  as 
y*S  by  [/*(«)]•,  and  any  odd  power,  such  as  y**"*"S  by  y  [Pi^Yft  ^ 
may  evidently  suppose  the  numerator  and  denominator  of  this  frac- 
tion to  be  of  the  first  degree  in  y, 

where  A,  By  C^  D  are  integral  polynomials  in  x.  Multiplying  the 
numerator  and  the  denominator  each  by  C  —  Dy^  and  replacing  y* 
by  P(x)y  we  may  write  this  in  the  form 

„,       ,      F+Gy 

where  F,  (?,  and  K  are  polynomials.  The  integral  is  now  broken 
up  into  two  parts,  of  which  the  first  JF/K  dx  is  the  integral  of  a 
rational  function.  For  this  reason  we  shall  consider  only  the  second 
integral  fOy/K  dx,  which  may  also  be  written  in  the  form 


/: 


Mdx 

N^P(x) 

where  M  and  N  are  integral  polynomials  in  x.  The  rational  frao^ 
tion  M/N  may  be  decomposed  into  an  integral  part  E(x)  and  ^ 
sum  of  partial  fractious 

-  =  E(x)  +  iii  +  lii  H-  . . .  H-  ^, 
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^here  each  of  the  polynomials  A',,  is  prime  to  its  derivative.     We 
hall  therefore  have  to  consider  two  types  of  integrals, 


^  r^dx       z  =  f 
J  VNx)'       "   J  . 


Adx 


y/P(x)         "    J  x*Vp{x) 

If  the  degree  of  P(x)  is  p,  all  the  integrals  Y^  may  he  expressed 
n  terms  of  the  first  p  —  1  of  them,  y©,  Fi,  •  ••,  y,_f,  and  certain 
Ugebraic  expressions. 

For,  let  us  write 

P(x)  =  a^x'  -f  ttioc'"'  4-  •  •  •• 
Lt  follows  that 

dx^  ^  ^'  ^  ^      2Vp(^ 

2mar-^P{x)  -f  txTPXx) 
"  2^P(x) 

The  numerator  of  this  expression  is  of  degree  m+p  ^1,  and  its 
lighest  term  is  (2m  +  p)aoX^-^''~\  Integrating  both  sides  of  the 
ibove  equation,  we  find 

2^Vp^:=(2m+p)aoY^^^.,  +  -'-, 

wheie  the  terms  not  written  down  contain  integrals  of  the  type 
Y  whose  indices  are  less  than  m+p  —  1,  Setting  m  =  0,  1,  2,  •  •  *, 
successively,  we  can  calculate  the  integrals  y,_ii  Y^,,  •••  succes- 
sively in  terms  of  algebraic  expressions  and  the  p  ^1  integrals 

^o>  ^i>  •••>  l^y-f 
With  respect  to  the  integrals  of  the  second  type  we  shall  distin- 

^ish  the  two  cases  where  X  is  or  is  not  prime  to  P(x). 

1)  Jf  X  is  prime  to  P(x)y  the  integral  Z,  reduces  to  the  sum  of 
m  algebraic  term,  a  number  of  integrals  of  the  type  Y^,  and  a  new 
integral 

Bdx 


/: 


X  Vp(«) 

u)htre  B  is  a  polynomial  whose  degree  is  less  than  that  of  X. 

Since  X  is  prime  to  its  derivative  X '  and  also  to  P(x)y  X*  is  prime 
^  PX '.  Hence  two  polynomials  X.  and  /i  can  be  found  such  that 
^^  +  fiiX'P  =  A,  and  the  integral  in  question  breaks  up  into 
"^o  parts: 

r     Adx  f  Kdx         fl^^X'^ 

J   JCVPiZ)       J    Vi>(!B)       J  X- 
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The  first  part  is  a  sum  of  integrals  of  the  type  Y.  In  the  second 
integral,  when  n  >  1,  let  us  int^^rate  by  parts,  taking 

which  gives 

X»        ""(n-l)X— 1      n-lJ  2X*-WP(x) 

The  new  integral  obtained  is  of  the  same  form  as  the  first,  except 
that  the  exponent  of  X  is  diminished  by  one.  Kepeatiog  this 
process  as  often  as  possible,  i.e.  as  long  as  the  exponent  of  X  is 
greater  than  unity,  we  finally  obtain  a  result  of  the  form 

/Adx       ^  r  Bdx         CCdx      dVp 
x*^p{x)  "J  xVp    J   Vp      x»-»  ' 

where  B,  C,  D  are  all  polynomials,  and  where  the  degree  of  B  may 
always  be  supposed  to  be  less  than  that  of  X 

2)  If  X  and  P  have  a  common  divisor  D,  we  shall  have  X  =  KA 
P  =  SD,  where  the  polynomials  Z),  S,  and  Y  are  all  prime  to  each 
other.  Hence  two  polynomials  X  and  /i  may  be  found  such  that 
A  =  A/)"  +  fiY*,  and  the  integral  may  be  written  in  the  form 


/Adx  _  r  kdx      r 
X*y/p^J  Y'Vp     J  , 


dx 


rrVp 

The  first  of  the  new  integrals  is  of  the  type  just  considered.    The 
second  integral, 

fidx 


f 


irVp 

where  D  is  a  factor  of  P,  redttces  to  the  sum  of  an  algebraic  Ur^ 
and  a  number  of  integrals  of  the  type  Y, 

For,  since  I)"  is  prime  to  the  product  Z)'5,  we  can  find  two  poly- 
nomials Xi  and  /ii  such  that  XiZ)^  +  fiiZ)'5  =  /*.    Hence  we  may  write 


J  irVp    J    y/p    J  rrVp 


Replacing  P  by  DS,  let  us  write  the  second  of  these  integrals  in  t^* 
form 


f 


A^i^^Trrr^^* 
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hen  integrate  it  by  parts,  taking 

u  =  fii\^y        t;  = r .9 

I  gives 


=  picto        M,V5     ^     1     r2;x;5  +  /i^5^^ 


is  again  a  reduction  formula ;  but  in  this  case,  since  the  expo- 
n  — 1/2  is  fractional,  the  reduction  may  be  performed  even 
D  occurs  only  to  the  first  power  in  the  denominator,  and  we 
y  obtain  an  expression  of  the  form 

dx        kVp  .    CHdx 


/fidx    ^  kVp       CHdx 
irVp        ^      J  Vp  ' 


3  H  and  K  are  polynomials, 
sum  up  our  results,  we  see  that  the  integral 


/ 


Mdx 

nVp 


Iways  be  reduced  to  a  sum  of  algebraic  terms  and  a  number  of 
rals  of  the  two  types 


/x^dx  r  Xidx 

Vp  '      J  xVp' 


9  m  is  less  than  or  equal  to  p  —  2,  where  X  is  prime  to  its 

ative  X'  and  also  to  P,  and  where  the  degree  of  Xi  is  less  than 

of  X.    This  reduction  involves  only  the  operations  of  addition, 

plica>tion,  and  division  of  polynomials, 

the  roots  of  the  equation  X  =  0  are  known,  each  of  the  rational 

.ons  Xi/X  can  be  broken  up  into  a  sum  of  partial  fractions  of 

wo  forms 

A  Bx  +  C 

x^  a  («  —  a)*  -f-  /g" 

Q  Af  B,  and  C  are  constants.    This  leads  to  the  two  new  types 

/dx  r         (Bx  +  C)dx 

(x  -  a)Vp(x)'        J  l(x  -  ay  H-  /3»]  Vp(^' 

h  reduce  to  a  single  type,  namely  the  first  of  these,  if  we  agree 
low  a  to  have  imaginary  values.     Integrals  of  this  sort  are 
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called  integraU  of  the  third  kind.  Integrals  of  the  type  F.  are 
called  integraU  of  the  first  kind  when  m  is  less  than  p/2  —  1,  and 
are  called  integrals  of  the  second  kind  when  m  is  equal  to  or  greater 
than  p/2  —  1.  Integrals  of  the  first  kind  have  a  characteristie 
property,  —  they  remain  finite  when  the  upper  limit  increases 
indefinitely,  and  also  when  the  upper  limit  is  a  root  of  P(x) 
(§§  89,  90);  but  the  essential  distinction  between  the  integrals  of 
the  second  and  third  kinds  must  be  accepted  provisionally  at  this 
time  without  proof.  The  real  distinction  between  them  will  be 
pointed  out  later. 

Note,  Up  to  the  present  we  have  made  no  assumption  about  the 
degree  p  of  the  polynomial  P(x),  If  j»  is  an  odd  number,  it  may 
always  be  increased  by  unity.  For,  suppose  that  P(x)  is  a  poly- 
nomial of  degree  2^  —  1 : 

P(x)  =  i4o«"'"*  +  Aia^'*  +  •  •  •  +  i4i,-i. 

Then  let  us  set  x  =  a  +  1/y,  where  a  is  not  a  root  of  P(x),  This 
gives 

P(a.)=P(a)  +  P'(a)-  +  ...  +  ^2r^^  =  "^' 
where  Pi  (y)  is  a  polynomial  of  degree  2q,    Hence  we  have 


and  any  integral  of  a  rational  function  of  x  and  '>/P(x)  is  tranfr 
formed  into  an  integral  of  a  rational  function  of  y  and  V^(y). 

Conversely,  if  the  degree  of  the  polynomial  P(x)  under  the  radi- 
cal is  an  even  number  2q,  it  may  be  reduced  by  unity  provided  ^ 
root  of  P(x)  is  knottm.  For,  if  a  is  a  root  of  P(x)y  let  us  set 
x^  a  -{-  1/y.     This  gives 

'^K  )       '^Wy-l-        -I-    (2j)!     y««  yU 

where  Pi(y)  is  of  degree  2q  —  1,  and  we  shall  have 

Hence  the  integrand  of  the  transformed  integral  will  contain  d^ 
other  radical  than  VPi(y). 
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..  Cam  of  iatesratioii  in  algebraic  tenna.  We  have  just  aeen  thai  an  integral 
form 

waya  be  reduced  by  meana  of  elementary  operationa  to  the  aum  of  an  inte- 
l  a  rational  fraction,  an  algebraic  expreaaion  of  the  foi*m  O  ■y/P{x)/L,  and 
iber  of  integrala  of  the  firat,  aecond,  and  third  kinda.  Since  we  can  alao 
y  elementary  operationa  the  rational  part  of  the  integral  of  a  rational 
m,  it  ia  evident  that  the  given  integral  can  alwaya  be  reduced  to  the  form 

Jif  X,  y/P{x);\dx  =  Fix,  VP(i)]  +  r, 


F  ia  a  rational  function  of  x  and  VP(x),  and  where  7  ia  a  aum  of  inte- 
>f  the  three  kinds  and  an  integral  fXi  jXdx,  X  being  prime  to  ita  deriva- 
id  of  higher  degree  than  X\.  Liouville  ahowed  that  if  the  given  integral 
igrable  in  algebraic  terma,  it  ia  equal  to  F[x,  VP(x)].  We  ahould  there- 
ave,  identically, 


E\x,  VP^)]  =  £  K«.  VP0^)](. 


ence  T  =  0. 


nee  toe  can  discover  by  means  of  mtiUiplications  and  divisions  of  polynomials 
tr  a  given  integral  is  integrable  in  algebraic  terms  or  not,  and  in  ease  it  is, 
me  process  gives  the  value  of  the  integral. 

\.  Elliptic  integrals.  If  the  polynomial  P{x)  is  of  the  second 
)e,  the  integration  of  a  rational  function  of  x  and  P(x)  can  be 
}ed,  by  the  general  process  just  studied,  to  the  calculation  of  the 
Tals 

/dx  r dx 

y/P{x) '         J  {x^  a)y/P(x) 

h  we  know  how  to  evaluate  directly  (§  105). 
le  next  simplest  case  is  that  of  elliptic  integrals,  for  which  P(x) 
the  third  or  fourth  degree.  Either  of  these  cases  can  be 
^d  to  the  other,  as  we  have  seen  just  above.  Let  P(x)  be  a 
lomial  of  the  fourth  degree  whose  coefficients  are  all  real  and 
e  linear  factors  are  all  distinct.  We  proceed  to  show  that 
I  substitution  can  always  be  found  which  carries  P(x)  into  a 
lomial  each  of  whose  terms  is  of  even  degree. 
t  ay  h,  c,  d  h^  the  four  roots  of  P(x).  Then  there  exists  an 
utory  relation  of  the  form 

)  iaj'aj"  +  3f  (»'  +  a5")  +  JV  =  0, 
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which  is  satisfied  by  a;'  =  a,  x"  =  b,  and  by  x'  ^  e^  x"  =s  d.    For  the 
coefficients  L,  M,  N  need  merely  satisfy  the  two  relations 

Lab  +  M(a  -f  ft)  -f  iV  =  0, 
Led  -f  M^e  -f  rf)  +  -iV  ==  0, 

which  are  evidently  satisfied  if  we  take 

Zi  =  a-fft-c-rf,       M::=cd  —  abj       N  =  ab^e-^d) —  ed(a-^hy 

Let  a  and  j3  be  the  two  double  points  of  this  involution,  Le.  the 
roots  of  the  equation 

These  roots  will  both  be  real  if 

(od  -  aft)«  -  (a  +  *  -  c  -  rf)  [oft  (o  +  rf)  -  ed(a  +  ft)]  >  0, 
that  is,  if 

(8)  (a  -  c)(a  -  rf)(ft  -  c)(ft  -  rf)  > 0. 

The  roots  of  P(x)  can  always  be  arranged  in  such  a  way  that  this 
condition  is  satisfied.  If  all  four  roots  are  real,  we  need  merely 
choose  a  and  ft  as  the  two  largest.  Then  each  factor  in  (8)  is  positiye. 
If  only  two  of  the  roots  are  real,  we  should  choose  a  and  ft  as  the  real 
roots,  and  c  and  d  as  the  two  conjugate  imaginary  roots.  Then  the 
two  factors  a  —  c  and  a  —  d  are  conjugate  imaginary,  and  so  are  the 
other  two,  b^e  and  b  ^d.  Finally,  if  all  four  roots  are  imaginary, 
we  may  take  a  and  ft  as  one  pair  and  e  and  d  as  the  other  pair  of 
conjugate  imaginary  roots.  In  this  case  also  the  factors  in  (8)  are 
conjugate  imaginary  by  pairs.  It  should  also  be  noticed  that  these 
methods  of  selection  make  the  corresponding  values  of  L,  M,  N  real 
The  equation  (7)  may  now  be  written  in  the  form 

If  we  set  (a;  —  a)/(x  —  j8)  =  y,  or  a;  =  (/3y  —  «)/(y  — 1)>  we  find 

where  Pi(y)  is  a  new  polynomial  of  the  fourth  d^^ree  with  real 
coefficients  whose  roots  are 

a  —  a  b  —  a  c  —  a  d  ^  a 

a-  p>  b-  p,'         C-/3'         d-p 

It  is  evident  from  (9)  that  these  four  roots  satisfy  the  equation 
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/'  -f.  y"  =  0  by  pairs ;  hence  the  polynoniial  Pi(j/)  contains  no  term 
>f  odd  degree. 

If  the  four  roots  a,  b^  c,  d  satisfy  the  equation  a  +  &  =  c  +  <{,  we 
sliall  have  Z  =  0,  and  one  of  the  double  points  of  the  inyolution  lies 
%t  infinity.     Setting  a  =  ~  N/2My  the  equation  (7)  takes  the  form 

»'  —  a  -f  «"  -  or  =  0, 

Euid  we  need  merely  set  x  =  a  +  y  in  order  to  obtain  a  polynomial 
which  contains  no  term  of  odd  degree. 

We  may  therefore  suppose  P{x)  reduced  to  the  canonical  form 

P{x)  =  .4oaj*  +  A^x^  -f  ilj. 

It  follows  that  any  elliptic  integral,  neglecting  an  algebraic  term 
and  an  integral  of  a  rational  function,  may  be  reduced  to  the  sum 
of  integrals  of  the  forms 

^x r xdx r g*dag 

and  integrals  of  the  form 

dx 


/; 


(x  -  a)  ^ A^x*  +  AiX^ '\- A^ 
The  integral 


Jx.  ■^A^x^-\-  AxX*-^A^ 


is  the  elliptic  integral  of  the  fir9t  kind.  If  we  consider  Xj  on  the 
other  hand,  as  a  function  of  Uy  this  inverse  function  is  called  an 
elliptic  function.  The  second  of  the  above  integrals  reduces  to  an 
elementary  integral  by  means  of  the  substitution  x*  =  «.    The  third 

integral 

/x^dx 
V>lo«*  +  ^iX*  +  ^f 

is  Legendre's  integral  of  the  second  kind.  Finally,  we  hare  the 
identity 

d^ r  xdx r dx 

(x  -  a)Vp(xj  "J  (x«  -  a*)y/P{x)      V  (x«  -  a*)y/p(x) 

The  integral 

dx 


J  (x«-f 


(x*  -f  A)V^o«*  +  ^iX*  +  ili 
is  Legendre's  integral  of  the  third  kind. 
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These  elliptic  integrals  were  so  named  because  they  were  first 
met  with  in  the  problem  of  rectifying  the  ellipse.     Let 

x^a  cos  ^,         y  ^h  sin  ^ 

be  the  coordinates  of  a  point  of  an  ellipse.     Then  we  shall  have 

rf*«  =  ^*  -h  <^y*  =  (a*  sin*^  +  ft*  cos»^)  rf^S 
or,  setting  a'  —  ft"  =  c'a', 

ds  =  ay/1  —  e'cos'^c^^. 

Hence  the  integral  which  gives  an  arc  of  the  ellipse,  after  the  sub- 
stitution cos  ^  =  t,  takes  the  form 


—  a   I    — ,  at  =  a   I    — , 


dt. 


It  follows  that  the  arc  of  an  ellipse  is  equal  to  the  sum  of  an  inte- 
gral of  the  first  kind  and  an  integral  of  the  second  kind. 
Again,  consider  the  lemniscate  defined  by  the  equations 

t*  -\-a*  ^  t^  +  a* 

An  easy  calcidation  gives  the  element  of  length  in  the  form 

d8*  =  dx^-{-  dy^  =  J^^*  ^dt\ 
•^       <*  +  a* 

Hence  the  arc  of  the  lemniscate  is  given  by  an  elliptic  integral  of 
the  first  kind.* 

118.  Pteodo-elliptic  integrals.  It  sometimes  happens  that  an  integral  of  the 
form  fF[Xy  VP(x)]  cte,  where  P{x)  is  a  polynomial  of  the  third  or  fotuth 
degree,  can  be  expressed  in  terms  of  algebraic  functions  and  a  sum  of  a  finite 
number  of  logarithms  of  algebraic  functions.  Such  integrals  are  called  pseudo- 
eUipUc,    This  happens  in  the  following  general  case.    Let 

(10)  Xx'x"  +  M{x'  +  a^')  +  ^  =  0 

be  an  involtUory  relation  which  establishes  a  correspondence  between  two  pairs  of 
the  four  roots  of  the  qriartic  equation  P{x)  =  0.  If  the  function  f{x)  be  siAch  thai 
the  relation 

is  identically  satined,  the  integral  /[/(x)/VP(x)]  dx  is  pseudo-eUiptic, 

•  This  is  a  common  property  of  a  whole  class  of  curves  discovered  by  Ser*** 
ifiours  de  Calcul  differentiel  et  integral,  Vol.  II,  p.  264). 
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Let  a  and  /3  be  the  doable  points  of  the  inTolution.    Ai  we  haTe  abeady 
seen,  the  equation  (10)  may  be  written  in  the  form 

7f  —  a     Tf'  —  a     ^ 
(12) -^■- =  =  0. 

Let  us  now  make  the  substitution  (x  —  a)/(x  --  0)=iy.    This  glTM 

(l-y)«  ^'     (1-y)* 

and  consequently 

dg     _(g  — /g)dy 

Vpw""  V^to^)  ' 

where  Pi  (y)  is  a  polynomial  of  the  fourth  degree  which  contains  no  odd  powers 
of  y  (§  112).  On  the  other  hand,  the  rational  fraction  f{x)  goes  over  into  a 
rational  fraction  ^(y),  which  satisfies  the  identity  ^{y)  +  0(—  y)  =  0.  For  if 
two  values  of  x  correspond  by  means  of  (12),  they  are  transformed  into  two 
▼alues  of  y,  say  y'  and  y",  which  satisfy  the  equation  y'-^-y''  =  0,  It  is  evident 
that  0(y)  is  of  the  form  y^(y^,  where  ^  is  a  rational  function  of  y*.  Hence 
the  integral  under  discussion  takes  the  form 


/ 


yyk{l/*)dy 


VAoy*  +  Air/»  +  At 

and  we  need  merely  set  y*  =  s  in  order  to  reduce  it  to  an  elementary  integral. 
Thus  the  proposition  is  proved,  and  it  merely  remains  actually  to  carry  out 
the  reduction. 

The  theorem  remains  true  when  the  poljrnomial  P{x)  is  of  the  third  degree, 
provided  that  we  think  of  one  of  its  roots  as  infinite.  The  demonstration  is 
exactly  similar  to  the  preceding. 

If,  for  example,  the  equation  J*{x)  =  0  is  a  reciprocal  equation,  one  of  the 
involutory  relations  which  interchanges  the  roots  by  pairs  is  x^x^^  =  1.  Hence, 
if  f{x)  be  a  rational  function  which  satisfies  the  relation  f{x)  +  /(1/x)  =  0, 
the  integral  /[/(«)/ VP(x)]  dx  is  pseudo-elliptic,  and  the  two  substitutions 
(z  —  l)/(x  +  1)  =  y,  y>  =  z,  performed  in  order,  tnmsform  it  into  an  elementary 
integraL 

Again,  suppose  that  P(x)  is  a  polynomial  of  the  third  degree, 


P(x)  =  x(x-l)(x-i) 


l«t  us  set  a  =  CO,  6  =  0,  c  =  1,  (2  =  1/lfi.    There  exist  three  involutory  rela- 
tions which  interchange  these  roots  by  pairs : 

x'  =  -^— ,        x'=---- — ,        a5'  = 


fc«x"  Jk«(l-x")  1-Jk«x" 

^ciice,  if /(x)  be  a  rational  function  which  satisfies  one  of  the  identities 
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the  integral 


/ 


f{x)dx 


Vx(l-x)  (!-*««) 


is  peeudo^Uiptic.    From  this  othen  may  be  deriTed.    For  instance,  if  we  let 
X  =  z\  the  preceding  integral  becomes 


/ 


2f{t*)dz 


V(l  -  z«)(l  -  *«««) 

whence  it  follows  that  this  new  integral  is  also  peendo-elliptic  if  /[«*)  sati 
one  of  the  identities 

The  first  of  these  cases  was  noticed  by  Baler.* 

III.   INTEGRATION  OF  TRANSCENDENTAL  FUNCTIONS 

114.  Integration  of  rational  functions  of  sin  x  and  cos  x.  It  is  well 
known  that  sin  a;  and  cos  a;  may  be  expressed  rationally  in  terms 
of  tan  x/2  =  t  Hence  this  change  of  variable  reduces  an  integral 
of  the  form 


I  R(9mxy 


cos  x)  dx 


to  the  integral  of  a  rational  function  of  /.     For  we  have 

x  =  2arctan^,  iTir^'       sm ^  ~  i  ■  /» ^       cos ^  =  ^  ,  ^^ 

and  the  given  integral  becomes 

rj2t     l-^\  2dt       r^r.s^. 

where  ^t)  is  a  rational  function.     For  example, 


hence 


/dx         rdt      , 
smx     J    t 

/dx        ,  x 

- —  =  logtan7:- 
sin  a;  2 


*  See  Hermite's  lithographed  CourSf  4th  ed.,  pp.  25-28. 
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The  integral  /[1/cos  x'\dx  reduces  to  the  preceding  by  means  of  the 
substitution  x  =  w/2  —  y,  which  gives 

The  preceding  method  has  the  advantage  of  generality,  but  it  is 
often  possible  to  find  a  simpler  substitution  which  is  equally  suc- 
cessful Thus,  if  the  function  /(sin  x^  cos  x)  has  the  period  ir,  it  is 
a  rational  function  of  tan  X;  F(tan  x).  The  substitution  tan  x  =  t 
therefore  reduces  the  integral  to  chs  form 


JF(t9Ji  X)dx=:     i'^ 


dt 


As  an  example  let  us  consider  the  integral 


/ 


dx  

A  cos'  x-\-  B%\ux  cos  x-\-  C  sin'  x  ■\-  D 


where  ^4,  £,  C,  D  are  any  constants.    The  integraiid  evidently  has  the 
period  tt  ;  and,  setting  tan  a;  =  ^,  we  find 

cos'  a?  =  ^  .  ^g  >        smajcosa;  =  T-7--i>        sm'  a?  =  ^  .  ^ 
L-\- 1  1  +  r  1+^ 

Hence  the  given  integral  becomes 

dt 


/: 


A-\'Bt-\-  C^'  +  Z)(l  +  e') 

The  form  of  the  result  will  depend  upon  the  nature  of  the  roots 
of  the  denominator.  Taking  certain  three  of  the  coefficients  zero, 
we  find  the  formulas 

/dx                          C      dx  . 

— r—  =  tan  X,  \  1 =  log  tan  aj, 

cos' 05  J  sinajcosaj 


/ 


dx 

=  —  cot  X, 


sin'aj 


When  the  integrand  is  of  the  form  /2(sin  x)  cos  x,  or  of  the  form 
^(cos  x)  sin  Xf  the  proper  change  of  vai'iable  is  apparent.  In  the 
^8t  case  we  should  set  sin  a;  =:  ^  ;  in  the  second  case,  cos  x  ^t 

It  is  sometimes  advantageous  to  make  a  first  substitution  in  order 
^  simplify  the  integral  before  proceeding  with  the  general  method, 
^or  example,  let  us  consider  the  integral 


/ 


<lx 


a  cos  a;  +  6  sin  a;  -f  c 
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where  o^  ft,  c  are  any  three  constants.    If  p  is  a  positive  number 
and  ^  an  angle  determined  by  the  equations 

a  ^  p  cos  ^,        b  ss  p  sin  ^, 
we  shall  have 

p  =Va*-f-  ft",        cos^  =  — 7===>       sin^ss 


and  the  given  integral  may  be  written  in  the  form 

^ r       dy 


6 


where  a;  —  ^  =  y.    Let  us  now  apply  the  general  method,  setting 
tan  y/2  s  t.    Then  the  integral  becomes 


/; 


2dt 


p^o-\-(c-p)t* 


and  the  rest  of  the  calculation  presents  no  difficulty.    Two  different 
forms  will  be  found  for  the  result,  according  asp*  —  c'ssa'  +  J'— c* 
is  positive  or  negative. 
The  integral 


/ 


m  cos  g  +  ^  sin  a;  +  j>  , 
a  cos X  +  b  ainx  -{-  e 


may  be  reduced  to  the  preceding.     For,  let  i«  =  a  cos  x  +  ft  sin  2  +  ^ 
and  let  us  determine  three  constants  X,  /a,  and  v  such  that  the  equation 

« 

du 
m cos x  +  nBinx-\-p=^  \u-h  u,- — hr 

dx 

is  identically  satisfied.     The  equations  which  determine  these  num* 

bers  are 

m  =  Xa  +  fift,  n  =  Xft  —  /aa,         p^\o-\^v, 

the  first  two  of  which  determine  X  and  fu    The  three  constants  bar 
ing  been  selected  in  this  way,  the  given  integral  may  be  written  i 
the  form 


du 
Xu  +  ^^  +  y 


u 


rfaj  =  Xx  +  /*  logM  4-  V  I  --T-: - 

jacosa;  +  ftsma;  + 


ExampU,  Let  us  try  to  evaluate  the  definite  integral 

Jr'      dx 
»       where       le  <1. 
\^   l  +  ecos» 
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Considering  it  first  as  an  indefinite  integral,  we  find  suocessiTely 

l  +  ecosa;       J  H-c  +  (i-e)t«      VT^J  l  +  u«' 

by  means  of  the  successive  substitutions  tan  x/2  =  1,  t  =  u  V(l  +  e)/(l  —  e). 
Hence  the  indefinite  integral  is  equal  to 


2  ^      /    ;i-c^      a;\ 

arc  tan  I  \ tan  -  J  • 

-^  \\l  +  c        2/ 


Vl 

As  z  varies  from  0  to  ^,  V(l  —  e)/(l  +  e)  tan  x/2  increases  from  0  to  +  oo,  and 
the  arctangent  varies  from  0  to  ie/2.  Hence  the  given  definite  integral  is  equal 
to  jr/ V(l  -■  ^. 

115.  Reduction  formalfle.  There  are  also  certain  classes  of  integrals 
for  which  reduction  formulsB  exist.  For  instance,  the  formula  for 
the  derivative  of  tan"~^a;  may  be  written 

—  (tan— ^a;)  =  (n  - 1)  tan— •« (1  +  tan'»), 

whence  we  find 

/  tan"a;  dx  = /  tan*"*a5  dx. 

The  exponent  of  tan  x  in  the  integrand  is  diminished  by  two  units. 
Eepeated  applications  of  this  formula  lead  to  one  or  the  other  of 
the  two  integrals 

j  dx=sx,         j  tan  a;  (2sb  s  —  log  cos  a;. 
The  analogous  formula  for  integrals  of  the  type  JcoiTxdx  is 

/  oofTxdx^ — I  cot*"*a5(to. 

In  general,  consider  the  integral 


/ 


sin*"  a;  C06**a9  dx, 

'Where  m  and  n  are  any  positive  or  negative  integers.  When  one  of 
'these  integers  is  odd  it  is  best  to  use  the  change  of  variable  given 
^We.     If,  for  instance,  n  =  2p  + 1,  we  should  set  sin  x  =  t,  which 

educes  the  integral  to  the  form  /<*(!  —  <*)**  dt. 
Let  us,  therefore,  restrict  ourselves  to  the  case  where  m  and  n  are 

Doth  even,  that  is,  to  integrals  of  the  type 


J  ^=i  j  sin*"* 05  cos** 05 <&, 
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which  may  be  written  in  the  form 

J     =  /  sin'^'^a;  008**05  sin  «<£«. 

Taking  cos"* a;  sina;^  as  the  differential  of  [—  l/(2n  +  l)]cos*'*+*x, 
an  integration  by  parts  gives 

/p,.=  -«^'     >a:^jj-p3-+2;j^J«m«--«ajco8»*aj(l~sm«x)cfa^ 

which  may  be  written  in  the  form 

T  sin*'*"^gcos**''"'a;  2m— 1        y- 

^^      -'".«  """         2(w  +  n)        ■*■     2(m  +  n)     -'— i.ii' 

This  formula  enables  ns  to  diminish  the  exponent  m  without  alter- 
ing the  second  exponent  If  m  is  negative,  an  analogous  formula 
may  be  obtained  by  solving  the  equation  (A)  with  respect  to  /..i,. 
and  replacing  m  by  1  —  m: 

T       -      8in^-"»a; cos«*-^^a;       2(n-iit+l)  j- 

The  following  analogous  formulsB,  which  are  easily  derived,  enable 
us  to  reduce  the  exponent  of  cos  x : 

^^       -'•-.«   ""  2(m-t-w)  2(m-t-»)     ^-^— i' 

r       ^      sin»'*+'a;cos^-»*a;       2(m  +  l--n)  ^ 

Repeated  applications  of  these  formulas  reduce  each  of  the  num- 
bers m  and  n  to  zero.  The  only  case  in  which  we  should  be  unable  to 
proceed  is  that  in  which  we  obtain  an  integral  /^,,  where  m  +  n  =  0. 
But  such  an  integral  is  of  one  of  the  types  for  which  reduction  for- 
mulee  were  derived  at  the  beginning  of  this  article. 

116.  WaUit'  fonnola.  There  exist  redaction  formnln  whether  the  exponenti 
m  and  n  are  even  or  odd. 

As  an  example  let  us  try  to  evaluate  the  definite  integral 

/,«  =  r*8in"»x<ia!, 
Jo 

where  m  is  a  positive  integer.    An  integration  by  parts  gives 

»  »  s 

r*8in"»->x8inxdx  =  —  [cosxsin"*-ix]*  +  (m  —  1)  r'sin^-'cos'xdiK, 
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irhence,  noting  thai  cos  z  sin"*  -  *  x  yanishes  at  both  limits,  we  find  the  formula 

ir 

/^  =  (m  -  1)  r  'sin— »«(1  -  sinsx)cix  =  (m  -  l)(/«-f  -  /«). 
ifhich  leads  to  the  lecoirent  formula 

(18)  1m  = Im-J. 

m 

Repeated  applications  of  this  formula  reduce  the  given  integral  to  /o  =  )r/2 
if  m  is  even,  or  to  Ji  =  1  if  m  is  odd.  In  the  former  case,  taking  m  =  2p  and 
replacing  m  successiTcly  by  2,  4,  6,  •  •  • ,  2p,  we  find 

or,  multiplying  these  equations  together, 

J    _1.8.5...<2p~l)  jr 
**~      2.4. 6. ..2p       2* 
Similarly,  we  find  the  formula 

-         _       2 . 4 . 6 » » '  2p 
**"^*'"  1.3.6-.(2p  +  l)* 

A  curious  result  due  to  Wallis  may  be  deduced  from  these  formula.  It  is 
evident  that  the  value  of  /«,  diminishes  as  m  increases,  for  sin"*-f-ix  is  less  than 
8in>»x.    Hence 

•fsj»-(- 1  <  hp  <  hp- 1 » 

And  if  we  replace  Isp+i,  Isj»,  Isp-i  by  their  values  from  the  formula  above,  we 
find  the  new  inequalities 

Up  ^  X  ^  ^P  ^ 7  » 

'^     2  2p  + 1 

^We  we  have  set,  for  brevity, 

*~  l'3'3'6*"2p-l'2p-l' 

It  is  evident  that  the  ratio  n/^Hp  approaches  the  limit  one  as  p  increases  indefi- 
i^itely.  It  follows  that  jr/2  is  the  limit  of  the  product  Hp  as  the  number  of 
^^ctois  increases  indefinitely.  The  law  of  formation  of  the  successive  factors  is 
apparent 

117.  The  integral  /cos  (az  -f  b)  cos  (a'x  -f  b')  •  •  •  dz.  Let  us  consider 
^  product  of  any  number  of  factors  of  the  form  cos  (ax  +  h\  where 
a  and  6  are  constants,  and  where  the  same  factor  may  occur  several 
%e8.    The  formula 

cos  (u-\-v)  ,  cos  (u  —  v) 
cos  u  cos  v  =  — ^ ^  H ^ ^ 
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enables  us  to  replace  the  product  of  two  factors  of  this  sort  by  the 
sum  of  two  cosines  of  linear  functions  of  x ;  hence  also  the  product 
of  n  factors  by  the  sum  of  two  products  of  n  ~  1  factors  eacL 
Repeated  applications  of  this  formula  finally  reduce  the  given  inte- 
gral to  a  sum  of  the  form  %Hgo8(Ax  +  B),  each  term  of  which  is 
immediately  integrable.     If  il  is  not  zero,  we  have 


/ 


/  ^      .    «^  ,        sin  (Ax  +  B)  ,  ^ 
cos(Ax  +  B)dx  = A  +  ^9 


while,  in  the  particular  case  when  A  =0,  /cos  Bdx^x  cos  B  +  C. 

This  transformation  applies  in  the  special  case  of  products  of 

the  form 

cos*  a;  sin*aj, 

where  m  and  n  are  both  positive  integers.    For  this  product  maj 
be  written 


COS^OJ  cotf 


{!-')> 


and,  applying  the  preceding  process,  we  are  led  to  a  sum  of  sines  and 
cosines  of  multiples  of  the  angle,  each  term  of  which  is  immediatelj 
integrable. 
As  an  example  let  us  try  to  calculate  the  area  of  the  curve 


(!) 


!)'+(!)■-'. 


which  we  may  suppose  given  in  the  parametric  form  x  =  a 
y  =  h  sin'0,  where  B  varies  from  0  to  27r  for  the  whole  curve.   The 
formula  for  the  area  of  a  closed  curve. 


xdy  ^y  dXf 

'(C) 

gives 


zJc 


A=|      ^sm'0cos*0<2«. 


-I 


But  we  have  the  formula 

(sin^cos^«  =  jsin«2d  =  ^  (1-  cos 4^, 

Hence  the  area  of  the  given  curve  is 

.       Sabf^      sin4^"|*'     Sirab 
^  =  I6"L^ 4"J    =="8- 
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It  is  now  easy  to  deduce  the  following  fonnulse  *. 

f.,     ,         f  1-C08  2a;^                        x      sin  2a;  .   ^ 
I  sin**  cto  =  I  2 *"'  ^2 4 ' 

r.  .     ,         r  3  sin  a;  —  sin  305  -                   3  cos  a;  ,  cos  3a5  ,  ^ 
sm*a;cfa;=l   7 dx         = 7 *"  "Ts ^    ' 

r..     ,        r3  — 4cos2a5  +  cos4a5,       3a;     sin  2a?,  sin4x  .  ^ 

f.     -        r  1  -t-  COS  2a5  ,  X  ,  sin  2a;  ,   ^ 

0OB^xdx=J  — ^-g (te  ^2'^~r'^^' 

/,     ,         r  3  cos  05  +  cos  3a;  _  3  sin  a;  ,  sin  3a;  ,  ^ 

G08^xdx=J  J dx         =  ~r"  ■*■  "12"  ■*■  ^' 

/^     ,         r3  +  4cos2o5  +  cos4x  ,        3o5  .  8in2a;  .  sin 4a;  .  ^ 
^xdx^J  g da,  = -g- + -J- + -32- +  C. 


A  general  law  may  be  noticed  in  these  f onnulse.  The  integrals 
F{x)  =  J^  sin*a;  tte  and  *(a;)  =  j^  cos*a;  dx  have  the  period  2w 
when  n  is  odd.  On  the  other  hand,  when  n  is  even,  these  integrals 
increase  by  a  positive  constant  when  x  increases  by  2v,  It  is  evi- 
dent a  priori  that  these  statements  hold  in  general.     For  we  have 


I     sin*a;c2a;+  I         sin"x<2o5y 

0  Jtw 


or 


I     sin*a;  dx  +  j    sin*a;  cte  =  F(a;)  +  i     sin"05  rfa;, 

0  «/0  «/0 

^ince  sin  a;  has  the  period  27r.  If  n  is  even,  it  is  evident  that  the 
^iitegral  jT'^sin^x  c^a;  is  a  positive  quantity.  If  n  is  odd,  the  same 
Integral  vanishes,  since  sin  (a;  +  tt)  =  —  sin  x. 

Note.  On  account  of  the  great  variety  of  transformations  appli- 
^ble  to  trigonometric  functions  it  is  often  convenient  to  introduce 
'liem  in  the  calculation  of  other  integrals.  Consider,  for  example, 
te  integral /[!/(!  + a;*)*]  <fo;.  Setting  a;s5tan^,  this  integral 
^comes  J*  cos  ^  c2^  =  sin  ^  +  C    Hence,  returning  to  the  variable  x, 


/; 


dx  x         ,  ^ 


(l+a;«)«       VT+T* 
rhich  is  the  result  already  found  in  f  106. 
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118.  The  integral  /R(x)e^dx.  Let  us  now  consider  an  inte^ 
of  the  form  J  Ii(x)e*^dxy  where  R(x)  is  a  rational  function  of  x. 
Let  us  suppose  the  function  R(x)  broken  up,  as  we  have  done 
several  times,  into  a  sum  of  the  form 

/J(«)=JS(x)+|i  +  ^  +  ...  +  ^, 

where  E(x),  Ai ,  A^,-  •,  A^,  Xi,'-,Xp  are  x>olynomia]s,  and  Xf  is 
prime  to  its  derivative.  The  given  integral  is  then  equal  to  the 
sum  of  the  integral  J  E(x)ei^'dx,  which  we  learned  to  integrate  in 
S  85  by  a  suite  of  integrations  by  parts,  and  a  number  of  integrals 
of  the  form 

"Aer*dx 


I- 


X* 


There  exists  a  reduction  formula  for  the  case  when  n  is  greater 
than  unity.  For,  since  X  is  prime  to  its  derivative,  we  can  determine 
two  polynomials  X  and  /&  which  satisfy  the  identity  A  ==  \X  +  itX'. 
Henoe  we  have 

j  ^?^=j  "F^+j  "IF"^' 

and  an  integration  by  parts  gives  the  formula 

J  '^         X^  n  —  1  J^»  *      n  —  lj  JT*-^ 

Uniting  these  two  formulae,  the  integral  under  consideration  is 
reduced  to  an  integral  of  the  same  type,  where  the  exponent  n  is 
reduced  by  imity.  Repeated  applications  of  this  process  lead  to 
the  integral 

dXy 


P 


where  the  polynomial  B  may  always  be  supposed  to  be  prime  to 
and  of  less  degree  than  X.  The  reduction  formula  cannot  be  applie<^ 
to  this  integral,  but  if  the  roots  of  X  be  known,  it  can  always  b® 
reduced  to  a  single  new  type  of  transcendental  function.  Fot 
definiteness  suppose  that  all  the  roots  are  real.  Then  the  integral 
in  question  can  be  broken  up  into  several  integrals  of  the  form 


/ 


ae"*' 


dx, 
x  —  a 
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cting  a  constant  factor,  the  substitutions  x=:a-h  y/v^  u^fP 
>  us  to  write  this  integral  in  either  of  the  following  forms : 


/t^dy  r  du 

y    '        J  \ogu 


ttter  integral  /  [1/log  u]  du  is  a  transcendental  function  which 
ed  the  integral  logarithm, 

MiaoellaneouB  integrals.  Let  us  consider  an  integral  of  the  form 

ef^f(siD.  X,  cos  x)dx, 


/• 


I  /  is  an  integral  function  of  sin  x  and  cos  x.    Any  term  of 
itegral  is  of  the  form 


/ 


e«*  sin*"  05  008*05(^5, 

I  m  and  n  are  positive  integers.  We  have  seen  above  that  the 
ct  sin"* OS  cosmos  may  be  replaced  by  a  sum  of  sines  and  cosines 
dtiples  of  X.  Hence  it  only  remains  to  study  the  following 
jrpes: 

/  e^  cos  fto;  dx,  j  e^  sin  to  dx, 

rating  each  of  these  by  parts,  we  find  the  formula 

/fi***  sin  bx      a   i 
ei^coBbxdx= j  ef^ sin bxdx, 

/c***  cos  bx      a   I 
ei"smbxdx  = z \-  j  j  e^  cos  bx  dx. 

B  the  values  of  the  integrals  under  consideration  are 

/^ .^  ^„  _  g°*(g  cos  fee  +  ft  sinfeg) 
er*  cos  oxdx^  — ^ ^  .  ,, ^ > 
a* +  6* 

/.    ,     _        ei^(a  sin  to  —  ft  cos  to) 
«"  sm  to  rfa;  =  — ^^ ,  .   ,, ^« 
a*  +  ft" 

long  the  integrals  which  may  be  reduced  to  the  preceding 
we  may  mention  the  following  cases: 

/  fO^S  *)  *'"  ^^^  y  f  /(arc  sin  x)  dx , 

/  f(x)  arc  sin  a;  c^,  /  f(x)  arc  tan  x  dx. 
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where  /  denotes  any  integral  function.  In  the  first  two  cases  we 
should  take  log  x  or  arc  sin  x  as  the  new  yariable.  In  the  last 
two  we  should  integrate  by  parts,  taking  /(x)  dx  as  the  differential 
of  another  polynomial  F(x),  which  would  lead  to  types  of  integrals 
already  considered. 


1.  ETsloate  the  indefinite  integrals  of  each  of  the  foUowing  fnncttons : 

1  1  ac*~ae»-8ae«-x         1  +  VI  +  x 

(«*  +  !)«'       «(x»  +  l)«'  (x»  +  l)«        '  1-V»    ' 

1  l-j-vT+x        1 X 

l  +  «  +  Vl  +  x«'        l-^/TTx*        Vx  +  V«  +  1  +  V«(«  +  1)*        coi^s* 

n 
X*  £ 

*^*^*'       1=r==zi'       xttanx. 

2.  Find  the  area  of  the  loop  of  the  folium  of  Deecartes : 

x«  +  y«  -  Saxy  =  0. 

3.  Evaluate  the  integral /ydx,  where  x  and  y  aatisfy  one  of  the  following 
identities : 

(x«  -  o«)«  -  oy»(2y  +  3a)  =  0,        y*(a  -  x)  =  x»,        y(x»  +  y^  =  a(y«-«*). 

4.  Derive  the  f  ormulsB 

/t  .   1         /     .  IV    J          Bin*xcoenx  .  _ 
8in'*-ixcos(n+ l)x(ix= |-C, 

/I  .   t      •    /     .  ^\    J          «in*X8innx  .  _ 
Bin»-ixsin(n+ l)x(2x= hC, 
n 

/..—   I         /     .  fv    J          co(*»xsinnx  .  _ 
co0"-ixcos(n  + l)x(2x= |-C, 
n 

/..—    I       1     /      .    IX      J              C08»XC08nX        _ 
coe»-»xsin(»+  l)xcte  = |-C. 
n 

6.  Evaluate  each  of  the  following  peeudo-elliptic  integrals : 

/(l  +  x»)(to  r     (l-x«)(ix 

(l-x«)vT+^'       J  (l  +  X«)vTHrx** 

e.  Reduce  the  following  integrals  to  elliptic  integrals : 

R{x)dx 


[EvuB*] 


/ 


Vo(l+x«)  +  6x(l  +  X*)  +  cx8(l  +  x«)  +  dx" 
r  iJ(x)  dx 


Va(l  +  x8)  +  6x«(l  +  X*)  +  ex* 
where  £(x)  denotes  a  rational  function. 
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7*.  Let  a,  6,  c,  d  be  the  roots  of  an  equation  of  the  fourth  degree  P{z)  =  0. 
Q  there  exist  three  involutory  relations  of  the  form 

$h  interchange  the  roots  by  pairs.    If  the  rational  function  f(x)  satisfies  the 
tity 


integral  f[f{x)/VP{x)] dx  is  pteudo-elUpUc  (see  BuUetin de  la  SoeUU mathi- 
ique,  Vol.  XV,  p.  106). 

8.  The  rectification  of  a  cunre  of  the  type  y  =  Axf^  leads  to  an  integral  of 
nomial  differential.    Discuss  the  oases  of  integrability. 


9.  If  a  >  1,  show  that 


X 


dx 


'-1    (a  -  «)  VT^IP      Va«-1 
Qce  deduce  the  formula 


X 


s^'^dx    _1.8.6«"(2ii-l) 
_i     VI -  «"  "      2.4.6...2n 


10.  If  AC  -  ^>0,  show  that 


«/— « 


•^*  dx  1.8. 5.   (271 -8)  A*'i 


(^xa  +  2Bx  +  C)«      2.4.0...(2n-2)     (^C-B«)«+* 
Pply  the  reduction  formula  of  §  104.] 

11.  Evaluate  the  definite  integral 

sin'xdx 


X 


^    l  +  2acosx  +  a' 


^2.  Derive  the  following  formulsB : 

Ai     Vl  -  2ax  +  aa  Vl  -  2/9x  +  /3»      Vo^       \1  -  Va^/ 


X 


"^^  (l-ax)(l~/9x)dx  jr2-ai8 


Li    (1  -  2aa;  +  a»)(l  -  2/3x  + /3»)  Vl  -  x^      2  1  -  a/S 
3*.  Derive  the  formula 


X 


*  x^-^dx  n 


1  +  x»      ^   .„  mjr 
0  n  sin  — 

71 


'fe  m  and  n  are  positive  integers  {m<n).    [Break  up  the  integrand  into 
'lal  fractions.] 
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14.  From  Uie  preceding  ezerciae  deduce  the  fomniU 


X 


0<a<l. 


}^  1  +  X       sin  air 

16.  Setting  7^,  =/<*(<  +  l)'<ttf  deduce  the  following  ndnetkm  fonnote: 

(p  -  l)/_^,  =  f»+»((  +  !)»-'  -  (2  +  «  -i))I-,+^,. 
and  two  mnmlogone  formulae  for  reducing  the  exponent  q. 

16.  Derive  formalae  of  redncUon  for  the  integrals 

ds 


17*.  Derive  a  redaction  formula  for  the  integral 

ii 


•"V^a^  +  SBX  +  C 


X 


x^dx 


Hence  deduce  a  formula  analogous  to  that  of  Wallis  for  the  definite  integnl 


0 

1&  Has  the  definite  integral 

dx 


.    1+ 


^  ^  x:*  sin'x 

a  finite  value  ? 

19.  Show  that  the  area  of  a  sector  of  an  ellipse  bounded  by  the  focal  ^ 
and  a  radius  vector  through  the  focus  is 


2    /     (l+ccosw)* 


where  p  denotes  the  parameter  b^/a  and  e  the  eccentricity.  Applying  the  g* 
eral  method,  make  the  substitutions  tan  w/2  =  <,  t  =  u  V(l  +  c)/(l  —  e)  suc^ 
sively,  and  show  that  the  area  in  question  is 


k  =  ab  {  arc  tan  u  —  e ) 

V  1  +  w 


Also  show  that  this  expression  may  be  written  in  the  form 

A  =  — (0-e8in0), 
where  0  is  the  eccentric  anomaly.     See  p.  40G. 

20.  Find  the  curves  for  which  the  distance  NT^  or  the  area  of  the  triaO 
MNTf  is  constant  (Fig.  3,  p.  31).     Construct  the  two  branches  of  the  curve. 

[Licence,  Paris,  1880 ;  Toulouse,  180^ 
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21*.  Setting 

deriye  the  xecnrrent  f  ommUb 

il«+i  =  (2n  +  l)il»  -  X  —-2. 

ifx 

From  this  deduce  the  formolaB 

Afp  =  UtpSinx  +  Fs^oots, 
iljp+i  =  tr,p+i  sin*  +  Ffp+i  coi«, 

where  Ufp,  Ftp,  l^sj>+i,  Fsp^-i  are  polynomialg  with  integral  coefBoienta,  and 
where  Ui,  and  Utp+i  contahi  no  odd  powers  of  x.    It  is  readily  shown  that 
these  formulsB  hold  when  n  =  1,  and  the  general  case  follows  from  the  above 
recurrent  formula. 
The  formula  for  Afp  enables  us  to  show  that  ir*  is  incommensurable.    For  if 

we  assume  that  ir*/4  =  &/a,  and  then  replace  x  by  ir/2  in  Afp ,  we  obtain  a 

lelaUon  of  the  form 

where  J7i  is  an  integer.    Such  an  equation,  howerer,  is  impossible,  for  the  il|^ 
^d  side  approaches  zero  as  p  increases  indefinitely. 


CHAPTER  VI 
DOUBLE  nmORALS 


120.  Contlnnoiu  fnncdcnu  of  two  vailalilas.  Let  c  =  /(z,  y)  be  & 
ftinction  of  the  two  independeut  Tui&bles  x  and  y  which  is  oontm- 
noaa  inride  a  region  ^  of  the  plane  which  ie  boonded  b;  a  closed 
contour  C,  and  also  upon  the  contour  itself.  A  nnmber  of  propoei- 
tions  analogous  to  those  proved  in  S  70  for  a  continuous  function 
of  a  aingle  variable  can  be  shown  to  hold  fot  this  fanction.  For 
instance,  ifiven  any  pontine  number  t,  the  reffion  A  can  be  divided  inh 
tubreffionM  in  tueh  a  way  that  the  differenee  bettetem  the  values  oft  at 
any  two  point*  (x,  y),  (x',  y')  in  the  gam*  mbregion  it  leit  than  c 

We  shall  always  proceed  by  means  of  successive  Bubdivisions  u 
follows :  Suppose  the  region  A  divided  into  Bubtegions  by  drawing 
parallels  to  the  two  axes  at  equal  dis- 
tances S  from  each  other.  The  corre- 
sponding subdivisions  of  A  are  either 
squares  of  side  S  lying  mtirely  inside  C, 
or  else  portions  of  squares  bounded  in 
part  by  an  arc  of  C.  Then,  if  the  prop- 
osition were  untrue  for  the  whole  region 
A,  it  would  also  be  untrue  for  at  leut 
one  of  the  Hubdivisiona,  say  Ai.  Sub- 
dividing the  Bubr^ion  Ai  in  the  same 
manner  and  continuing  the  process  indefinitely,  we  would  obtain  t 
sequence  of  squares  or  portions  of  squares  A,  A,,  .--,  A,,  ■-■,  for 
which  the  proposition  would  be  untrue.  The  region  A,  lies  between 
the  two  lines  x  =  a,  and  x  =  b„  which  are  parallel  to  the  y  aiis, 
and  the  two  lines  y  =  «„  y  =  d.,  which  are  parallel  to  the  «  aiia- 
As  n  increases  indefinitely  a,  and  6,  approach  a  common  limit  X, 
and  «,  and  d^  approach  a  common  limit  fi,  fur  tlie  numbers  a,, 
for  example,  never  decrease  and  always  remain  less  than  a  fixed 
number.     It  follows  that  all  the  points  of  A,  approach  a  limiting 
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point  (X,  fi)  which  lies  within  or  upon  the  contour  C.  The  rest  of 
the  reasoning  is  similar  to  that  in  §  70 ;  if  the  theorem  stafced  were 
mitrue,  the  function  f(Xy  y)  could  be  shown  to  be  discontinuous  at 
the  point  (A,  /t),  which  is  contrary  to  hypothesis. 

Corollary,  Suppose  that  the  parallel  lines  have  been  chosen 
so  near  together  that  the  difference  of  any  two  values  of  «  in  any 
one  subr^ion  is  less  than  c/2^  and  let  17  be  the  distance  between 
the  successive  parallels.  Let  (a;,  y)  and  (x\  y^  be  two  points  inside 
or  upon  the  contour  C,  the  distance  between  which  is  less  than  17. 
These  two  points  will  lie  either  in  the  same  subr^on  or  else  in 
two  different  subregions  which  have  one  vertex  in  common.  In 
either  case  the  absolute  value  of  the  difference 

/(«,  y)  -/(«'>  yO 

cannot  exceed  2c/2  =  e  Hence,  given  any  positive  number  c,  another 
positive  number  17  can  be  found  such  that 

whenever  the  distance  between  the  Uoo  points  (x,  y)  and  (x\  y'),  which 
lie  in  A  or  on  the  contour  C,  is  less  than  i/.  In  other  words,  any  func- 
tion which  is  continuous  in  A  and  on  its  boundary  C  is  uniformly 
continuous. 

From  the  preceding  theorem  it  can  be  shown,  as  in  §  70,  that  every 
function  which  is  continuous  in  A  (inclusive  of  its  boundary)  is  neces- 
sarily finite  in.  A.  If  Jf  be  the  upper  limit  and  m  the  lower  limit  of 
the  function  in  A,  the  difference  M—  mia  called  the  oscillation.  The 
method  of  successive  subdivisions  also  enables  us  to  show  that  the 
function  actually  attains  each  of  the  values  m  and  M  at  least  once 
inside  or  upon  the  contour  C,  Let  a  be  a  point  for  which  z  ==m 
and  b  a  point  for  which  z  =  M,  and  let  us  join  a  and  &  by  a  broken 
line  which  lies  entirely  inside  C.  As  the  point  (x^  y)  describes  this 
line,  «  is  a  continuous  function  of  the  distance  of  the  point  (x,  y) 
from  the  point  a.  Hence  z  assumes  every  value  /t  between  m  and 
M  at  least  once  upon  this  line  (§  70).  Since  a  and  b  can  be  joined 
by  an  infinite  number  of  different  broken  lines,  it  follows  that  the 
function  f{x,  y)  assumes  every  value  between  m  and  Jf  at  an  infinite 
number  of  points  which  lie  inside  of  C. 

A  finite  region  A  of  the  plane  is  said  to  be  less  than  I  in  all  its 
dimensions  if  a  circle  of  radius  I  can  be  found  which  entirely 
encloses  A.    A  variable  region  of  the  plane  is  said  to  be  infinitesimal 


252  DOUBLE  INTEGRALS  [▼I.§lfl 

in  all  its  dimensioiis  if  a  circle  whose  radius  is  arbitrarily  press- 
signed  can  be  found  which  CTentually  contains  the  region  entirely 
within  it  For  example,  a  square  whose  side  approaches  zero  or  aik 
ellipse  both  of  whose  axes  approach  zero  is  infinitesimal  in  all  its 
dimensions.  On  the  other  hand,  a  rectangle  of  which  only  one  side 
aj^roaches  zero  or  an  ellipse  only  one  of  whose  axes  approaches  zero 
is  not  infinitesimal  in  all  its  dimensions. 

18L  IkNible  Integnls.  Let  the  region  A  of  the  plane  be  divided 
into  subiegions  oi,  a,,  •  •  •,  a.  in  any  manner,  and  let  ti^  be  the  area  of 
the  subregion  Of,  and  Mi  and  Mi  the  limits  oiffxy  y)  in  o^.  Gonsidei 
the  two  sums 

n  n 

each  of  which  has  a  definite  value  for  any  particular  sabdiyision 
of  A,  None  of  the  sums  5  are  less  than  mO,*  where  O  is  the  area  of 
the  region  A  of  the  plane,  and  where  m  is  the  lower  limit  of  /(ae,  y) 
in  the  region  A ;  hence  these  sums  have  a  lower  limit  /.  Likewise, 
none  of  the  sums  s  are  greater  than  Af  O,  where  M  is  the  upper  limit 
of  f{Zf  y)  in  the  region  A ;  hence  these  sums  have  an  upper  limit  /*. 
Moreover  it  can  be  shown,  as  in  S  71,  that  any  of  the  sums  S  is 
greater  than  or  equal  to  any  one  of  the  sums  <;  hence  it  follows 
that 

i>r. 

11  the  function  /(a;,  y)  is  continuous,  the  sums  S  and  s  approtch 
a  common  limit  as  each  of  the  subr^ons  approaches  aero  in  all  its 
dimensions.  For,  suppose  that  17  is  a  positive  number  such  that  the 
oscillation  of  the  function  is  less  than  c  in  any  portion  of  A  whieh 
is  less  in  all  its  dimensions  than  17.  If  each  of  the  subr^ons  Oi, 
Oj,  •  •  *,  a.  be  less  in  all  its  dimensions  than  i|,  each  of  the  differences 
Mi  —  mi  will  be  less  than  c,  and  hence  the  difference  5  —  «  will  be 
less  than  cO,  where  O  denotes  the  total  area  of  A.    But  we  have 

where  none  of  the  quantities  S  ^  I,  I  —  l\  V  —  9  can  be  negative. 
Hence,  in  particular,  /  —  /'  <  cO ;  and  since  c  is  an  arbitrary  posi- 
tive number,  it  follows  that  /  =  /'.  Moreover  each  of  the  numbers 
S  —  I  and  I  —  s  can  be  made  less  than  any  preassigned  number  by 


•If  fix,  y)  is  a  constant  *,  Jf  =  m  =  if,  =  m,-  =  ik,  and  5  =  «  =  mO  =  MH— 
Tkavs. 
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a  proper  choice  of  c.  Hence  the  sums  S  and  s  have  a  common  limit 
/,  which  is  called  the  double  integral  of  the  function /(x,  y)  extended 
over  the  region  A.     It  is  denoted  by  the  symbol 


=jjj{x,y)dxdy, 


and  the  region  A  is  called  the  field  of  integration. 

If  (i„  i;.)  be  any  point  inside  or  on  the  boundary  of  the  sub- 
region  a„  it  is  evident  that  the  sum  2/(^„  i;.)^,  lies  between  the  two 
sums  S  and  t  or  is  equal  to  one  of  them.  It  therefore  also 
approaches  the  double  integral  as  its  limit  whatever  be  the  method 
of  choice  of  the  point  ({„  i;,). 

The  first  theorem  of  the  mean  may  be  extended  without  difficulty 
to  double  integrals.  Let  /(a;,  y)  be  a  function  which  is  continuous 
in  A  J  and  let  ^(x,  y)  be  another  function  which  is  continuous  and 
which  has  the  same  sign  throughout  A.  For  definiteness  we  shall 
suppose  that  ^(Xy  y)  is  positive  in  ^.  11  M  and  m  are  the  limits  of 
f(Xf  y)  in  A,  it  is  evident  that  * 

Adding  all  these  inequalities  and  passing  to  the  limits  we  find  the 
formula 

J  J(.A)  J  J(A) 

where  fi  lies  between  M  and  m.  Since  the  function  f(x,  y)  assumes 
the  value  /t  at  a  point  ((,  rf)  inside  of  the  contour  C,  we  may  write 
this  in  the  form 

(1)       Jf^  /(»,  y)  ♦(«,  y)  dx  dy  =/(«,  v)j£^^*(^y  'J)  ^  ^y^ 

which  constitutes  the  law  of  the  mean  for  double  integrals.  If 
^(x,  y)  =  1,  for  example,  the  integral  on  the  right,  JJdxdy,  extended 
over  the  region  Ay  is  evidently  equal  to  the  area  O  of  that  region. 
In  this  case  the  formula  (1)  becomes 


(2)  if  A^y  y)^dy  =  Qf{(,  yf) . 

J  J  (A) 


*  If /(z»  y)  i>  a  ooDBtant  k,  we  shall  have  }f=m=  A;,  and  these  ineqaalities  beoomo 
equations.    The  following  formula  holds,  however,  with  /« =  A;. — Trans. 
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132.  Yoliime.  To  the  analytic  notion  of  a  double  integral  cone- 
sponds  the  important  geometric  notion  of  volume.  Let  f{x^  y)  be 
a  function  which  is  continuous  inside  and  upon  a  closed  contour  C. 
We  shall  further  suppose  for  definiteness  that  this  function  is  posi* 
tive.  Let  S  be  the  portion  of  the  surface  represented  bj  the  equsr 
tion  %  =f(xy  y)  which  is  bounded  hj  a  curye  r  whose  projection 
upon  the  xy  plane  is  the  contour  C  We  shall  denote  bj  E  the  por- 
tion of  space  bounded  by  the  xy  plane^  the  surface  5,  and  the  cylinder 
whose  right  section  is  C  The  region  A  of  the  xy  plane  which  is 
bounded  by  the  contour  C  being  subdivided  in  any  manner,  let  aj  be 
one  of  the  subregions  bounded  by  a  contour  e^j  and  m^  the  area  of 
this  subregion.  The  cylinder  whose  right  section  is  the  curve  e^  cuts 
out  of  the  surface  5  a  portion  s^  bounded  by  a  curve  y|.  Let  j»|  and 
Pi  be  the  points  of  s^  whose  distances  from  the  xy  plane  are  a  mini- 
mum and  a  maximum,  respectively.  If  planes  be  drawn  through 
these  two  points  parallel  to  the  xy  plane,  two  right  cylinders  are 
obtained  which  have  the  same  base  o>{,  and  whose  altitudes  are  the 
limits  Mi  and  m^  of  the  function  f(x,  y)  inside  the  contour  e,,  respec- 
tively. The  volumes  F<  and  v^  of  these  cylinders  are,  respectivelyi 
ta^Mi  and  caim^.*  The  sums  S  and  s  considered  above  therefore  repre- 
sent, respectively,  the  sums  SF^  and  Sv,  of  these  two  types  of  cylin- 
ders. We  shall  call  the  common  limit  of  these  two  sums  the  volume 
of  the  portion  E  of  space.  It  may  be  noted,  as  was  done  in  the  case 
of  area  (§  78),  that  this  definition  agrees  with  the  ordinary  concep- 
tion of  what  is  meant  by  volume. 

If  the  surface  S  lies  partly  beneath  the  xy  plane,  the  double  int^;ral 
will  still  represent  a  volume  if  we  agree  to  attach  the  sig^  —  to  the 
volumes  of  portions  of  space  below  the  xy  plane.  It  appears  then  that 
every  double  integral  represents  an  algebraic  sum  of  volumes,  just  as 
a  simple  integral  represents  an  algebraic  sum  of  areas.  The  limits  of 
integration  in  the  case  of  a  simple  integral  are  replaced  in  the  case  of  a 
double  integral  by  the  contour  which  encloses  the  field  of  integration. 

123.  Evaluation  of  double  integrals.  The  evaluation  of  a  double 
integral  can  be  reduced  to  the  successive  evaluations  of  two  simple 
integrals.    Let  us  first  consider  the  case  where  the  field  of  integration 


*B7  the  volume  of  a  right  cylinder  we  shall  understand  the  limit  approached  by 
the  Tolome  of  a  right  prism  of  the  same  height,  whose  base  is  a  polygon  inscribed  in 
a  right  section  of  the  cylinder,  as  each  of  the  sides  of  this  polygon  approaches  seio. 
[This  definition  is  not  necessary  for  the  argament,  but  is  useful  in  showing  that  the 
definition  of  volume  in  general  agrees  with  our  ordinary  conceptions.  — Tranb.] 
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is  a  rectangle  R  bounded  hy  the  straight  lines  z  =  z„  x  =  X, 
tf  =  fft,  y  =  Y,  where  x^  <  -V  and  i/o  <  Y.  Suppose  this  rectangle 
to  1)6  subdivided  by  parallels  to  the  two  axes  x  ^  x,,  y  =  y* 
(i  =  l,  2,  --,n;  £=  1,  2,  ",  m).  The  area  of  the  small  rectangle 
Ru,  bounded  \fs  the  lines  x  =  x^^^,  x  =  Xt,  y  =  y^-i,  U  =  !fi,i^ 

(a!,-a;,_,)(yt-yt_,). 
Hence  the  double  integral  is  the  limit  of  the  sum 


(3) 


=  SX  Af^'  '"X''  -  ^'-'>^*  -  »*->)' 


f 

f> 

Vt 

J 

Q 

.«. 

■ 

« 

where  (f^,  ^a)  is  any  point 
inside  or  upon  one  of  the 
sides  of  i(^. 

We  shall  employ  the  inde- 
termination  of  the  points 
(fiii  ^i*)  '"  order  to  simplify 
the  calculation.  Let  us  re- 
mark first  of  all  that  if  f(x) 
is  a  continuous  function  in 
the  interval  {a,  b),  and  if  the  interval  (a,  b)  be  subdivided  in  any 
manner,  a  value  i,  can  be  found  in  each  subinterval  (a;,_„  x^  such 
that 

(*)    jr/(^)d*=/:(0(*.-<')+Af.)(='.-«.)+--+Ai.)(»-*.-.)- 

For  we  need  merely  apply  the  law  of  the  mean  for  int^rals  to  each  of 
the  Bubintervals  (a,  Zi),  (xi,  Xi),  -■-,  (x,_,,6)  to  find  these  values  of  |,. 
Now  the  portion  of  the  sum  S  which  arises  from  the  row  of  rec- 
tangles between  the  lines  x  =  Xg^,  and  x  =  a;,  is 

(*<  -  «.-i)[jT;f...  %0(y.  -  n)  +Aii»  %0(y.  -  yO  +  ■  ■  ■ 

+Af^,  7*Xy*-y*-,)+''-]- 

Let  us  take  {,i  =  {,,=  -'  =iim  =  Xi^i,  &nd  then  choose  i^„  i;,,,  ■" 
in  such  a  way  that  the  sum 

A*.-.,  'i-.)(yi  -  y«)  +  A«--..  i<.)(y»  -  y.)  +  ■  - 

is  equal  to  the  integral  J^  /(a^i-u  y)<'yi  where  the  integral  is  to  be 
evaluated  under  the  assumption  that  x,.,  is  a  constant  If  we  pro- 
ceed in  the  same  way  for  each  of  the  rows  of  rectangles  bounded  by 
two  consecutive  parallels  to  the  y  axis,  we  finally  find  the  equation 

(5)     S=*(x,Xx,  -  X,}  +  9(x,Xx,  ~x,)  +  ...  +  *(x,_,)(x,  -  X,.,)  +  ■■; 


x 
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where  we  haye  set  for  brevity 

This  function  ^x)^  defined  by  a  definite  int^^,  where  x  is  con- 
sidered as  a  parameter,  is  a  continuoas  function  of  x.  As  all  the 
intervals  X|  — a;|_,  approach  zero,  the  formula  (5)  shows  that  S 
approaches  the  definite  integral 

^x)dx. 

'*• 

Hence  the  double  integral  in  question  is  given  by  the  formula 
(6)  //   fix,  y)dxdy=  f  dx  ff(x,  y)dy. 

In  other  words,  in  order  to  evaluate  the  double  integral,  the  function 
f(Xy  y)  should  first  he  integrated  between  the  limits  y^  and  T,  reffordr 
ing  X  €LS  a  constant  and  yas  a  variable;  and  then  the  resuUitig  func- 
tion, which  is  a  function  of  x  alone,  should  be  integrated  again  between 
the  limits  Xq  and  X, 

If  we  proceed  in  the  reverse  order,  i.e.  first  evaluate  the  portion 
of  5  which  comes  from  a  row  of  rectangles  which  lie  between  two 
consecutive  parallels  to  the  x  axis,  we  find  the  analogous  formula 

/  /  /(«>  y)dxdy  =  I   dy  j  f(x,  y)dx. 
A  comparison  of  these  two  formulae  gives  the  new  formula 

\    dx  J  f(x,  y)dy=z  j   dy  f  /(x,  y)dx, 

which  is  called  the  formula  for  integration  under  the  integral  sign. 
An  essential  presupposition  in  the  proof  is  that  the  limits  Xq,  X,  yoj  Y 
are  constants,  and  that  the  function  f(x,  y)  is  continuous  throughont 
the  field  of  integration. 

Example,   Let  z  •=.  xy/a.     Then  the  general  formula  gives 
/  I     ^dxdy=^  t   dx  I     —dy 

J  JiB)  *  Jx^         Jj,^      « 
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In  general,  if  the  function  f(x^  y)  is  the  product  of  a  function  of  x 
alone  by  a  function  of  y  alone,  we  shall  have 

/  /  4^(x)tlf(y)dxdy=  f    il>(x)dx  x  /    ^y)dy. 

The  two  integrals  on  the  right  are  absolutely  independent  of  each 
other. 

Franklin  *  has  deduced  from  this  remark  a  yery  simple  demonstration  of  cer- 
tain interesting  theorems  of  Tchebycheff.  Let  ^(x)  and  ^(x)  be  two  functions 
which  are  continuous  in  an  interval  (a,  &),  where  a<h.    Then  the  double  integral 

//[0W  -  Hv)]  m^)  -  Hy)]dxdy 

extended  oyer  the  square  bounded  by  the  lines  x  =  a,x  =  6,  y  =  a,y  =  6is  equal 
to  the  difference 

2(6  -a)  f  4>(x)Hx)dx  -  2  f  ^(x)dx  x  f  ^(x)dx. 

Jo  Ja  Ja 

But  all  the  elements  of  the  aboye  double  integral  have  the  same  sign  if  the  two 
tunctions  ^(x)  and  ^(x)  always  increase  or  decrease  simultaneously,  or  if  one  of 
them  always  increases  when  the  other  decreases.  In  the  first  case  the  two  func- 
tions 0(2)— ^(y)  and  ^(x)  —  yffiy)  always  haye  the  same  sign,  whereas  they  have 
opposite  signs  in  the  second  case.    Hence  we  shall  haye 

(h-a)  f  0(x)^(x)dx  >  f  0(x)dx  x  f  i^(x)dx 

Ja  Ja  Ja 

whenever  the  two  functions  0(x)  and  ^(x)  both  increase  or  both  decrease  through- 
out the  interval  (a,  h).    On  the  other  hand,  we  shall  have 

{b-a)  f  0(x)^(x)dx  <  f  0(x)dx  x  f  ^(x)dx 

Ja  Ja  Ja 

whenever  one  of  the  functions  increases  and  the  other  decreases  throughout  the 
interval. 

The  sign  of  the  double  integral  is  also  definitely  determined  in  case  ^(x)  =  ^(x), 
for  then  the  integrand  becomes  a  perfect  square.    In  this  case  we  shall  have 

(6  -  a)f\i^{x)ydx  >  [f^ix)  dx]  ', 

whatever  be  the  function  ^(x),  where  the  sign  of  equality  can  hold  only  when 
0(x)  is  a  constant. 

The  solution  of  an  interesting  problem  of  the  calculus  of  variations  may  be 
deduced  from  this  result.  Let  P  and  Q  be  two  fixed  points  in  a  plane  whose 
codrdinates  are  (a,  A)  and  (6,  B),  respectively.  Let  y  =  /(x)  be  the  equation  of 
any  curve  joining  these  two  points,  where  /(x),  together  with  its  first  derivative 

*  American  Journal  of  Mathematics,  Vol.  YH,  p.  77. 
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/'{z)f  ia  supposed  to  be  continuous  in  the  interval  (a,  h).  Tlie  problem  is  to 
find  that  one  of  the  curves  y=:f{x)  for  which  the  integral  jT^y'Scte  is  a 
minimum.  But  by  the  formula  just  found,  replacing  ^(x)  by  i'  and  noting 
that  f{a)  =  A  and  f{b)  =  B  by  hjrpothesis,  we  have 


(6  -  a)  rV*dx^(B  -  -A)*. 


The  minimum  value  of  the  integral  is  therefore  {B  —  A)*/(h  —  a),  and  that  value 
is  actually  assumed  when  y'  is  a  constant,  i.e.  when  the  curve  joining  the  two 
fixed  points  reduces  to  the  straight  line  PQ. 

184.  Let  us  now  pass  to  the  case  where  the  field  of  integration  is 
bounded  by  a  contour  of  any  form  whatever.  We  shall  first  suppose 
that  this  contour  is  met  in  at  most  two  points  by  any  parallel  to  the 
y  axis.     We  may  then  suppose  that  it  is  composed  of  two  straight 

lines  x  =  a  and  x  =zb  (a<b) 


Fio.  25 


and  two  arcs  of  curves  APB 
and  A'QB'  whose  equations  are 
Yi  =  *i(«)  and  F,  =  ^(a;),  re- 
spectively,  where  the  functions 
^1  and  ^  are  continuous  be- 
tween a  and  b.    It  may  happen 
that  the  points  A  and  A*  coin- 
cide^  or  that  B  and  B'  coin- 
cide^ or  both.     This  occurs,  for 
instance,  if  the  contour  is  a  convex  curve  like  an  ellipse.     Let  us 
again  subdivide  the  field  of  integration  R  by  means  of  parallels  to 
the  axes.    Then  we  shall  have  two  classes  of  subregions  :  regular  if 
they  are  rectangles  which  lie  wholly  within  the  contour,  irregtdar 
if  they  are  portions  of  rectangles  bounded  in  part  by  arcs  of  the 
contour.     Then  it  remains  to  find  the  limit  of  the  sum 

where  o>  is  the  area  of  any  one  of  the  subregions  and  (^,  i;).  is  a  point 
in  that  subregion. 

Let  us  first  evaluate  the  portion  of  S  which  arises  from  the  row 
of  subregions  between  the  consecutive  parallels  x  =  aj^^j,  x  =  jcj. 
These  subregions  will  consist  of  several  regular  ones,  beginning 
with  a  vertex  whose  ordinate  is  y^  ^  Yi  and  going  to  a  vertex  whose 
ordinate  is  y''  ^  Y^y  and  several  irregular  ones.  Choosing  a  suitable 
point  (^,  17)  in  each  rectangle,  it  is  clear,  as  above,  that  the  portion 
of  S  which  comes  from  these  regular  rectangles  may  be  written  in 
the  form 
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(«i-«<-i)/  /(«*-!,  y)<'y. 


Suppose  that  the  oscillation  of  each  of  the  functions  ^(x)  and  ^  (x) 
in  each  of  the  intervals  (X|_i,  z^)  is  less  than  By  and  that  each  of  the 
differences  yt"^  t/t-i  is  ^^  ^^^  than.  &  Then  it  is  easily  seen  that 
the  total  area  of  the  irregular  subregions  between  x  =  a;,_|  and  x=:Xi 
is  less  than  4S(a;,  —  X|_,),  and  that  the  portion  of  S  which  arises 
from  these  regions  is  less  than  4^S(x,  —  x^.i)  in  absolute  value^ 
where  H  is  the  upper  limit  of  the  absolute  value  of  /{x,  y)  in  the 
whole  field  of  integration.     On  the  other  hand,  we  have 

'  /(«<-!,  y)rfy=  /  /(«*-!,  y)dy'\- 1   +  /    , 

and  since  \Y^  —  y^\  and  |y,  —  y'|  are  each  less  than  2S,  we  may  write 

J   A^i^if  y)dy^j    f{x,,u  y)dy  +  AH\», 

The  portion  of  S  which  arises  from  the  row  of  subregions  under 
consideration  may  therefore  be  written  in  the  form 

{^i  -  «*-i)  [^  /(«<-!,  y)dy  +  SHB.Bjy 

where  ^j  lies  between  —  1  and  + 1.  The  sum  SHB^Bt  (Xf  —  a?,.,)  is 
less  than  SHB(b  —  a)  in  absolute  value,  and  approaches  zero  with  B, 
which  may  be  taken  as  small  as  we  please.  The  double  integral  is 
therefore  the  limit  of  the  sum 

*(«)(«!  —  a)  H f-  *(ir£-i)(«<  -  «f-i)  H , 

where 


xKl. 


Hence  we  have  the  formula 


(7)  I  f  f(Xfy)dxdy=  fdx  f  f(x,  y)dy. 

In  the  first  integration  x  is  to  be  regarded  as  a  constant,  but 
the  limits  Yy  and  Y%  are  themselves  functions  of  x  and  not 
constants. 
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Bxample.  Let  us  try  to  evaltiate  the  doable  integral  of  the  function  xy/a 
over  the  interior  of  a  quarter  circle  bounded  by  the  axes  and  the  drcomference 


The  limits  f or  x  are  0  and  B,  and  if  x  is  constant,  y  may  Tary  from  0  to  ViP-**. 
Hence  the  integral  is 

The  yalue  of  the  latter  integral  is  easily  shown  to  be  12*/ 8a. 

When  the  field  of  integration  is  bounded  by  a  contour  of  any  form 
whatever,  it  may  be  divided  into  several  parts  in  such  a  way  that 
the  boundary  of  each  part  is  met  in  at  most  two  points  by  a  parallel 
to  the  y  axis.  We  might  also  divide  it  into  parts  in  such  a  way  that 
the  boundary  of  each  part  would  be  met  in  at  most  two  points  by 
any  line  parallel  to  the  x  axis,  and  begin  by  integrating  with  respect 
to  X.  Let  us  consider,  for  example,  a  convex  closed  curve  which  lies 
inside  the  rectangle  formed  by  the  lines  x  =  a,  x  =  bfysseyys:d, 
upon  which  lie  the  four  points  i4,  B,  C,  D,  respectively,  for  which  x 
or  y  is  a  minimum  or  a  maximum.*  Let  yi  =  ^(x)  and  y^  =  ^(x) 
be  the  equations  of  the  two  arcs  ACB  and  ADB,  respectively,  and 
let  Xi  =z  ^i(j/)  and  x^  =  ^i(f/)  be  the  equations  of  the  two  arcs  CAD 
and  CBD,  respectively.  The  functions  ^i(^)  and  <^t(x)  are  continu- 
ous between  a  and  b,  and  ^i  (y)  and  ^s  (y)  are  continuous  between  e 
and  d.  The  double  integral  of  a  function/(a;,  y),  which  is  continuous 
inside  this  contour,  may  be  evaluated  in  two  ways.  Equating  the 
values  found,  we  obtain  the  formula 

It  is  clear  that  the  limits  are  entirely  different  in  the  two  integrals. 
Every  convex  closed  contour  leads  to  a  formula  of  this  sort.  Tor 
example,  taking  the  triangle  bounded  by  the  lines  y  =  0,  a;  =  a, 
y  =  a;  as  the  field  of  integration,  we  obtain  the  following  formula, 
which  is  due  to  Lejeune  Dirichlet : 

\  doc  \  f{Xy  y)dy=  I  dy  I  f(x,  y)dx. 

0  Jo  «/0  «/w 


*The  reader  is  adrised  to  draw  the  figure. 
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126.  AnaloglM  to  limpto  Intefrals.  The  integral  S'f^)^  considered  m  a 
function  of  x,  has  the  derivatiye  /(x).  There  exists  an  uialogons  theorem  for 
doable  integrals.  Let  /(x,  y)  be  a  function  which  is  continuous  inside  a  rec- 
tangle bounded  by  the  straight  lines  x  =  a,x  =  ^,  y=:6,  y  =  B,(a  <A^h<B), 
The  double  integral  of  /(x,  y)  extended  over  a  rectangle  bounded  by  the  lines 
z  =  a,  X  =  X,  y  =  6,  y  =  7,(a<  Jr<^,  &<  r<£),iB  a  function  of  the  coordi- 
nates X  and  Y  of  the  yariable  comer,  that  is, 

IT  1^ 

F(X,r)=^  dxf^f{x,y)dy. 

mm 

Setting  4(x)  =  J^  /(x,  y)(iy,  a  first  differentiation  with  respect  to  X  giyes 

=  *(X)  =  ^7(X,y)(Jy. 


dX 


A  second  differentiation  with  respect  to  T  leads  to  the  formula 

at  F' 

^  '  dXdT     ^         ' 

The  most  general  function  u(X,  F)  which  satisfies  the  equation  (9)  is  evi- 
dently obtained  by  adding  to  F(X,  F)  a  function  z  whose  second  derivative 
dl*z/dXdY  is  zero.    It  is  therefore  of  the  form 

IT  V 

(10)  ii(X,  y)=f^^f^  /(«.  y)  dy  +  ^(X)  +  ^(F) , 

where  0(X)  and  ^(F)  are  two  arbitrary  functions  (see  §  88).    The  two  arbitrary 

functions  may  be  determined  in  such  a  way  that  ia(X,  F)  reduces  to  a  given 

function  V{T)  when  X  =  a,  and  to  another  given  function  U{X)  when  F=  b. 

Setting  X  =  a  and  then  F  =  6  in  the  preceding  equation,  we  obtain  the  two 

conditions 

V(Y)  =  ^(a)  +  ^(F)  ,        U{X)  =  ^(X)  +  ^(6) , 

whence  we  find 

^(F)  =  V(Y)  -  0(a) ,        ^(6)  =  V(h)  -  0(a) ,         0(X)  =  ir(X)  -  F(6)  +  0(a) , 

and  the  formula  (10)  takes  the  form 

(11)  ii(X,  Y)=f^dxf^  /(x,  y)  dy  +  ir(X)  +  V(Y)  -  F(6) . 

CoKoenielyy  if,  by  any  means  whatever,  a  function  u(X,  F)  has  been  found 
which  satisfies  the  equation  (0),  it  is  easy  to  show  by  methods  similar  to  the 
above  that  the  value  of  the  double  integral  is  given  by  the  formula 

IT  V 

(12)  f  dxf  f{z,  y)dy  =  ii(X,  F)  -  tt(X,  6)  -  tt(a,  F)  +  ii(a,  b) . 

This  formula  is  analogous  to  the  fundamental  formula  (6)  on  page  166. 

The  following  formula  is  in  a  sense  analogous  to  the  formula  for  integration 
t^  parts.    Let  il  be  a  finite  region  of  the  plane  bounded  by  one  or  mors  curves 
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of  any  form.  A  fnnotion  /[x,  y)  which  is  oontiniioiii  in  A  rtaim  betwMH  iti 
minimum  «o  and  its  maximum  V,  Imagine  the  contour  IhneM  /(as,  y)  =  «  drawn 
where  v  lies  between  Vo  and  F,  and  suppose  that  we  sre  able  to  find  the  area  of 
the  portion  of  A  for  which  /(x,  y)  lies  between  «o  aqcI  e.  This  area  is  a  fimo- 
tion  F{v)  which  increases  with  o,  and  the  area  between  two  neighboring  oontour 
lines  is  ^(e  +  Ao)  -  F(v)  =  AvF'{v  +  ^Ao).  If  this  area  be  diTided  into  infinitesi- 
mal portions  by  lines  joining  the  two  oontour  lines,  a  potait  ((,  ^)  may  be  ftxmd 
in  each  of  them  such  that  /((,  if)  =  o  +  ^Ao.  Hence  the  sum  of  the  element! 
of  the  double  integral  fffdxdy  which  arise  from  this  region  is 

(o  +  ^Ao)l'"(o  +  0Av)Av, 

It  follows  that  the  double  integral  is  equal  to  the  limit  of  the  sum 

Z(o  +  $At)  F'(v  +  9Av)  As, 

that  is  to  say,  to  the  simple  integral 

f^vF'{v)dv=rF{V)-  f^F{v)dv. 

This  method  is  especially  convenient  when  the  field  of  integration  is  bounded 

by  two  oontour  lines 

/(x,  y)  =  »o,       /(x,  y)=F. 

For  example,  consider  the  double  integral  // VI  +  X*  +  y*  dx  dy  extended  over 
the  interior  of  the  circle  x^  +  y«  =  1.  If  we  set  o  =  VH-  x«  +  y«,  the  field  of 
integration  ie  bounded  by  the  two  contour  lines  v  =  1  and  «  =  VS,  and  the 
function  F(o),  which  is  the  area  of  the  circle  of  radius  Ve*  —  1,  is  equal  to 
3r(o'  —  1).    Hence  the  given  double  integral  has  the  value 

r^2jr»adD  =  ^(2v^-l).  ♦ 

The  preceding  formula  is  readily  extended  to  the  double  integral 

///(«,  y) 0(»,  y)dxdy, 

where  F(o)  now  denotes  the  double  integral  fj^(x^  y)dxdy  extended  over  that 
portion  of  the  field  of  integration  bounded  by  the  contour  line  e  =  /(x,  y). 

126.  Green's  theorem.  If  the  function  f(xy  y)  is  the  partial  deriva- 
tive of  a  known  function  with  respect  to  either  x  or  y,  one  of  the 
integrations  may  be  performed  at  once,  leaving  only  one  indicated 
integration.  This  very  simple  remark  leads  to  a  very  important 
formula  which  is  known  as  GreerCs  theorem. 


*  Numerous  applications  of  this  method  are  to  be  found  in  a  memoir  by  Catalan 
(Journal  de  LiouviUe,  1st  series,  Vol.  IV,  p.  233). 
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Let  us  consider  first  a  double  integral  //  dP/dy  dx  dy  extended 
over  a  region  of  the  plane  bounded  by  a  contour  C,  which  is  met 
in  at  most  two  points  by  any  line  parallel  to  the  y  axis  (see  Fig.  15, 
p.  188). 

Let  A  and  B  be  the  points  of  C  at  which  a;  is  a  minimum  and  a 
maximum,  respectively.  A  parallel  to  the  y  axis  between  Aa  and 
Bh  meets  C  in  two  points  m^  and  m^  whose  ordinates  are  yi  and  y^y 
respectively.  Then  the  double  integral  after  integration  with  respect 
to  y  may  be  written 

But  the  two  integrals  J^  P(x,  yi)dx  and  J[^  P(x,  y^dx  are  line 
integrals  taken  along  Uie  arcs  AmiB  and  Arn^B,  respectively;  hence 
the  preceding  formula  may  be  written  in  the  form 


(^^>  iri'^'^^-ic!"^' 


CC) 

where  the  line  integral  is  to  be  taken  along  the  contour  C  in  the 
direction  indicated  by  the  arrows,  that  is  to  say  in  the  positive 
sense,  if  the  axes  are  chosen  as  in  the  figure.  In  order  to  extend 
the  formula  to  an  area  bounded  by  any  contour  we  should  proceed 
as  above  (§  94),  dividing  the  given  region  into  several  parts  for  each 
of  which  the  preceding  conditions  are  satisfied,  and  applying  the  for- 
mula to  each  of  them.  In  a  similar  manner  the  following  analogous 
form  is  easily  derived : 

where  the  line  integral  is  always  taken  in  the  same  sense.  Sub- 
tracting the  equations  (13)  and  (14),  we  find  the  formula 

(16)  £pefe  +  «rfy=//(^-^^)<^.y. 

where  the  double  integral  is  extended  over  the  region  bounded  by  C. 
This  is  Green's  formula ;  its  applications  are  very  important.  Just 
now  we  shall  merely  point  out  that  the  substitution  Q  =  x  and 
P  =  —  y  gives  the  formula  obtained  above  (§  94)  for  the  area  of  a 
closed  curve  as  a  line  integral. 
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IL  CHANGE  OF  VARIABLES      AREA  OF  A  SURFACE 

In  the  eyaluatian  of  double  integrals  we  liave  supposed  up  to  the 
present  that  the  field  of  integration  was  subdivided  into  infinitesimal 
rectangles  by  parallels  to  the  two  coordinate  axes.  We  are  now  going 
to  suppose  the  field  of  integration  subdivided  by  any  two  systems  of 
curves  whatever. 

187.  Preliminary  formnla.  Let  k  and  v  be  the  codrdinates  of  a  point 
with  respect  to  a  set  of  rectangular  axes  in  a  plane,  x  and  y  the  co5r- 
dinates  of  another  point  with  respect  to  a  similarly  chosen  set  of 
rectangular  axes  in  that  or  in  some  other  plane.     The  formulsB 

(16)  x=  f{u,  v) ,        y  =  ^(ti,  v) 

establish  a  certain  correspondence  between  the  points  of  the  two 
planes.  We  shall  suppose  1)  that  the  functions  f(uy  v)  and  ^ic,  v), 
together  with  their  first  partial  derivatives,  are  continuous  for  all 
points  (u,  v)  of  the  uv  plane  which  lie  within  or  on  the  boundary  of 
a  region  Ai  bounded  by  a  contour  Ci\  2)  that  the  equations  (16) 
transform  the  region  i4i  of  the  uv  plane  into  a  region  ^  of  tlie 
xy  plane  bounded  by  a  contour  C,  and  that  a  <m94o-ane  correspond- 
ence exists  between  the  two  regions  and  between  the  two  oontoun 
in  such  a  way  that  one  and  only  one  point  of  ^4^  corresponds  to  any 
point  of  i4  ;  3)  that  the  functional  determinant  A  =  D{fy  ^)/D(u,  v) 
does  not  change  sign  inside  of  Ci,  though  it  may  vanish  at  certain 
points  of  iii. 

Two  cases  may  arise.  When  the  point  (u,  v)  describes  the  ooo- 
tour  Ci  in  the  positive  sense  the  point  (x,  y)  describes  the  contour  C 
either  in  the  positive  or  else  in  the  negative  sense  without  ever 
reversing  the  sense  of  its  motion.  We  shall  say  that  the  corre- 
spondence is  direct  or  inverse,  respectively,  in  the  two  cases. 

The  area  O  of  the  region  A  is  given  by  the  line  intend 


JiC 


xdy 

taken  along  the  contour  C  in  the  positive  sense.     In  terms  of  the 
new  variables  u  and  v  defined  by  (16)  this  becomes 


O  =  ±  I    /(t*,  v)d^{uy  v), 


where  the  new  integral  is  to  be  taken  along  the  contour  Ci  in  the 
positive  sense,  and  where  the  sign  +  or  the  sign  —  should  be  taken 
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according  as  the  correspondence  is  direct  or  inverse.  Applying 
Green's  theorem  to  the  new  integral  with  x  =  i<,  v  =  y,  P  =fd^/du^ 
Q=/a^/at;,wefind 

du      dv  D(u,  v) 

whence 

or,  applying  the  law  of  the  mean  to  the  double  integral, 

where  ((,  tf)  is  a  point  inside  the  contour  C^,  and  Oi  is  the  area  of 
the  region  Ai  in  the  uv  plane.  It  is  clear  that  the  sign  +  or  the 
sign  —  should  be  taken  according  as  A  itself  is  positive  or  negative. 
Hence  the  correspondence  is  direct  or  inverse  according  as  ^  is  positive 
or  negative. 

The  formula  (17)  moreover  establishes  an  analogy  between  func- 
tional determinants  and  ordinary  derivatives.  For,  suppose  that  the 
region  Ai  approaches  zero  in  all  its  dimensions,  all  its  points  approach- 
ing a  limiting  point  (u,  v).  Then  the  region  A  will  do  the  same,  and 
the  ratio  of  the  two  areas  O  and  Oi  approaches  as  its  limit  the  abso- 
lute value  of  the  determinant  A.  Just  as  the  ordinary  derivative  is 
the  limit  of  the  ratio  of  two  linear  infinitesimals,  the  functional 
determinant  is  thus  seen  to  be  the  limit  of  the  ratio  of  two  infinites- 
imal areas.  From  this  point  of  view  the  formula  (17)  is  the  analogon 
of  the  law  of  the  mean  for  derivatives. 

Remarks.  The  hypotheses  which  we  have  made  concerning  the  correspondence 
between  A  and  ^i  are  not  all  independent.  Thus,  in  order  that  the  correspond- 
ence should  be  one-to-one,  it  is  necessary  that  A  should  not  change  sign  in  the 
region  ^i  of  the  uv  plane.  For,  suppose  that  A  vanishes  along  a  curve  71  which 
divides  the  portion  of  ^1  where  A  is 
positive  from  the  portion  where  A  is 
negative.  Let  us  consider  a  small  arc 
mini  of  7i  and  a  small  portion  of  ^1 
which  contains  the  arc  mitii.  This 
portion  is  composed  of  two  regions  ai 
and  ai  which  are  separated  by  mitii 
(Fig.  26). 

When  the  point  (u,  v)  describes  the  Fni.  26 

region  ai,  where  A  is  positive,  the  point 

(2,  y)  describes  a  region  a  bounded  by  a  contour  mnpmy  and  the  two  contours 
fni  uiPi  mi  and  mnpm  are  described  simultaneously  in  the  positive  sense.  When 
the  point  (v,  0)  describes  the  region  af,  where  A  is  negative,  the  point  (x,  y) 
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describes  a  region  o!  whose  contour  nmgr  is  described  in  the  negative  sense  ii 
fiimi9ini  is  described  in  the  positive  sense.  The  region  iif  mnst  therafoie 
cover  a  part  of  the  region  a.  Hence  to  any  point  (2,  y)  in  the  ff^wninffli  ptrt 
mxm  correspond  two  points  in  the  wo  plane  which  lie  on  either  side  of  the 
line  miTii. 

As  an  example  consider  the  transformation  JT  =  x,  F  =  y*,  for  which  A  =  2y. 
If  the  point  (x,  y)  describes  a  closed  region  which  encloses  a  segment  a&  of  the 
2  axis,  it  is  evident  that  the  point  (X,  F)  describes  two  regions  both  of  which 
lie  above  the  X  axis  and  both  of  which  are  bounded  by  the  same  segment  J.Bof 
that  axis.  A  sheet  of  paper  folded  together  along  a  straight  line  drawn  iqion  it 
gives  a  clear  idea  of  the  nature  of  the  region  described  by  the  point  (X,  F). 

The  condition  that  A  should  preserve  the  same  sign  throughout  A\  is  not  sol* 
ficient  for  one-to-one  correspondence.  In  the  example  X  =  x'  —  y*,  F=2av, 
the  Jacobian  A  =  4  (x^  +  y')  is  always  positive.  But  if  (r,  9)  and  (B,  m)  are  the 
polar  coordinates  of  the  points  (x,  y)  and  (X,  F),  respectively,  the  formaI»  of 
transformation  may  be  written  in  the  form  i2  =  f^,  w  =  2tf.  Asr  varies  from  a 
to  6  (a  <  6)  and  B  varies  from  0  to  jr  +  a  (0 <  aor/2),  the  point  (i{,  m)  describee 
a  circular  ring  bounded  by  two  circles  of  radii  a'  and  5^.  But  to  every  value  of 
the  angle  w  between  0  and  2a  correspond  two  values  of  tf,  one  of  which  liee 
between  0  and  a,  the  other  between  n  and  )r  +  a.  The  region  described  I7  the 
point  (X,  F)  may  be  realized  by  forming  a  circular  ring  of  paper  which  partially 
overlaps  itself. 

188.  Transformation  of  double  integrals.  First  method.  Betaining 
the  hypotheses  made  above  concerning  the  regions  A  and  A^  and  the 
formulae  (16),  let  us  consider  a  function  F{xy  y)  which  is  continuous 
in  the  region  A.  To  any  subdivision  of  the  region  A 1  into  subregions 
<xu  ^%i  '">  ^n  corresponds  a  subdivision  of  the  region  A  into  sub- 
regions  aif  a^,  "'y  a^.  Let  o),-  and  o-,-  be  the  areas  of  the  two  cone- 
sponding  subregions  a^  and  a^,  respectively.    Then,  by  formula  (17), 


Wf  =  o-< 


where  Ui  and  v^  are  the  coordinates  of  some  point  in  the  region  a,* 
To  this  point  (?«,-,  v.)  corresponds  a  point  a;,  =/(!*,• ,  v^),  yt  =  ^(M<,«'i) 
of  the  region  a...  Hence,  setting  *(w,  v)  =  F[/(m,  v),  ^(t«,  v)],  we 
may  write 

^(/>  ») 


^  F{^iy  yd  Wf  =  X  *(^'"  ^<) 


D(Ufy    V.) 


<ri, 


whence,  passing  to  the  limit,  we  obtain  the  formula 

(18)  ff/i'''  y)  ^  dy  =/X/'^-^("'  ''^'  *("'  "^^  I  i&^ 


dudv. 
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Henoe  to  perform  a  trai^fonnaiwn  in  a  double  integral  x  and  y  ahould 
be  rqiaced  by  their  valuee  at  fitnetiotu  of  the  new  vartailet  u  and  v, 
and  dx dy  thoutd  be  replaoed  by  \^\dudo.  We  have  B«en  already 
how  the  new  field  of  integiiUioii  is  determined. 

In  order  to  find  the  limitB  between  which  the  integrations  ahonld 
be  petformed  in  the  calculation  of  the  new  donUe  integral,  it  is  in 
general  tumeoeesaiy  to  construct  the  contour  C,  of  the  new  field 
of  integration  Ai.  For,  let  us  consider  u  and  v  as  a  system  of 
curvilinear  coordinates,  and  let  one  of  the  variables  w  and  v  in  the 
formnUe  (16)  be  kept  constant  while  the  other  varies.  We  obtain 
in  this  way  two  systems  of  curves  u  =  const  and  v  =  const.  By 
the  hypotheses  made  sbove,  one  and  only  one  carve  of  each  of  these 
families  passes  through  any 
givoi  point  of  the  r^ion  A, 
Let  us  suppose  for  definite- 
ness  that  a  curve  of  the 
family  v  =  const,  meets  the 
contour  C  in  at  most  two 
points  Ml  oad  AT,  which  cor- 
respond to  values  Ui  and  u^ 
of  11  (ui  <  U|),  and  that  each 
of  the  (v)  curves  which  meets 
the  contour  C  lies  between 
the  two  curves  v  =  a  and 
V  =  b  (a  <  A).  In  this  case 
we    should    integrate   first  na.:n 

with  r^ard  to  tt,  keeping  v  constant  and  letting  u  vary  from  w, 
to  «,,  where  u,  and  u,  are  in  general  functions  of  v,  and  tiien  inte- 
grate this  result  between  the  limits  a  and  5. 

The  double  int^iral  is  therefore  equal  to  the  expression 


LH"' 


F[J^^<^),^,(u,,)■il^du. 


A  change  of  variables  amounts  essentially  to  a  subdivision  of  the 
field  of  int^ration  by  means  of  the  two  systems  of  curves  (u)  and  (v). 
IiSt  w  be  the  area  of  the  curvilinear  quadrilatoral  bounded  by  the 
curves  («),  («  +  du),  (v),  (y  +  dv),  where  du  and  dv  are  positive. 
To  this  quadrilateral  corresponds  in  the  uti  plane  a  rectangle  whose 
sides  are  du  and  dv^  Then,  by  formula  (17),  a  =  \^{i,  i])|  du  dv,  where 
£  lies  between  u  and  u  +  du,  and  i)  between  v  and  v  +  dv.  The  expres- 
sion I  A(u,  v)  \dudv  is  called  the  element  of  area  in  the  system  of 
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oooidiofties  (ii,  v).  The  exact  value  of  «  is  «  =  || A(is  f) | -f  c( «;ftc dvj 
where  c  i^roaches  zero  with  du  and  dv.  This  infinitwrimal  maybe 
neglected  in  finding  the  limit  of  the  sum  SF)(x,  y)  «,  for  since  A(«i,  v) 
is  continuous,  we  may  suppose  the  two  («)  curres  and  the  two 
(v)  curves  taken  so  close  together  that  each  of  the  c^a  is  less  in  ab- 
solute value  than  any  preassigned  positive  number.  Hence  the  abso- 
lute value  of  the  sum  S/^x,  y)c  du  dv  itself  may  be  made  less  than 
any  preassigned  positive  number. 

189.  Szsmpies.  1)  Polar  eoordinates.  Let  us  pass  from  rectangu- 
lar to  polar  codrdinates  by  means  of  the  transformation  x  =  p  oosn, 
y  =:  p  sin  «#.  We  obtain  all  the  points  of  the  xy  plane  as  p  varies 
from  zero  to  +  oo  and  m  from  zero  to  2w.  Here  A  =  p ;  hence  the 
element  of  area  ia  pd^  dp,  which  is  also  evident  geometricaUy.  Let 
us  try  first  to  evaluate  a  double  integral  extended  over  a  portion  of 
the  plane  bounded  by  an  arc  AB  which  intersects  a  radius  vector  in 
at  most  one  point,  and  by  the  two  straight  lines  OA  and  OB  which 
make  angles  mi  and  «,  with  the  x  axis  (Fig.  17,  p.  189).  Let 
R  =z  ^m)  be  the  equation  of  the  arc  AB.  In  the  field  of  integration 
«  varies  from  M|  to  «,  and  p  from  zero  to  R.  Hence  the  double  into* 
gral  of  a  function /(x,  y)  has  the  value 


/    rf«/    /( 

ft/Mj  ft/0 


p  cos  o>,  p  sin  m)pdp. 


If  the  arc  ^^  is  a  closed  curve  enclosing  the  origin,  we  should 
take  the  limits  wi  =  0  and  «,  =  27r.  Any  field  of  integration  can 
be  divided  into  portions  of  the  preceding  types.  Suppose,  for 
instance,  that  the  origin  lies  outside  of  the  contour  C  of  a  given 
convex  closed  curve.  Let  OA  and  OB  be  the  two  tangents  from 
the  origin  to  this  curve,  and  let  Ri  =:fi((U})  and  R^  =/,(«)  be  the 
equations  of  the  two  arcs  ANB  and  AMBy  respectively.  For  a 
given  value  of  o>  between  o>i  and  v>i,  p  varies  from  Ri  to  7?,,  and 
the  value  of  the  double  integral  is 


/    ^«  /    J 


JX^p  cos  <o,  p  sin  ia)pdp. 


2)  Elliptic  coordinates.   Let  us  consider  a  family  of  confocal  conies 
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where  A  denotes  an  arbitrmry  paruneter.     Througfa  every  point  of  the  plane  pan 
tMQ  eonloi  of  thia  family,  —  an  elllpte  and  an  hyperbola,  —  lor  the  equation  (IB) 


haa  one  root  \  greater  Uian  e*,  and  another  poeltive  root  /i  lea*  than  c*,  for  any 
lalne*  of  x  and  y.  From  (19)  and  from  the  analogoua  equation  where  X  ia 
tei^Med  by  M  IT*  And 


To  avoid  ambiguity,  we  ahall  consider  only  the  flnt  quadrant  It 
Thla  region  correaponda  point  for  point  in  a  one-to-one  manner  t 
the  Xfi  phme  which  !■  bounded  by  the  ntaight  lines 


It  ia  evident  from  the  formalfe  (30)  that  when  the  point  (X,  (i)  describee  the 
boundary  of  thia  region  In  the  direction  indicated  by  the  arrows,  the  point  (z,  y) 
describes  the  two  axes  Ox  and  t^  In  the  aenu  Indicated  by  the  arrow*,  ^t* 
traniformation  Is  therefore  Invetse,  which  li  verifled  by  calculating  A : 


*  VV(X -«»)(<!*-*•) 


130.  Tranafonnation  of  donble  int^rala.  Second  method.  We  bIikII 
now  derive  the  general  formula  (18)  by  another  method  which 
depends  solely  upon  the  rule  for  calculating  a  double  integral.  We 
shall  retain,  however,  the  hypothesee  made  above  concerning  the 
correspondence  between  the  points  of  the  two  regions  A  and  i4,. 
If  the  formula  is  correct  for  two  particular  traasfonnationa 


.-/,(«', 
•-*.(«', 


it  is  evident  that  it  ia  also  correct  for  the  transformation  obtained 
by  carrying  out  the  two  transformations  in  succession.  This  follows 
at  once  from  the  fundamental  property  of  functional  determinants 
(ISO) 

2)(«',  «■)      D(«,  V)    D(u;  v-) 


vo 
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Similarly,  if  the  f onnnlk  boldi  for  seretal  nigiau  A,B,C,---,L, 
to  which  oonespond  the  legiom  At,  At,  Ci,  ---,  Li,  it  also  holds  fra 
the  n^on  A  +  B+C  -i h^-     F>n»ll7>  the  f armnls holda  if  th« 

ige  of  ftxes : 

y'sina,        jr^ft  +  a^Minr  +  y'ooia. 


x^Xt  +  x'ixaa  —  y  sino, 
Hen  A  =  1,  and  the  equation 


ft 


F(x,  +  x'<xma 


'II' 


-y'sina,  yt  +  x'riaa  +  y'WMa^tbfdjf 

a  Mtisfied,  ainoe  the  two  integrals  represent  the  eune  Tolume. 

We  shall  proceed  to  prove  the  formula  for  the  partieular  tiaiu- 
fonnation 

(M)  ;r  =  *{«',sO.        »  =  »', 

which  carries  the  repon  A  into  a  region  A '  whioh  is  indnded  betwem 
the  same  parallels  to  the  x  axis,  y  =  y*  sad  y  =s  y,.     We  shall  nip- 
pose  that  just  one  point  of  A  corresponds  to  any  given  point  of  ^ '  iml 
conversely.    If  a  panl- 
lei  to  the  X  axis  meeti 
the  bonndwy  C  of  tlii 
r^ion  J  in  at  most  two 
points,  the  same  will  bt 
true  for  the  boondu; 
C'of  thereon  i4'.  To 
any  pair  of  points  ■■ 
.  and  nti  on  C  whose  n^ 
dinatos  are  eaoh  y  «k- 
respond  two  points  M( 
and  mj  of  the  contour  C.    But  the  correspondence  may  be  direct  or 
inrerae.    To  diBtingnish  the  two  cases,  let  ns  remark  that  if  S^/Sz'is 
positive,  X  increases  with  x',  and  the  pmnts  m,  and  nt,  and  m^  ind 
vi[  lie  as  shown  in  Fig.  29 ;  hence  the  correspondence  is  direct    Oa 
the  other  hand,  if  d<^/dx'  is  negative,  tlie  eorreapondence  is  inverse. 
Let  ns  consider  the  first  case,  and  let  zg ,  z, ,  z^ ,  x{  be  the  abscissa 
of  the  points  m,,  m,,  m^,  mj,  respectively.     Then,  applying  the  tot- 
mula  for  change  of  variable  in  a  simple  int^^ral,  we  find 

f\-,  ,)dx  -J"  F[«(»',  rt,  »']  ^  J"!", 


^; 


!3 
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where  y  and  y'  are  treated  as  constants.  A  single  integration  gives 
the  formula 

j'dyj\x,  y)dx  =/Vjf  '^[*(«',  y'),  Vl^,*^'- 

But  the  Jacobian  A  reduces  in  this  case  to  d^ldx\  and  hence  the 
preceding  formula  may  be  written  in  the  form 

{(  F{x,  y)dxdy  =  fC  F[<^(x',  y%  y']  |  A  |  cte'rfy'. 

This  formula  can  be  established  in  the  same  manner  if  d^jdx^  is 
negative,  and  evidently  holds  for  a  region  of  any  form  whatever. 

In  an  exactly  similar  manner  it  can  be  shown  that  the  trans- 
formation 

(22)  X  =  ar',         y  =  r^(x\  y') 
leads  to  the  formula 

/  /    F{x,  y)dxdy=:  ff  F^x',  i^x',  y*)]  |  A  |  dx'dy% 

J  JiA)  J  JiA') 

where  the  new  field  of  integration  A^  corresponds  point  for  point  to 
the  region  A, 

Let  us  now  consider  the  general  formulae  of  transformation 

(23)  X  =/(a;i,  yi) ,        y  =/i  («!,  y^) , 

where  for  the  sake  of  simplicity  (x,  y)  and  (xi,  y{)  denote  the  codr- 
dinates  of  two  corresponding  points  m  and  M^  with  respect  to  the 
same  system  of  axes.  Let  A  and  A  i  be  the  two  corresponding  regions 
bounded  by  contours  C  and  C^  respectively.  Then  a  third  point  m\ 
whose  co5rdinate8  are  given  in  terms  of  those  of  m  and  Mi  by  the 
relations  x'  ssXi,  y'  =  y,  will  describe  an  auxiliary  region  A\  which 
for  the  moment  we  shall  assume  corresponds  point  for  point  to  each 
of  the  two  regions  A  and  Ai,  The  six  quantities  x,  y,  Xi,  yi,  x',  y' 
satisfy  the  four  equations 

«=/(«!,  yi),      y=fi(xuyi),      «'  =  «i,       ^  =  ^1 

whence  we  obtain  the  relations 

(24)  a'  =  aji ,       y '  =  /i  («i ,  yO , 

which  define  a  transformation  of  the  type  (22).  From  the  equation 
y'  =  fi  (x'y  yi)  we  find  a  relation  of  the  form  yi  =  tt  (as',  y*) ;  hence 
we  may  write 

(25)  X  =f(x\  yO  =  il>(x',  y') ,         y  =  y'. 
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The  giyen  transformation  (23)  amounts  to  a  combination  of  the  two 
transformations  (24)  and  (25),  for  each  of  which  the  general  foninila 
holds.    Therefore  the  same  formula  holds  for  the  transformation  (23). 

Remark.  We  assumed  above  that  the  region  described  by  the 
point  fit'  corresponds  point  for  point  to  each  of  the  regions  A  and 
A  I.  At  least,  this  can  always  be  brought  about.  For,  let  us  con- 
sider the  curves  of  the  region  Ai  which  correspond  to  the  straight 
lines  parallel  to  the  x  axis  in  ^.  If  these  curves  meet  a  parallel  to 
the  y  axis  in  just  one  point,  it  is  evident  that  just  one  point  m'of 
A*  will  correspond  to  any  given  point  m  of  ^.  Hence  we  need 
merely  divide  the  region  Ai  into  parts  so  small  that  this  condition 
is  satisfied  in  each  of  them.  If  these  curves  were  parallels  to  the 
y  axis,  we  should  begin  by  making  a  change  of  axes. 

131.  Area  of  a  curved  surface.  Let  5  be  a  region  of  a  curved  sur- 
face free  from  singular  points  and  bounded  by  a  contour  F.  Let  5 
be  subdivided  in  any  way  whatever,  let  «<  be  one  of  the  subregions 
bounded  by  a  contour  y^,  and  let  m^  be  a  point  of  «<.  Draw  the  tan- 
gent plane  to  the  surface  iS^  at  the  point  m^,  and  suppose  s^  taken  so 
small  that  it  is  met  in  at  most  one  point  by  any  perpendicular  to 
this  plane.  The  contour  y^  projects  into  a  curve  yl  upon  this  plane; 
we  shall  denote  the  area  of  the  region  of  the  tangent  plane  bounded 
by  y'i  by  o-,-.  As  the  number  of  subdivisions  is  increased  indefinitely 
in  such  a  way  that  each  of  them  is  infinitesimal  in  all  its  dimensions, 
the  sum  So-j  approaches  a  limit,  and  this  limit  is  called  the  area  of 
the  region  S  of  the  given  surface. 

Let  the  rectangular  coordinates  x,  y, «  of  a  point  of  5  be  given  in 
terms  of  two  variable  parameters  u  and  v  by  means  of  the  equations 

(26)        x=f(u,v),        y  =  <^(w,  v),        z=:^(u,v), 

in  such  a  way  that  the  region  S  of  the  surface  corresponds  point  for 
point  to  a  region  R  of  the  uv  plane  bounded  by  a  closed  contour  C. 
We  shall  assume  that  the  functions  /,  ^,  and  ^,  together  with  their 
first  partial  derivatives,  are  continuous  in  this  region.  Let  R  be 
subdivided,  let  r^  be  one  of  the  subdivisions  bounded  by  a  contour  e^ 
and  let  cdj  be  the  area  of  r,-.  To  r^  corresponds  on  5  a  subdivision  Si 
bounded  by  a  contour  y^.  Let  o-,-  be  the  corresponding  area  upon  the 
tangent  plane  defined  as  above,  and  let  us  try  to  find  an  expression 
for  the  ratio  cr,/o)<. 

Let  aj,  Piy  yj  be  the  direction  cosines  of  the  normal  to  the  surface  S 
at  a  point  mi(Xi,  yf,  z^  of  «,  which  corresponds  to  a  point  (U|,  v<) 
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of  r^.  Let  us  take  the  point  fii|  as  a  new  origin,  and  as  the  new  axes 
the  normal  at  m^  and  two  perpendicular  lines  m,- .Y  and  m,  Y  in  the 
tangent  plane  whose  direction  cosines  with  respect  to  the  old  axes  are 
or',  /S*,  y'  and  a",  /8",  y",  respectively.  Let  X,  K,  Z  be  the  co5rdinates 
of  a  point  on  the  surface  iS^  with  respect  to  the  new  axes.  Then, 
by  the  well-known  formuks  for  transformation  of  coordinates,  we 
shall  have 

Y=a\x  -  X,)  +  p\y  -  y,)  +  y"(;.  «  z^, 
Z=zai(x^  Xi)  -\-pi{y-  yi)  +  yi  («  -  «.). 

The  area  cr^  is  the  area  of  that  portion  of  the  XY  plane  which  is 
bounded  by  the  closed  curve  which  the  point  (Xy  Y)  describes,  as 
the  point  (Uy  v)  describes  the  contour  Cj.     Hence,  by  §  127, 

where  ul  and  vj  are  the  co5rdinates  of  some  point  inside  of  0^,  An 
easy  calculation  now  leads  us  to  the  form 

^  ^^  ^  ^  D(uiy  v'i)  ^^    P        P      ^  D(uly  vi) 

or,  by  the  well-known  relations  between  the  nine  direction  cosines. 


Applying  the  general  formula  (17),  we  therefore  obtain  the  equation 


cr|  =  «i 


-P(y>  g)     I  p^  -P(^>  a^) 


+  y* 


^(g,  y) 


where  ul  and  t;{  are  the  coordinates  of  a  point  of  the  region  r^  in  the 
uv  plane.  If  this  region  is  very  small,  the  point  (u^y  v^)  is  very  near 
the  point  (Ui,  v^,  and  we  may  write 

2>(y,  z)   ^  D(yy  z)  D(Zy  x)   _  D(Zy  x) 

J)(nl,  v^      D(u,y  V,)  ^ ""         D(uiy  t;!)      D(u,y  v,)  ^  "*'         *  *' 


So-,-  =  Soij 


D(ui. 


where  the  absolute  value  of  $  does  not  exceed  unity.     Since  the 
derivatiTes  of  the  functions  /,  ^,  and  ^  are  continuous  in  the 
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region  R,  we  may  assume  that  the  regions  r^  have  been  taken  so 
small  that  each  of  the  quantities  c,-,  cfy  cf  is  less  than  an  arbitraiily 
preassigned  number  ly.  Then  the  supplementaiy  term  will  ceitamly 
be  less  in  absolute  value  than  difO,  where  O  is  the  area  of  the 
region  R.  Henoe  that  term  approaches  zero  as  the  regions  «,• 
(and  r,)  all  approach  zero  in  Hhe  manner  described  aboye,  and  the 
sum  SiTj  approaches  the  double  integral 


J  Jitr. 


a 


DQJ,  *)  ,  ^  g(«,  «)   ,   ^  Dj',  If) 


dudVf 


where  a,p,y  are  the  direction  cosines  of  the  normal  to  the  surface  S 
at  the  point  (u,  v). 

Let  us  calculate  these  direction  cosines.    The  equation  of  the 
tangent  plane  (I  39)  is 

^  ^  D(ti,  v)      ^        ^'  D{u,  v)      ^  ^  D(Uf  v)        ' 

whence 

a      _      P      _      y      _  ±1 

D(u,  v)      D{u,  v)      D(u,  v)       \  LD{u,  v)J  ^ 
Choosing  the  positive  sign  in  the  last  ratio,  we  obtain  the  fonnuls 

D(u,  v)      '^  D(u,  v)       '^  />(!*,  v) 


^  jr£iMijr[\  rg(gL£}i  V  r^^  y)T. 

The  well-known  identity 

(ab'  -  ba'y  +  (be'  -  d>y  +  (ca*  -  aey 

which  was  employed  by  Lagrange,  enables  us  to  write  the  quantity 
under  the  radical  in  the  form  EG  —  F\  where 

m  ^-^(1)"   "-s'i'i-  «--y(|f)' 

the  symbol  S  indicating  that  a;  is  to  be  replaced  by  y  and  x  succes- 
sively and  the  three  resulting  terms  added.  It  follows  that  the  aiea 
of  the  surface  5  is  given  by  the  double  integral 

(28)  A  =  f  f  ^/EG-F^dudv. 

J  JiR) 
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The  functions  E,  F,  and  G  play  an  important  part  in  the  theory 
of  surfaces.  Squaring  the  expressions  for  dx,  dy,  and  dz  and  adding 
the  results,  we  find 

(29)        ds*  =  dx*  +  dij*  +  rf««  =  Edu*  +  2Fdudv  -h  Gdv^. 

It  is  clear  that  these  quantities  E,  F,  and  G  do  not  depend  upon 
the  choice  of  axes,  but  solely  upon  the  surface  S  itself  and  the  inde- 
pendent variables  u  and  v.  If  the  variables  u  and  v  and  the  sur- 
face <Sf  are  all  real,  it  is  evident  that  EG  —  F^  must  be  positive. 

132.  Surface  element  The  expression  ViBCr  —  F*du  dv  is  called  the 
element  of  area  of  the  surface  S  in  the  system  of  co5rdinates  (u,  v). 
The  precise  value  of  the  area  of  a  small  portion  of  the  surface  bounded 
by  the  curves  (t*),  (u  -h  du),  (v),  (v  +  dv)  is  {y/EG  —  F^  +  €)dudv, 
where  c  approaches  zero  with  du  and  dv.  It  is  evident,  as  above, 
that  the  term  c  du  dv  is  negligible. 

Certain  considerations  of  differential  geometry  confirm  this  result 
For,  if  the  portion  of  the  surface  in  question  be  thought  of  as  a  small 
curvilinear  parallelogram  on  the  tangent  plane  to  <$  at  the  point  (u,  v), 
its  area  will  be  equal,  approximately,  to  the  product  of  the  lengths 
of  its  sides  times  the  sine  of  the  angle  between  the  two  curves  (u) 
and  (t;).  If  we  further  replace  the  increment  of  arc  by  the  differ- 
ential ds,  the  lengths  of  the  sides,  by  formula  (29),  are  V^  du  and 
^/Gdv,  if  du  and  dv  are  taken  positive.  The  direction  parameters  of 
the  tangents  to  the  two  curves  (u)  and  (v)  are  dx/duy  dy/du,  dz/du 
and  dx/dv,  dy/dv,  dz/dv,  respectively.  Hence  the  angle  a  between 
them  is  given  by  the  formula 

ndx  dx 

^  du  dv  F 

cos  a  =      , . —  =  — 7=> 

Veg 


4m'-m 


whence  sin  a  =  VJEG  —  F^/'^EG,  Forming  the  product  mentioned, 
we  find  the  same  expression  as  that  given  above  for  the  element  of 
area.  The  formula  for  cos  a  shows  that  F  =  0  when  and  only  when 
the  two  families  of  curves  (k)  and  (v)  are  orthogonal  to  each  other. 
When  the  surface  S  reduces  to  a  plane,  the  formulsB  just  found 
reduce  to  the  formulm  found  in  §  128.  For,  if  we  set  ^(u,  v)  =  0, 
we  find 

^-(^y+i&  ^=fefc+i!i!'  «=&)+('/)' 

\cu/      \du/  du  dv      du  dv  \^/       \^^/ 


276 


DOUBLE  INTEGRALS 


[nsia 


whence,  by  the  rule  for  squaring  a  determinant, 

dx  dx 
du   dv 

du   du 


3  


A»  = 


E    F 
F   G 


^EG^  F*. 


Hence  -y/EG  —  F«  reduces  to  |  A|. 

Examples,  1)  To  find  the  area  of  a  region  of  a  surface  whose  equa- 
tion is  z  =f(x,  y)  which  projects  on  the  xy  plane  into  a  region  R  m 
which  the  function  f(x,  y),  together  with  its  derivatives  p  =  df/dx  cvnd 
q  =  df/di/f  is  continuous.  Taking  x  and  y  as  the  independent  yari- 
ables,  we  find  £=!+/>',  F  =  pq,  Cr  =  1  +  ;',  and  the  area  in  ques- 
tion is  given  by  the  double  integral 

(30)     A=/£vnvT?«to«^.=/£^. 

where  y  is  the  acute  angle  between  the  «  axis  and  the  normal  to  the 
surface. 

2)  To  calculate  the  area  of  the  region  of  a  surface  of  revolution 
between  two  plane  sections  perpendicular  to  the  axis  of  revolution. 
Let  the  axis  of  revolution  be  taken  as  the  z  axis,  and  let  z  ^f(p) 
be  the  equation  of  the  generating  curve  in  the  xz  plane.  Then  the 
coordinates  of  a  point  on  the  surface  are  given  by  the  equations 

aj  =  pcoso),         y  =  psin«,         z=f(p), 

where  the  independent  variables  p  and  o>  are  the  polar  co5rdinate8  of 
the  projection  of  the  point  on  the  xy  plane.    In  this  case  we  have 

S  =  H-/'»(p),        F=0,         G  =  p«. 

To  find  the  area  of  the  portion  of  the  surface  bounded  by  two  plane 
sections  perpendicular  to  the  axis  of  revolution  whose  radii  are  fti  and 
Pa,  respectively,  p  should  be  allowed  to  vary  from  pi  to  p^  (pi<  pt)  and 
CD  from  zero  to  27r.    Hence  the  required  area  is  given  by  the  integral 

A  =  r  rfp  r  p  Vl  +  f'\p)d,o  =  27r  f  p  y/l+f\p)dp, 

and  can  therefore  be  evaluated  by  a  single  quadrature.  If  s  denote 
the  arc  of  the  generating  curve,  we  have 

ds^  =  rfp«  +  dz*  =  dp*ll+f'\p)2y 
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and  the  preceding  formula  may  be  written  in  the  form 


=  I     2irpd8. 


The  geometrical  interpretation  of  this  result  is  easy:  27rpd8  is 
the  lateral  area  of  a  frustum  of  a  cone  whose  slant  height  is  ds  and 
whose  mean  radius  is  p.  Replacing  the  area  between  two  sections 
whose  distance  from  each  other  is  infinitesimal  by  the  lateral  area 
of  such  a  frustum  of  a  cone,  we  should  obtain  precisely  the  above 
formula  for  A. 

For  example,  on  the  paraboloid  of  revolution  generated  by  revolv- 
ing the  parabola  x^  =  2pz  about  the  z  axis  the  area  of  the  section 
between  the  vertex  and  the  circular  plane  section  whose  radius  is  r  is 


in.  GENERALIZATIONS  OF  DOUBLE  INTEGRALS 
IMPROPER  INTEGRALS   SURFACE  INTEGRALS 

133.  Improper  integrals.  Let  f(Xy  ^)  be  a  function  which  is  con- 
tinuous in  the  whole  region  of  the  plane  which  lies  outside  a  closed 
contour  P.  The  double  integral  of  f(Xy  y)  extended  over  the  region 
between  P  and  another  closed  curve  C  outside  of  P  has  a  finite  value. 
If  this  integral  approaches  one  and  the  same  limit  no  matter  how 
C  varies,  provided  merely  that  the  distance  from  the  origin  to  the 
nearest  point  of  C  becomes  infinite,  this  limit  is  defined  to  be  the 
value  of  the  double  integral  extended  over  the  whole  region 
outside  P. 

Let  us  assume  for  the  moment  that  the  function  f(x,  y)  has  a 
constant  sign,  say  positive,  outside  P.  In  this  case  the  limit  of  the 
double  integral  is  independent  of  the  form  of  the  curves  C.  For, 
let  Ci,  Ci,  '",  C„,  •  •  •  be  a  sequence  of  closed  curves  each  of  which 
encloses  the  preceding  in  such  a  way  that  the  distance  to  the  nearest 
point  of  C^  becomes  infinite  with  n.  If  the  double  integral  /„  extended 
over  the  region  between  P  and  C„  approaches  a  limit  /,  the  same  will 
be  true  for  any  other  sequence  of  curves  Cj,  Cj,  •••,  €'„,  •••  which 
satisfy  the  same  conditions.  For,  if  r„  be  the  value  of  the  double 
integral  extended  over  the  region  between  P  and  C'^,  n  may  be 
chosen  so  large  that  the  curve  C„  entirely  encloses  C'^,  and  we 
shall  have  I'„<I^<  L     Moreover  I\^  increases  with  m.     Hence  7^, 
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has  alimit /'</.    It  follows  in  the  same  nuumer  tliat /< /*.  Henoe 
/*  =s  /y  i.e.  the  two  limits  are  equal 

As  an  example  let  us  consider  a  fnnotiim/'(x,  y),  whi<^  outsidfi  a 
circle  of  radius  r  about  the  origin  as  center  is  of  liia  fozm 


where  the  value  of  the  numerator  ^(se,  y)  remains  between  two  pon- 
tive  numbers  m  and  Af.  Choosing  for  the  cunres  C  the  drolei 
concentric  to  the  above,  the  value  of  the  double  integral  ezteDded 
over  the  circular  ring  between  the  two  circles  of  radii  r  and  JR  is 
given  by  the  definite  integral 


M 


^(p  COS  •»,  p  sin  «)p  dp 


if 


It  therefore  lies  between  the  values  of  the  two  expressions 


^^f  ^i'    ^^^£  ^x 


By  S  90,  the  simple  integral  involved  approaches  a  limit  as  R 
increases  indefinitely,  provided  that  2a  —  1  >  1  or  a  >  1.  Bat  it 
becomes  infinite  with  R  it  a<l. 

If  no  closed  curve  can  be  found  outside  which  the  function /[aB,y) 
has  a  constant  sign,  it  can  be  shown,  as  in  §  89,  that  the  integral 
fff(x,  y)dxdy  approaches  a  limit  if  the  integral  ffUXx^  y)\^^tl 
itself  approaches  a  limit.  But  if  the  latter  integral  becomes  infinite^ 
the  former  integral  is  indeterminate.  The  following  example,  due 
to  Cay  ley,  is  interesting.  Let  f(xy  y)  =  sin(a;'  +  y*),  and  let  us  inte- 
grate this  function  first  over  a  square  of  side  a  formed  by  the  axes 
and  the  two  lines  x=ia,y=^a.    The  value  of  this  integral  is 

'    dx  I    sin(a;»  +  y*)iiy 

0         Jo 

J/»a  pa  /•a  >•« 

I    sinx'<2x  X  I    cos y'(fy+  I    oaav^dx  x  I    wn^dy' 
0  «/0  •/O  «/fl 

As  a  increases  indefinitely,  each  of  the  integrals  on  the  right  has 
a  limit,  by  §  91.  This  limit  can  be  shown  to  be  V7r/2  in  each  case; 
hence  the  limit  of  the  whole  right-hand  side  is  w.  On  the  other 
hand,  the  double  integral  of  the  same  function  extended  over  the 
quarter  circle  bounded  by  the  axes  and  the  circle  x*  +  y*  =  12'  is 
equal  to  the  expression 
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J  d^J    p8inp«rfp  =  - j[cosp«];  =  j[l-C08i2«], 

which,  as  R  becomes  infinite,  oscillates  between  zero  and  7r/2  and 
does  not  approach  any  limit  whatever. 

We  should  define  in  a  similar  manner  the  double  integral  of  a 
function  f(Xy  y)  which  becomes  infinite  at  a  point  or  all  along  a  line. 
First,  we  should  remove  the  point  (or  the  line)  from  the  field  of 
integration  by  surrounding  it  by  a  small  contour  (or  by  a  contour 
very  close  to  the  line)  which  we  should  let  diminish  indefinitely. 
For  example,  if  the  function  J\xj  y)  can  be  written  in  the  form 

/(x,y) ^'^^ 


in  the  neighborhood  of  the  point  (a,  &),  where  ^(x,  y)  lies  between 
two  positive  numbers  m  and  Af,  the  double  integral  of  f(Xy  y) 
extended  over  a  region  about  the  point  (a,  b)  which  contains  no 
other  point  of  discontinuity  has  a  finite  value  if  and  only  if  a  is 
less  than  unity. 

184.  The  fanetioB  B(p,  q).  We  have  assumed  above  that  the  contour  C» 
recedes  indefinitely  in  every  direction.  But  it  is  evident  that  we  may  also  sup- 
pose that  only  a  certain  portion  recedes  to  infinity.  This  is  the  case  in  the  above 
example  of  Cayley's  and  also  in  the  following  example.    Let  as  take  the  function 

where  p  and  q  are  each  positive.  This  function  is  continuoos  and  positive  in  the 
first  quadrant  Litegratlng  first  over  the  square  of  side  a  bounded  by  the  axes 
and  the  lines  x  =  a  and  y  =  a,  we  find,  for  the  value  of  the  double  integral, 


Jo  •/o 


Each  of  these  integrals  approaches  a  limit  as  a  becomes  infinite.    For,  by  the 
definition  of  the  function  r(i>)  in  §  92, 


+«o 


r(p)=r    «p-i«-<ctt, 

•/o 
whence,  setting  t  =  2>,  we  find 

(31)  r(j))=r    *2««i»-»c-«^dx. 

Hence  the  doable  integral  approaches  the  limit  r(p)  V(q)  as  a  becomes  infinite. 
Let  us  now  integrate  over  the  quarter  circle  bounded  by  the  axes  and  the 
circle  x*  +  ^  =  12>.    The  value  of  the  doable  integral  in  polar  coordinates  is 

_  IT 

C  2p«<i»-»'«)-ic-P*d^x  r*2cos«i»-i0sin««->0(l^. 
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As  R  becomes  infinite  this  product  appioftdieB  the  limit 
where  we  haTe  set 

w 

(32)  B{p,  ff)=  r*2co*«*-«#8in«t-»^df . 

Expressing  the  fact  that  these  two  limits  must  he  the  same,  we  find  the  eqnitiaB 

(33)  r(p)  T{q)  =  IXp  +  «)  B(p,  q). 

The  integral  B(p,  9;  is  caCedEuler*s  integral  <^  Me  Jim  I:<]mL    Setting  I  =  iio^f 
it  may  he  written  In  the  form 

(34)  B(p,  q)=f\^'Hl^t)P-idt, 

The  formula  (33)  reduces  the  calculation  of  the  function  B(p,  9)  to  the  cilca- 
lation  of  the  function  r.    For  example,  setting  p  =  9  =  1/2,  we  fbad 


[r(i)]*=r(i)r^«.*  =  ,. 


whence  r(l/2)  =  Vjr.    Hence  the  formula  (81)  giTes 


X 


0  2 


In  general,  setting  q  =  l—p  and  taking  p  between  0  and  1,  we  find 

Tip)  r(i  -  p) = B{p,  ^"P)=f  (^y'j 

We  shall  see  later  that  the  value  of  this  integral  is  n/Anpn. 

1S5.  Sorfsce  integrals.  The  definition  of  wurface  inUgraU  is  analogous  to  that 
of  line  integrals.  Let  S  be  a  region  of  a  surface  bounded  by  one  or  more  curresr. 
We  shall  assume  that  the  surface  has  two  distinct  sides  in  such  a  way  that  if  one 
side  be  painted  red  and  the  other  blue,  for  instance,  it  will  be  impoesible  to  psa 
from  the  red  side  to  the  blue  side  along  a  continuous  path  which  lies  on  tbelll^ 
face  and  which  does  not  cross  one  of  the  bounding  curves.*  Let  us  think  of  iS  is 
a  material  surface  having  a  certain  thickness,  and  let  m  and  m'  he  two  pointa 
near  each  other  on  opposite  sides  of  the  surface.  At  m  let  us  draw  that  half  of 
the  normal  mn  to  the  surface  which  does  not  pierce  the  surface.  The  direction 
thus  defined  upon  the  normal  will  be  said,  for  brevity,  to  correspond  to  that  aide 
of  the  surface  on  which  m  lies.  The  direction  of  the  normal  which  correspoDds 
to  the  other  side  of  the  surface  at  the  point  i/i'  will  be  opposite  to  the  direction 
jiist  defined. 

Let  z  =  0(x,  y)  be  the  equation  of  the  g^ven  surface,  and  let  iS  he  a  region  of 
this  surface  bounded  by  a  contour  r.  We  shall  assume  that  the  surface  is  met 
in  at  most  one  point  by  any  parallel  to  the  z  axis,  and  that  the  function  ^x,  y) 

*  It  is  very  easy  to  form  a  surface  which  does  not  satisfy  this  condition.  We  need 
only  deform  a  rectangular  sheet  of  paper  AB  CD  by  pasting  the  side  BC  to  the  side  AD 
in  such  a  way  that  the  point  C  coincides  with  A  and  the  point  B  with  2>. 
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8  continuouB  inside  the  region  A  of  the  xy  plane  which  is  bounded  by  the  curve  C 
nto  which  r  projects.  It  is  evident  that  this  surface  has  two  sides  for  which 
lie  corresponding  directions  of  the  normal  make,  respectively,  acute  and  obtuse 
ingles  with  the  positive  direction  of  the  z  axis.  We  shall  call  that  side  whose 
iorrecq;>onding  normal  makes  an  acute  angle  with  the  positive  z  axis  the  upper 
tide.  Now  let  F(x^  y,  z)  be  a  function  ofi  the  three  variables  x,  y,  and  z  which 
la  continuous  in  a  certain  region  of  space  which  contains  the  region  8  of  the  sur- 
face. If  z  be  replaced  in  this  function  by  0(z,  y),  there  results  a  certain  function 
P  [^9  Vt  ^(^t  y)]  o^  2  ^^^  y  alone ;  and  it  is  natural  by  analogy  with  line  integrals 
U>  call  the  double  integral  of  this  function  extended  over  the  region  Ay 


(36)  JJ  P  [«,  y,  0(«,  y)]  dx  dy , 


U) 

the  surfctce  integral  of  the  function  P(x,  y,  z)  taken  over  the  region  S  of  the  given 
surface.  Suppose  the  coordinates  «,  y,  and  z  of  a  point  of  8  given  in  terms  of  two 
auxiliary  variables  u  and  v  in  such  a  way  that  the  portion  S  of  the  surface  corre- 
sponds point  for  point  in  a  one-to-one  manner  to  a  region  R  of  the  uv  plane.  Let 
dtf-  be  the  surface  element  of  the  surface  8,  and  y  the  acute  angle  between  the  posi- 
tive z  axis  and  the  normal  to  the  upper  side  of  8.  Then  Uie  preceding  double 
integral,  by  §§  131-132,  ia  equal  to  the  double  integral 


(36)  Jf  P(x,  y,  z)  cos  7  d<r , 


where  x,  y,  and  z  are  to  be  expressed  in  terms  of  u  and  v.  This  new  expression 
is,  however,  more  general  than  the  former,  for  cos  y  may  take  on  either  of  two 
values  according  to  which  side  of  the  surface  is  chosen.  When  the  acute  angle  y 
is  chosen,  as  above,  the  double  integral  (35)  or  (36)  is  called  the  surface  integral 


(37)  ffp{x,y,z)dxdy 


extended  over  the  upper  side  of  the  surface  8.  But  if  7  be  taken  as  the  obtuse 
angle,  every  element  of  the  double  integral  will  be  changed  in  sign,  and  the  new 
double  integral  would  be  called  the  surface  integral  ffPdxdy  extended  over  the 
lower  side  of  8.  In  general,  the  surface  integral//  Pdx  dy  is  equal  to  ±  the  double 
integral  (36)  according  as  it  is  extended  over  the  upper  or  the  lower  side  of  8. 

This  definition  enables  us  to  complete  the  analogy  between  simple  and  double 
integrals.  Thus  a  simple  integral  changes  sign  when  the  limits  are  interchanged, 
while  nothing  similar  has  been  developed  for  double  integrals.  With  the  gen- 
eralized definition  of  double  integrals,  we  may  say  that  the  integral///(«,  y)  dx  dy 
previously  considered  is  the  surface  integral  extended  over  the  upper  side  of  the 
xy  plane,  while  the  same  integral  with  its  sign  changed  represents  the  surface 
integral  taken  over  the  under  side.  The  two  senses  of  motion  for  a  simple  inte- 
gral thus  correspond  to  the  two  sides  of  the  xy  plane  for  a  double  integral. 

The  expression  (36)  for  a  surface  integral  evidently  does  not  require  that  the 
surface  should  be  met  in  at  most  one  point  by  any  parallel  to  the  z  axis.  In  the 
same  manner  we  might  define  the  surface  integrals 

//  Q(»»  Vi  z)dydz,       //^(«.  y»  z)dzdz. 
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and  the  more  generml  Integnl 

ffP(^i  y»  z)dxdy-^Q{z,  y,  z)dydz  +  B(z,  y,  t)dxdz. 

Thii  latter  integral  may  also  be  written  in  the  form 

rr  [P  cos  7  +  Q  cos  a  +  B  cos /5]  d^ , 

where  a,  /?,  y  are  the  direction  angles  of  the  direction  of  the  normal  which  cor- 
responds to  the  side  of  the  surface  selected. 

Surface  integrals  are  especially  important  in  Ifathematical  Physics. 

1S6.  Stokes'  theorem.  Let  £  be  a  skew  corre  along  which  the  fonctioni 
P{x,  y,  z),  Q(x,  y,  z),  R{x,  y,  z)  are  continuous.  Then  the  definition  of  the  line 
integral 

Pdx-j-Qdy-^-Rdz 


i 


taken  along  the  line  L  is  similar  to  that  given  in  §  03  for  a  line  integral  taken 
along  a  plane  curve,  and  we  shall  not  go  into  the  matter  in  detail.  If  the  cnrYe  L 
is  closed,  the  integral  evidently  may  be  broken  up  into  the  sum  of  three  line  inte- 
grals taken  over  closed  plane  curves.  Applying  Oreen^s  theorem  to  each  of  these, 
it  is  evident  that  we  m:;y  replace  the  line  integral  by  the  sum  of  three  doable 
integrals.  The  introduction  of  surface  integrals  enables  us  to  state  this  result  in 
very  compact  form. 

Let  us  consider  a  two-sided  piece  S  of  a  surface  which  we  shall  suppose  for 
definiteness  to  be  bounded  by  a  single  curve  r.  To  each  side  of  the  surface 
corresponds  a  definite  sense  of  direct  motion  along  the  contour  F.  We  shall 
assume  the  following  convention :  At  any  point  3£  of  the  contour  let  us  draw 
that  half  of  the  normal  Mn  which  corresponds  to  the  side  of  the  surface  under 
consideration,  and  let  us  imagine  an  observer  with  his  head  at  n  and  his  feet  at  M; 

we  shall  say  that  that  is  the  positive  sense 
of  motion  which  the  observer  must  take  in 
order  to  have  the  region  S  at  his  left  hand. 
Thus  to  the  two  sides  of  the  surface  corre- 
spond two  opposite  senses  of  motion  along 
the  contour  r. 

Let  us  first  consider  a  region  iS  of  a  sur- 
face which  is  met  in  at  most  one  point  by 
any  parallel  to  the  z  axis,  and  let  us  suppose 
the  trihedron  Oxyz  placed  as  in  Fig.  30, 
where  the  plane  of  the  paper  is  the  yz  plane 
and  the  z  axis  extends  toward  the  observer. 
To  the  boundary  r  of  <S  will  correspond  a 
closed  contour  C  in  the  xy  plane ;  and  these 
two  curves  are  described  simultaneously  in 
the  sense  indicated  by  the  arrows.    Let 
z  =f{Xi  y)  be  the  equation  of  the  given  surface,  and  let  P(x,  y,  z)  be  a  function 
which  is  continuous  in  a  region  of  space  which  contains  8,    Then  the  line  inte- 
gral j^p^  P(x,  y,  z)  dx  is  identical  with  the  line  integral 
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f  P[«,  y,  #(«,  y)]dx 


'(C) 

•aken  along  the  plane  curve  C    Let  as  apply  Oreen*s  theorem  (§  126)  to  this 
atter  integral.    Setting 


P(«,y)  =  P[«,y,  0(*,y)] 
'or  definiteness,  we  find 


dP{x,  y)  _dP     dP  d<t>  _  ^P     gP  coe/3 
dy  dy      dt  dy  ~  By      dz  aoay 

irhere  or,  /3,  7  are  the  direction  angles  of  the  normal  to  the  upper  side  of  8, 
Elence,  by  Oreen*s  theorem, 

f  P(x,y)dz=  I  I     (I--CO8/5-I-COS7) ^, 

^^^  JJ(A)\^  ^       '^^y 

where  the  double  integral  is  to  be  taken  over  the  region  A  of  the  xy  plane 
bounded  by  the  contour  C.  But  the  right-hand  side  is  simply  the  surface 
integral 


//(S'^^-?""'^)'^ 


extended  over  the  upper  side  of  8 ;  and  hence  we  may  write 

J'    P(x,  y,  «)dx  =    I    I    — dzdz dxdy. 
(r)                         J  J^s^dt               by 

This  formula  evidently  holds  also  when  the  surface  integral  is  taken  over  the 
other  side  of  8^  if  the  line  integral  is  taken  in  the  other  direction  along  r.  And 
it  also  holds,  as  does  Green's  theorem,  no  matter  what  the  form  of  the  surface 
may  be.  By  cyclic  permutation  of  x,  y,  and  2  we  obtain  the  following  analogous 
formulsB: 

r  Q(«,y,2)dy  =  f  f  ^dxdy-^^dydz, 

JRi^i  y»  ^)dz  =11    — dydz dzdx. 

Adding  the  three,  we  obtain  Stokes^  theorem  in  its  general  form : 
f   P(x,  y,  2)  dx  +  Q(x,  y,  z)  dy  +  U(x,  y,  z)  dz 


(88) 


The  sense  in  which  r  is  described  and  the  side  of  the  surface  over  which  the 
iouble  integral  is  taken  correspond  according  to  the  convention  made  above. 
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IV.   ANALYTICAL  AND  GEOMETRICAL  APPLICATIONS 

137.  YdlaiiiM.  Let  us  consider,  as  above,  a  region  of  space  bounded 
by  the  xy  plane,  a  surface  S  above  that  plane,  and  a  cylinder  whoae 
generators  are  parallel  to  the  z  axis.  We  shall  suppose  that  the 
section  of  the  cylinder  by  the  plane  2;  =  0  is  a  contour  similar  to 
that  drawn  in  Fig.  25,  composed  of  two  parallels  to  the  y  axis  and  two 
curvilinear  arcs  A  PB  and  A  'QB',  Jfz=  f(x,  y)  is  the  equation  of  the 
surface  S,  the  volume  in  question  is  given,  by  §  124,  by  the  integral 


a  %/9^ 


y)dy. 


Now  the  integral  jj*f(xy  y)dy  represents  the  area  A  of  a  section  of 
this  volume  by  a  plane  parallel  to  the  y»  plane.  Hence  the  preceding 
formula  may  be  written  in  the  form 


(39)  V=£' 


kdx. 


The  volume  of  a  solid  bounded  in  any  way  whatever  is  equal 
to  the  algebraic  sum  of  several  volumes  bounded  as  above.  For 
instance,  to  find  the  volume  of  a  solid  bounded  by  a  convex  closed 
surface  we  should  circumscribe  the  solid  by  a  cylinder  whose  gen- 
erators are  parallel  to  the  z  axis  and  then  find  the  difference  between 
two  volumes  like  the  preceding.  Hence  the  formula  (39)  holds  for 
any  volume  which  lies  between  two  parallel  planes  x=i  a  and  26=$ 
(a  <  h)  and  which  is  bounded  by  any  surface  whatever,  where  A 
denotes  the  area  of  a  section  made  by  a  plane  parallel  to  the  two 
given  planes.  Let  us  suppose  the  interval  (a,  b)  subdivided  by  the 
points  a,  Xi,  x^,  •  •  •,  ««_!,  b,  and  let  Ao,  Ai,  •  •  •,  A^,  •  •  •  be  the  areas 
of  the  sections  made  by  the  planes  as  =  a,  a;  =  ajj,  •  •  •,  respectively. 
Then  the  definite  integral  J  kdx  is  the  limit  of  the  sum 

Ao(a;i  —  a)+  Ai(a-2  —  a;i)H f-  A.._i(Xi  —  ar,._,).-.. 

The  geometrical  meaning  of  this  result  is  apparent.  For  A,_i  (as^  — aJi-i)> 
for  instance,  represents  the  volume  of  a  right  cylinder  whose  base  is 
the  section  of  the  given  solid  by  the  plane  x  =  x,_i  and  whose  height 
is  the  distance  between  two  consecutive  sections.  Hence  the  volume 
of  the  given  solid  is  the  limit  of  the  sum  of  such  infinitesimal  cylin- 
ders. This  fact  is  in  conformity  with  the  ordinary  crude  notion  of 
volume. 
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f  the  value  of  the  area  A  he  known  as  a  function  of  x,  the  vol- 
e  to  he  evaluated  may  be  found  by  a  single  quadrature.  As  an 
i.inple  let  us  try  to  find  the  volume  of  a  portion  of  a  solid  of  revo- 
Lon  between  two  planes  perpendicular  to  the  axis  of  revolution. 
^  this  axis  be  the  x  axis  and  let  z  =  f{x)  be  the  equation  of  the 
lerating  curve  in  the  xz  plane.  The  section  made  by  a  plane  par- 
si  to  the  yz  plane  is  a  circle  of  radius  f{x).  Hence  the  required 
xune  is  given  by  the  integral  irj  [/(af)]'*^. 
^Lgain,  let  us  try  to  find  the  volume  of  the  portion  of  the  ellipsoid 


^  +  2!  +  5!  =  l 
o«  ^  6«  ^  c« 


iinded  by  the  two  planes  x  =  Xq,  x  =  X,  The  section  made  by  a 
me  parallel  to  the  plane  x  =  0  is  an  ellipse  whose  semiaxes  are 
/I  —  x*/a*  and  e  Vl  —  x^/a*.     Hence  the  volume  sought  is 

)  find  the  total  volume  we  should  set  x  =^  a  and  X  =  a^  which 
ves  the  value  ^wabc, 

1S8.  Ruled  soxface.    Piismoidal  formula.   When  the  area  A  is  an  integral 

liction  of  the  second  degree  in  x,  the  volume  may  be  expressed  very  simply 

terms  of  the  areas  B  and  R  of  the  bounding  sections,  the  area  h  of  the  mean 

ction,  and  the  distance  h  between  the  two  bounding  sections.    If  the  mean 

otion  be  the  plane  of  yz,  we  have 

V=f    **(te»  +  2ma;  +  n)cix  =  2Z^  +  2na. 

J— a  3 

Qt  we  also  have 

A  =  2a,        6  =  n,        B  =  lcfi -\-2ma-\- n,        R  =  kfl-2ma  +  n, 

benoe  n  =  b,a  =  h/2,  2la^  =  B  -{•  R  —  2b.   These  equations  lead  to  the  formula 

(40)  F  =  §[B+5'  +  46], 

o 

Uch  is  called  the  prismMcU  formula. 

This  formula  holds  in  particular  for  any  solid  bounded  by  a  ruled  surface  and 
0  parallel  planes,  including  as  a  special  case  the  so-called  prismoid.*  For, 
y  =  ax-j-  p  and  2  =  bx  +  g  be  the  equations  of  a  variable  straight  line,  where 
b,  p,  and  q  are  continuous  functions  of  a  variable  parameter  t  which  resume 
sir  initial  values  when  t  increases  from  to  to  7.     This  straight  line  describes 

*  A  prismoid  is  a  solid  bounded  by  any  number  of  planes,  two  of  which  are  paral- 
and  contain  all  the  vertices.  —  Trans. 
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a  ruled  surface,  and  the  area  of  the  aection  made  by  a  plane  parallel  to  the  plane 
z  =  0  is  given,  by  §  94,  by  the  integral 


where  a\  C,  c%  d'  denote  the  deriyatives  of  a,  6,  c,  d  with  re^Mct  to  U  Theie 
derivatiyes  may  even  be  discontinuous  for  a  finite  number  of  values  between  U 
and  7,  which  vTill  be  the  case  when  the  lateral  boundary  consists  of  portions  of 
several  ruled  surfaces.    The  expression  for  A  may  be  written  in  the  form 

k  =  x*f  al/dt  +  X  r  {aq'-^pb')dt  +  f  pq'dt, 

where  the  integrals  on  the  right  are  evidently  independent  of  z.  Hence  the 
formula  (40)  holds  for  the  volume  of  the  given  solid.  It  is  worthy  of  notice  that 
the  iame/ormuia  alao  gives  the  volumes  of  most  qfthe  solids  qfdemmUarv  geometry. 

1S9.  yiviani*8  problem.  Let  C  be  a  chrcle  described  with  a  radios  OA  (=  S) 
of  a  given  sphere  as  diameter,  and  let  us  try  to  find  the  volume  of  the  portion 
of  the  sphere  inside  a  circular  cylinder  whose  right  section  is  the  circle  C. 
Taking  the  origin  at  the  center  of  the  sphere,  one  fourth  the  required  volume 
is  given  by  the  double  integral 


extended  over  a  semicircle  described  on  OA  as  diameter.  Passing  to  polar  codr- 
dinates  p  and  w,  the  angle  w  varies  from  0  to  )r/2,  and  p  from  0  to  £  cos  w.  Hence 
we  find 


or 


If  this  volume  and  the  volume  inside  the  cylinder 
which  is  symmetrical  to  this  one  with  respect  to 
the  z  axis  be  subtracted  from  the  volume  of  the 
whole  sphere,  the  remainder  is 


5'"-— ( 


f-l)-?- 


Fio.31 


Again,  the  area  Q  of  the  portion  of  the  sur- 
face of  the  sphei'e  inside  the  given  cylinder  is 


0  =  4  rrvi  +  p«  +  ^a  dxdy. 


Replacing  p  and  q  by  their  values  —  x/z  and  —  y/z,  respectively,  and  passing  to 
polar  coordinates,  we  find 
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Q=:4  jdof  I 

t/O  Jo 


''"•-    Rpdp 


^=4j;;*"-«(v55^i7)f— d«, 


or 

0  =  ^Ffip{\  -  8in»)dctf  =  4i?2  /-  -  iV 

Subtracting  the  area  enclosed  by  the  two  cylinders  from  the  whole  area  of  the 
sphere,  the  remainder  is 

140.  SyalttAtion  of  ptrticuUr  definite  integrtU.   The  theorems  estab- 
lished above,  in  partioular  the  theorem  regarding  differentiation 
under  the  integral  sign,  sometimes  enable  us  to  evaluate  certain  defi- 
nite integrals  without  knowing  the  corresponding  indefinite  integrals 
We  proceed  to  give  a  few  examples. 

Setting 


A      ru\       riog(l+aa?)  . 


the  formula  for  differentiation  under  the  integral  sign  gives 

da  l-fa*        'Jo    (1  +  aa;)(H- «•) 

Breaking  up  this  integrand  into  partial  fractions,  we  find 


^i  ^  log (1  -f  g^       r*  xdx 

\a  l+a«       Vo    (l+ax)(l  + 


x_ 1__^  lx-\-  a  __       a     \ 

)(1+  ««)  "  1+  a«Vl  +  «»  "l-hax) 


(1-hccx 
whence 

r__xd^ log(l+g«)   .       a  . 

Jo    (l-haxXl  +  x^)"        2(l+a»)   +  n.  ^2  arc  tan  a. 

It  follows  that 

dA  a  ^  ^  log(H-a«) 

5^  =  1+^"^^^"-^   2(l-f  oO^ 

whence,  observing  that  A  vanishes  when  a  =  0,  we  may  write 

Int^n^ating  the  first  of  these  integrals  by  parts,  we  finally  find 

-4  =  5  arc  tan  a  log(l  +  a') . 
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Again,  consider  the  function  x^.  This  fimction  is  continiioiit 
when  X  lies  between  0  and  1  and  y  between  any  two  positiTe 
numbers  a  and  h.    Hence,  by  the  general  formula  of  {123^ 


But 


J[   dx  j   TPdy  ^  \   dy  \   x^dx, 
0  %/m  «/•         «/9 


hence  the  yalue  of  the  right-hand  side  of  the  preyious  equation  is 
On  the  other  hand,  we  have 


r-'-fet 


log  X 
whence 

In  general,  suppose  that  P(x,  y)  and  Q(as,  y)  are  two  functions 
which  satisfy  the  relation  dP/dy  =  dQ/dxy  and  that  oso,  Xi,  yo>  y\  ^^ 
giyen  constants.  Then,  by  the  general  formula  for  integration 
under  the  integral  sign,  we  shall  have 


or 


(41)     f\p(x,  yO  -  P(x,  yo):\dx  =  f\Q(x^,  y)  -  Q(«o,  y)]rfy. 

Gauchy  deduced  the  values  of  a  large  number  of  definite  inte- 
grals from  this  formula.  It  is  also  closely  and  simply  related  to 
Green's  theorem,  of  which  it  is  essentially  only  a  special  case. 
For  it  may  be  derived  by  applying  Green's  theorem  to  the  line 
integral  ^Pdx  -\-  Qdy  taken  along  the  boundary  of  the  rectangle 
formed  by  the  lines  x  =:Xoj  x=sXi,  y  =  yo,  y  =  y^. 

In  the  following  example  the  definite  integral  is  evaluated  by  a 
special  device.     The  integral 

F(a)=  /    log(l—  2acosa;  +  a^dx 
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lias  a  finite  value  if  \a\  is  different  from  unity.     This  function 
i^(ar)  has  the  following  properties. 

1)  F(-^a)  =  F(a).     For 

F(-a)=/    log(l-h2acoBX  +  a^dx, 
or,  making  the  substitution  x^ir  --y, 

F(-a)=/    log(l-2acosy-i-a*)dy  =  F(a). 

2)  F(a^  =  2F(a).     For  we  may  set 

2F(a)  =  F(a)  +  F(-a), 
whence 

2F(a)  =  /    [log(l  -  2a cosac  +  a*)  +  log(l-f  2a cosa;  +  a»)]cix 

=  j    log(l  -  2a«  cos  2x  +  a*)£to. 
If  we  now  make  the  substitution  2x  =  y,  this  becomes 

2F(a)  =  I J     log  (1  -  2a«  cos  y  +  a*)  rfy 


1  r" 

+  2  J     ^^S (1  -  2a«  cos y  +  a*)rfy. 


Making  a  second  substitution  y  =  27r  —  «  in  the  last  integral,  we 
find 

log(l  —  2c^  cos y  -\-  at*)dy=:  j    log (1  —  2a' cos z  -f  a*)(£«, 
which  leads  to  the  formula 

2F(a)  =  i  F(a»)  +  i  F(a«)  =  F(a^ . 

From  this  result  we  have,  successively, 

If  I  a  I  is  less  than  unity,  a^  approaches  zero  as  n  becomes  infinite. 
The  same  is  true  of  F(af*),  for  the  logarithm  approaches  zero. 
Hence,  if  | a|  <  1,  we  have  F(a)  =  0. 
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If  \a\  is  greater  than  unity,  let  us  set  a  as  l/fi.    Then  we  find 

=  /    log(l-2/8co8a5  +  /8^flte-7rlog^, 

where  |/3|  is  less  than  unity.     Hence  we  have  in  this  case 

F(a)  =  —  TT  log/8*  =  TT  log  a*. 

Finally,  it  can  be  shown  by  the  aid  of  Ex.  6,  p.  205,  that  F(±  1)  =0; 
hence  F(a)  is  continuous  for  all  values  of  a. 

141.  Approximate  taIim  of  togr(B  + 1).  A  great  variety  of  deyicea  may  be 
employed  to  find  either  the  exact  or  at  least  an  approximate  value  of  a  definite 
integral.    We  proceed  to  give  an  example.    We  have,  by  definition, 

The  function  a^e-*  aaeumee  its  maximum  value  n"e-"  for  x  =  ti.  Ass inoreiM 
from  zero  to  n,  a^e-*  increases  from  zero  to  n"e-"  (ii>0),  and  when  x  inoreiM 
from  n  to  +  oo,  x^er*  decreases  from  ii"e-"  to  zero.  Likewise,  the  fnnotioii 
n^e-ie-*"  increases  from  zero  to  n^e-"  as  I  increases  from  —  oo  to  zero,  and 
decreases  from  n"e-"  to  zero  as  t  increases  from  zero  to  +  «•  Henoe,  by  ths 
substitution 

(42)  x'»e-«  =  n"e-»e-**, 

the  values  of  x  and  (  correspond  in  such  a  way  that  as  (  increases  from  -  od 

to  +  CO,  X  increases  from  zero  to  +  «• 

It  romains  to  calculate  dz/dt.   Taking  the  logarithmio  derivatiTe  of  each  side 

of  (42),  we  find 

dx       2tx 


dt     X  — n 
We  have  also,  by  (42),  the  equation 

t*ssx  — n  — nlog  (-] . 

For  simplicity  let  us  set  x  =  n  +  s,  and  then  develop  log(l  +  i/a)  by  Tiylor*i 
theorom  with  a  romainder  after  two  terms.  Substituting  this  expansion  in  ths 
value  for  t*,  we  find 

when  $  lies  between  zero  and  unity.    From  this  we  find,  successively, 


"n  =  Kl-0=''W^<^-'>']' 


_2«x 

X 
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rhence,  applying  the  fonnola  for  change  of  yariable, 

r(»  +  1)  =  2n»e-'» -J|  C^^e-^dl  +  2n"e-»  f  **e-''(l -  ^tctt. 

X  +  *  /» +  »  _ 


The  first  integral  is 

+  SB  _  /•  +» 


\8  for  the  second  integral,  though  we  cannot  evalaate  it  exactly,  since  we  do 
lot  know  9,  we  can  at  least  locate  its  value  between  certain  fixed  limits.  For 
fcll  its  elements  are  negative  between  —  oo  and  zero,  and  they  are  all  positive 
between  zero  and  +  oo.  Moreover  each  of  the  integrals  J*^^,  J^*  is  less  in 
ahsolute  value  than  J^*te-^dt  =  1/2.    It  follows  that 

(43)  r(n  +  1)  =  v^  n"e-»  (y/n  +  -^)' 

-where  w  lies  between  —  1  and  +  1. 

If  n  is  very  large,  w/V2n  is  very  small.    Hence,  if  we  take 

r(n  +  1)  =  n*er''  V^nir 

as  an  approximate  value  of  r(n  +  1),  our  error  is  relatively  small,  though  the 
actual  error  may  be  considerable.  Taking  the  logarithm  of  each  side  of  (43),  we 
find  the  formula 

(44)  log  T(n  +  1)  =  (n  +  i)  logn  -  n  + 1  log(2)r)  +  «, 

where  e  is  very  small  when  n  is  very  large.  Neglecting  c,  we  have  an  expression 
which  is  called  the  asymptotic  value  of  logr(n+  1).  This  formula  is  inter- 
esting as  giving  us  an  idea  of  the  order  of  magnitude  of  a  factorial. 

14S.  D'Alembert's  theorem.  The  formula  for  integration  under  the  integral 
sign  applies  to  any  function  /(x,  y)  which  is  continuous  in  the  rectangle  of  inte- 
gration. Hence,  if  two  different  results  are  obtained  by  two  different  methods 
of  integrating  the  function  /(«,  y),  we  may  conclude  that  the  function  /(x,  y)  is 
discontinuous  for  at  least  one  point  in  the  field  of  integration.  Gauss  deduced 
from  this  fact  an  elegant  demonstration  of  d^Alembert's  theorem. 

Let  F(z)  be  an  integral  polynomial  of  degree  m  in  z.  We  shall  assume  for 
definiteness  that  all  its  coefficients  are  real.  Replacing  z  by  p(cos  w  +  i  sin  w), 
and  separating  the  real  and  the  imaginary  parts,  we  have 

where 

P  =  iloA*coem«  +  ilip'"-'cos(m  — !)«  +  •••  +-4«„ 

Q  =  -4oA*slnm«  +  -4ip*-'  sin(m  —  1)«  H H-^^m-ipiinw* 

If  we  set  F  =  arc  tan  (P/Q),  we  shall  have 

dV  dp  dp  BV         dig  Bta 


'» 


dp        P»  +  Q»  a«       P»  +  Q* 

and  it  is  evident,  without  actually  carrying  out  the  calculation,  that  the  second 
derivative  is  of  the  form 

ap0«""(P«  +  Q«)«* 
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where  3f  U  a  continuous  function  of  p  and  w.  This  second  derivmtive  can  only 
be  discontinuous  for  values  of  p  and  w  for  which  P  and  Q  vanish  stmultaneoosly, 
that  is  to  say,  for  the  roots  of  the  equation  F{z)  =  0.  Hence,  if  we  can  show  that 
the  two  integrals 

are  unequal  for  a  given  value  of  iS,  we  may  conclude  that  the  equation  F{z)=0 
has  at  least  one  root  whose  absolute  value  is  less  than  B,  But  the  second  inte- 
gral is  always  zero,  for 


Jo    5p^«       L^pJi 


■  Sir 


and  dV/dp  is  a  periodic  function  of  w,  of  period  2jt.    Calculating  the  fint  inte- 
gral in  a  similar  manner,  we  find 


Jo  ^p^"       L^«J 


p.O 


and  it  is  easy  to  show  that  dV/du  is  of  the  form 


dw  Al  p*"*  -f  •  •  • 

where  the  degree  of  the  terms  not  written  down  is  less  than  Sm  in  p,  and  where 
the  numerator  contains  no  term  which  does  not  involve  p.  As  p  increases  hidefl- 
nitely,  the  right-hand  side  approaches  —  m.  Hence  B  may  be  ohoeen  so  laxge 
that  the  value  of  dF/dw,  for  p  =  12,  is  equal  to  —  m  -f  c,  where  c  is  less  than  m 
in  absolute  value.  The  integral  j^"(--m  +  ff)dw  is  evidently  negative,  and 
hence  the  first  of  the  integrals  (46)  cannot  be  zero. 


1.  At  any  pobit  of  the  catenary  defined  in  reotangolar  co5rdinatei  by  the 
equation 

v  =  f(«^  +  »"-) 

let  us  draw  the  tangent  and  extend  it  until  it  meets  the  x  aada  at  a  point  T, 
Revolving  the  whole  figure  about  the  x  axis,  find  the  diflerence  between  the  areu 
described  by  the  arc  AM  of  the  catenary,  where  A  is  the  vertex  of  the  catenary, 
and  that  described  by  the  tangent  MT  (1)  as  a  function  of  the  abeoiiia  of  the 
point  JIf,  (2)  as  a  function  of  the  abeoissa  of  the  point  T. 

[Uemee^  Paris,  1889.] 

2.  Using  the  usual  system  of  trirectangular  coordinates,  let  a  ruled  surface 
be  formed  as  follows :  The  plane  zOA  revolves  about  the  x  axis,  while  the  gen- 
erating line  D,  which  lies  in  this  plane,  makes  with  the  s  axis  a  constant  angle 
whose  tangent  is  X  and  cuts  oft  on  OA  an  intercept  OC  equal  to  Xatf,  where  a 
is  a  given  length  and  $  is  the  angle  between  the  two  planes  tOz  and  zOA, 
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1)  Find  the  volume  of  the  solid  bounded  by  the  ruled  surface  and  the  planes 
zOy^  zOXf  and  zOA^  where  the  angle  0  between  the  last  two  is  less  than  2jt, 

2)  Find  the  area  of  the  portion  of  the  surface  bounded  by  the  planes  xOy, 
zOZf  zOA. 

[Licence^  Paris,  July,  1882.] 

3.  Find  the  volume  of  the  solid  bounded  by  the  xy  plane,  the  cylinder 
6^x3  +  a^y^  =  a^fts,  and  the  elliptic  paraboloid  whose  equation  in  rectangular 
coordinates  is 


2z__^      y« 
c  "  j^     q^ 


[Licence,  Paris,  1882.] 


4.  Find  the  area  of  the  curvilinear  quadrilateral  bounded  by  the  four  con- 
focal  conies  of  the  family 

which  are  determined  by  giving  X  the  values  (^/3, 2c>/8, 4(^/3, 6cV8,  respectively. 

[Licence^  Besan^on,  1885.] 
6.  Consider  the  curve 

y  =  v^  (sin  «  —  cos  2) , 

where  x  and  y  are  the  rectangular  coordinates  of  a  point,  and  where  x  varies 
from  7t/4  to  bie/4.    Find : 

1)  the  area  between  this  curve  and  the  x  axis ; 

2)  the  volume  of  the  solid  generated  by  revolving  the  curve  about  the  x  axis ; 

8)  the  lateral  area  of  the  same  solid. 

[Licence,  Montpellier,  1808.] 

6.  In  an  ordinary  rectangular  coordinate  plane  let  A  and  B  be  any  two 
points  on  the  y  axis,  and  let  AMB  be  any  curve  joining  A  and  B  which,  together 
with  the  line  AB,  forms  the  boundary  of  a  region  AMBA  whose  area  is  a  pre- 
aasigned  quantity  8.  Find  the  value  of  the  following  definite  integral  taken 
over  the  curve  AMB : 


f[4>{y)ef  -  my]  (te  +  [0'(y)6»  -  m]dy , 


where  m  is  a  constant,  and  where  the  function  0(y),  together  with  its  derivative 

0^(y)i  is  continuous. 

[Licence,  Nancy,  1896.] 

7.  By  calculating  the  double  integral 


I       e-*ifainaxdydx 

0      «/o 


'0        Jo 

in  two  diflerent  ways,  show  that,  provided  that  a  is  not  cero, 


X 


X  2 


8.  Find  the  area  of  the  lateral  surface  of  the  portion  of  an  ellipsoid  of  revo- 
lution or  of  an  hyperboloid  of  revolution  which  is  bounded  by  two  planes  perpen- 
dicular to  the  axis  of  revolution. 
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ana  A  is  giT«n  t^  Um  double  intQgrml 


■'■ffV'- 


dxdg 


extendedo^er  theinteriorof  tlieeUiiMeft*x^  +  ii^y'  =  ii^i^.  Among  the  mediodi 
emj^oyed  to  reduce  this  double  integral  to  elliptic  intagrato,  one  of  the  afanpleBt, 
doe  to  Catalan,  consists  in  tbe  transformation  used  in  f  1S6.  Denoting  the 
integrand  of  tbe  doable  integral  by  «,  and  letting  v  Tary  from  1  to  +  ao,  it  is 
easy  to  show  that  the  doable  integral  is  equal  to  the  limit,  as  {  beoomea  infinite, 
of  the  difference 

This  expression  is  an  undetermined  form ;  but  we  may  write 


v'dv 


I  >/(-- l)('-*s) 


[V(---;)(--%^T 


.  r  (-a(-a> 


V('-*g(--.*S) 

Mid  hence  the  limit  conaidered  above  ia  readily  aeen  to  be 


nab\^-       •  *" 


V(-- S)('-'*S) 


(-i)H)r 


dv 


•■>/(•• -Sl'—s)  J 


10*.  If  from  the  center  of  an  ellipsoid  whose  semiaxes  are  a,  6,  e  a  peipen- 
dicalar  be  let  fall  upon  the  tangent  plane  to  the  ellipsoid,  the  area  of  the  surface 
which  is  the  locus  of  the  foot  of  the  perpendicular  is  equal  to  the  area  of  as 
ellipsoid  whose  semiaxes  are  bc/a,  ac/h,  ab/c. 

[William  Roberts,  Journal  de  LiouvUle,  Vol.  XI,  1st  series,  p.  81.] 
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11.  Evaluate  the  double  integral  of  the  expression 

(X  -  y)"/(y) 

extended  over  the  interior  of  the  triangle  bounded  by  the  straight  lines  y  =  acoy 
y  =  x,  and  z  =  JT  in  two  different  ways,  and  thereby  establish  the  formula 

From  this  result  deduce  the  relation 

C'dx  f'dx . . .  f'f{x)dx= f'{x  -  y)  V(y)dy. 

In  a  similar  manner  derive  the  formula 

f'xdx  f'xdX'. .  f'xdx  f'f{x)dx  =  — — - — —  f'{x*  -  j/^Yf(y)dy, 

and  verify  these  formulae  by  means  of  the  law  for  differentiation  under  the 
integral  sign. 


CHAPTER  Yn 


mnsATiov  or  total 


4    4   4 


I.  MULTIPLE  DTTEGRALS      CHANGE  OF  TAUABLES 

143.  Tr^le  iatcgnla.  Let  FkXj  y.  x)  be  a  function  of  the  three 
Tmriables  x,  y,  z  vhich  is  continnoot  for  all  pointB  M,  whose  ree- 
tamgnlar  eodidinates  are  (x,  jf.  c),  in  a  finite  region  of  space  (E) 
bounded  bj  one  or  more  closed  sarfmom.  Let  this  rogkni  be  sub- 
dirided  into  a  number  of  snbregiona  (^i),  (e,),  •--,  (e.),  wbooe  toI- 
nmes  are  rj,  r,,  •  •  -,  r.,  and  let  (d,  i|,-,  4)  ^  the  eoQrdinates  of  any 
point  m^  of  the  snbregion  (e,-).     Then  the  som 

s 

(1)  x^^"*'*^)"' 

approaches  a  limit  as  the  number  of  the  subregions  (^,-)  is  increased 
indefinitely  in  such  a  way  that  the  maximum  diameter  of  each  of 
them  approaches  zero.  This  limit  is  called  the  triple  integral  of 
the  function  F(z,  y,  z)  extended  throughout  the  region  (J?),  and 
is  represented  by  the  symbol 

(2)  jjj  F{x,  y,  z)dxdydz. 

The  proof  that  this  limit  exists  is  practically  a  repetition  of  the 
proof  giyen  above  in  the  case  of  double  integrals. 

Triple  integrals  arise  in  various  problems  of  Mechanics,  for 
instance  in  finding  the  mass  or  the  center  of  gravity  of  a  solid 
hfAy,  SupjK)se  the  region  (E)  filled  with  a  heterogeneous  sub- 
stance, and  let  il(x,  y,  z)  be  the  density  at  any  point,  that  is  to  say, 
the  limit  of  the  ratio  of  the  mass  inside  an  infinitesimal  sphere  about 
the  point  (Xy  y,  z)  as  center  to  the  volume  of  the  sphere.  If  /&|  and  /i« 
are  the  maximum  and  the  minimum  value  of  |i  in  the  snbregion  («,), 
it  is  evident  that  the  mass  inside  that  subregion  lies  between  fiiP, 
and  fi^Vo  hence  it  is  equal  to  i\fi(f/,  i;.,  {,),  where  ({,-,  t|,-,  {,)  is  a 
suitably  duisen  point  of  the  subregion  (e,).    It  follows  that  the  total 

2!« 
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mass  is  equal  to  the  triple  integ^  ///m  dxdydz  extended  through- 
out the  region  (E), 

The  evaluation  of  a  triple  integral  may  be  reduced  to  the  suc- 
cessiye  evaluation  of  three  simple  integrals.  Let  us  suppose  first 
that  the  region  (E)  is  a  rectangular  parallelopiped  bounded  by  the 
six  planes  x^x^y  x  =  X,  y  =  y©,  y  =  Y,  z  =  Zq,  z  =  Z.  Let  (E) 
be  divided  into  smaller  parallelopipeds  by  planes  parallel  to  the 
three  coordinate  planes.  The  volume  of  one  of  the  latter  is 
(Xi  —  Xi^i)  (y^  —  y^.,)  (Zf  —  «i_i),  and  we  have  to  find  the  limit  of 
the  sum 


(3)     S  =  2j  A  A  ^^^*"'  ''*"  ^^^^^*  "  ^'->)(y*  "  y*-i)(«i  -  «i-i)  I 

where  the  point  (dtt,  tfiuf  im)  ^^  ^^7  point  inside  the  corresponding 
parallelopiped.  Let  us  evaluate  first  that  part  of  S  which  arises 
from  the  column  of  elements  bounded  by  the  four  planes 

«  =  «<-!,       x  =  Xi,       y  =  yi-i,       y  =  ykf 

taking  all  the  points  ((m,  rfiti,  iati)  upon  the  straight  line  x  =  x^.^, 
y  =  y^t-i-    ^^^s  column  of  parallelopipeds  gives  rise  to  the  sum 

(«<  -  «»-i)(yt  -  y*-i)[^(«<-u  yt-if  {i)(«i  -  «o)  +  •  •  •]> 

and,  as  in  §  123,  the  {'s  may  be  chosen  in  such  a  way  that  the 
quantity  inside  the  bracket  will  be  equal  to  the  simple  integral 

It  only  remains  to  find  the  limit  of  the  sum 

i      k 

But  this  limit  is  precisely  the  double  integral 


// 


*(«,  y)dxdy 

extended  over  the  rectangle  formed  by  the  lines  x  =  o^oy  x  =  Xj 
y  ^y^^y^Y.    Hence  the  triple  integral  is  equal  to 


or,  replacing  ^(x,  y)  by  its  value, 


^   dx  f    dy  f    F(x,  y,  z)dz. 
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The  meaning  of  this  symbol  is  perf ectlj  obvious.  During  the  fint 
integration  x  and  y  are  to  be  regarded  as  constants.  The  result  will  be 
a  function  of  x  and  y,  which  is  then  to  be  integrated  between  the  limits 
yo  and  K,  x  being  regarded  as  a  constant  and  y  as  a  variable.  The 
result  of  this  second  integration  is  a  function  of  x  alone,  and  the  last 
step  is  the  integration  of  this  function  between  the  limits  Xq  and  X, 

There  are  evidently  as  many  ways  of  performing  this  evaluation 
as  there  are  permutations  on  three  letters,  that  is,  six.  For  instance, 
the  triple  integral  is  equivalent  to 

\    dz  f   dx  j    F(x,  y,  z)dy  =  i    '9f(z)dM, 

where  ^(z)  denotes  the  double  integral  of  F(x,  y,  «)  extended  over 
the  rectangle  formed  by  the  lines  xzszXofX  =  X,y=zyofyssY,  We 
might  rediscover  this  formula  by  commencing  with  the  part  of  the 
sum  S  which  arises  from  the  layer  of  parallelopipeds  bounded  by  the 
two  planes  z  =  «|.iy  z  =  Zf.  Choosing  the  points  ((,  ii,  {)  suitably, 
the  part  of  S  which  arises  from  this  layer  is 

and  the  rest  of  the  reasoning  is  similar  to  that  above. 

144.  Let  us  now  consider  a  region  of  space  bounded  in  any 
manner  whatever,  and  let  us  divide  it  into  subregions  such  that  any 

line  parallel  to  a  suitably  chosen 
fixed  line  meets  the  surface  which 
bounds  any  subregion  in  at  most 
two  points.  We  may  evidently 
restrict  ourselves  without  loss  of 
generality  to  the  case  in  which  a 
line  parallel  to  the  z  axis  meets 
the  surface  in  at  mo^  two  points. 
The  points  upon  the  bounding 
surface  project  upon  the  xy  plane 
into  the  points  of  a  region  A 
'y  I  V^_/_,<^  /  bounded  by  a  closed  contour  C. 

To  every  point  («,  y)  inside  C  cor- 
respond two  points  on  the  bound- 
ing surface  whose  coordinates  are 
Zx  =  <^i(ic,  y)  and  z^  —  <^j(ic,  y\  We  shall  suppose  that  the  functions 
<^i  and  <^3  are  continuous  inside  C,  and  that  <^i  <  <^2  •     Let  us  now 
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divide  the  region  under  consideration  by  planes  parallel  to  the  coor- 
dinate planes.  Some  of  the  subdivisions  will  be  portions  of  paral- 
lelopipeds.  The  part  of  the  sum  (1)  which  arises  from  the  column 
of  elements  bounded  by  the  four  planes  x  =  a;<_i,  x  =  x^,  y  =  y^.i, 
y  =  y^  is  equal,  by  §  124,  to  the  expression 

(^i -  «<-i)(y* - yt-i) \J  P{^i-iy  y*-i,  «)^  +  c, J, 

where  the  absolute  value  of  c^^  may  be  made  less  than  any  preassigned 
number  c  by  choosing  the  parallel  planes  sufficiently  near  together. 
The  sum 


t    * 


approaches  zero  as  a  limit,  and  the  triple  integral  in  question  is 
therefore  equal  to  the  double  integral 


Si 


^(Xf  y)dxdy 

extended  over  the  region  (A)  bounded  by  the  contour  C,  where  the 
function  $(x,  y)  is  defined  by  the  equation 


*(*>y)=/  ^(«>y,  «)^«. 


If  a  line  parallel  to  the  y  axis  meets  the  contour  C  in  at  most  two 
points  whose  coordinates  are  y  =  ^\  (x)  and  y  =  ^t  (x),  respectively, 
while  X  varies  from  Xi  to  o^a,  the  triple  integral  may  also  be  written 
in  the  form 


I     dx  j     dy  j     F(Xy  y,  z)dz. 


The  limits  Zy  and  z^  depend  upon  both  x  and  y,  the  limits  y^  and  y^ 
are  functions  of  x  alone,  and  finally  the  limits  x^  and  x^  are  constants. 
We  may  invert  the  order  of  the  integrations  as  for  double  inte- 
grals, but  the  limits  are  in  general  totally  different  for  different 
orders  of  integration. 

Note.   If  ♦(«)  be  the  function  of  x  given  by  the  double  integral 


'     dy  j     F(x,  y,  z)  dz 
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extended  over  the  section  of  the  given  region  by  a  plane  parallel  to 
the  ifz  plane  whose  abscissa  is  x,  the  formula  (5)  may  be  written 


X 


'9f(x)dx, 


This  is  the  result  we  should  have  obtained  by  starting  with  the 
layer  of  subregions  bounded  by  the  two  planes  x^^Xf^i,  x  =  Xi, 
Choosing  the  points  {(,  if^  {)  suitably,  this  layer  contributes  to  the 
total  sum  the  quantity 

Example,  Let  ub  eTiluata  the  triple  hitegral  ///s  dxdydx  extended  through- 
out that  eighth  of  the  tphere  ae^  +  y*  +  c*  =  iS*  which  llee  in  the  first  octant  If 
we  integrate  flnt  with  regard  to  s,  then  with  regard  to  y,  and  finally  with  zegard 
to  x^  the  limiti  are  as  follows :  x  and  y  being  giyen,  s  may  yary  from  zero  to 
ViJ*  -  «•  -  y* ;  X  being  given,  y  may  vary  from  zero  to  VU*  — «•;  and  x  itself 
may  vary  from  zero  to  R,    Hence  the  integral  in  question  has  the  value 


whence  we  find  successively 


Vif«-ac*-»i 


1^  (i2«-x«-y«)dy=  [|(«»-««)y-Jy»]^  =|(B»-*»)». 

and  it  merely  remains  to  calculate  the  definite  integral  \ff{tfi  —  x^'dsB,  which, 
by  the  substitution  x  =  H  coe^,  takes  the  form 

1  r*iJ*8in*^d0. 
o«/o 

Hence  the  value  of  the  given  triple  integral  is,  by  §  116,  xR^/16, 
145.  Change  of  variables.   Let 

(6)  ■  y  =  <t>(u*  V,  ««^), 

be  formulae  of  transformation  which  establish  a  one-to-one  corre- 
spondence between  the  points  of  the  region  (E)  and  those  of  another 
region  (Ei).  We  shall  think  of  w,  v,  and  to  as  the  rectangiilar  co5r- 
dinates  of  a  point  with  respect  to  another  system  of  rectangular 
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coordinates,  in  general  different  from  the  first.     If  F{xy  y^  z)  is  a 
continuous  function  throughout  the  region  (E),  we  shall  always  have 


(7) 


III  F(x,i/,  z)dxdydz 

J  J  J{B) 


•] 


D{Uy  V,  w) 


dudvdWf 


where  the  two  integrals  are  extended  throughout  the  regions  (E) 
and  (^i))  respectively.  This  is  the  formula  for  change  of  variables 
in  triple  integrals. 

In  order  to  show  that  the  formula  (7)  always  holds,  we  shall 
commence  by  remarking  that  if  it  holds  for  two  or  more  particular 
transformations,  it  will  hold  also  for  the  transformation  obtained  by 
carrying  out  these  transformations  in  succession,  by  the  well-known 
properties  of  the  functional  determinant  (§  29).  If  it  is  applicable 
to  several  regions  of  space,  it  is  also  applicable  to  the  region  obtained 
by  combining  them.  We  shall  now  proceed  to  show,  as  we  did  for 
double  integrals,  that  the  formula  holds  for  a  transformation  which 
leaves  all  but  one  of  the  independent  variables  unchanged,  —  for 
example,  for  a  transformation  of  the  form 


(8) 


X  =x'. 


y  =  y'f 


z  =  ^(a;',  y',  «') . 


We  shall  suppose  that  the  two  points  M(xy  y,  z)  and  Af  (x',  y',  z')  are 
referred  to  the  same  system  of  rectangular  axes,  and  that  a  parallel 
to  the  z  axis  meets  the  surface  which 
bounds  the  region  (E)  in  at  most  two 
points.  The  formulae  (8)  establish  a  corre- 
spondence between  this  surface  and  another 
surface  which  bounds  the  region  (E^.  The 
cylinder  circumscribed  about  the  two  sur- 
faces with  its  generators  parallel  to  the 
z  axis  cuts  the  plane  z  =  0  along  a  closed 
curve  C,  Every  point  m  of  the  region  A 
inside  the  contour  C  is  the  projection  of 
two  points  nil  and  m,  of  the  first  surface, 
whose  coordinates  are  zi  and  «s>  respectively,  and  also  of  two 
points  m[  and  m,  of  the  second  surface,  whose  coordinates  are  zl 
and  z^,  respectively.  Let  us  choose  the  notation  in  such  a  way 
that  Zi<Zi,  and  z[<z'i.  The  formulae  (8)  transform  the  point  m^ 
into  the  point  ml,  or  else  into  the  point  mj.  To  distinguish  the 
two  cases,  we  need  merely  consider  the  sign  of  d\|i/d%'.   li^>^|^%^  \^ 
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positiye,  z  increases  with  «',  and  the  points  hh  and  m,  go  into  the 
points  iMi  and  mi,  respectively.  On  the  other  hand,  if  ^/d^'  is 
negative,  z  decreases  as  s'  increases,  and  mi  and  m^  go  into  m^  and 
mi,  respectively.    In  the  previous  case  we  shall  have 

jT  F(«,y,«)<&=     j    i^[«,  y,  ♦(«,  y,  «•)]  ^  ^* 
whereas  in  the  second  case 

In  either  case  we  may  write 


(9)    J\x,y,z)dz^  /  n«i  yi  *(«.  yi  «')]|U 


dz\ 


If  we  now  consider  the  double  integrals  of  the  two  sides  of  this 
equation  over  the  region  A,  the  double  integral  of  the  left-hand  side, 

I   I    dxdy  I    F(x,  y,  z)dz, 

is  precisely  the  triple  integT2AfffF(Xfy,  z)  dxdydz  extended  through- 
out the  region  (E),  Likewise,  the  double  integral  of  the  right-hand 
side  of  (9)  is  equal  to  the  triple  integral  of 


F[x\  y\  K^'y  y\  ^O] 


a«' 


extended  throughout  the  region  (^'),  which  readily  follows  when 
X  and  y  are  replaced  by  a;'  and  y\  respectively.  Hence  we  have  in 
this  particular  case 


J  J  */(if) 


F(x,  y,  z)  dx  dy  dz 


-flL 


n^',  y\  *{^\  y\ «')] 


d^ 


dz' 


dx^dy^dzK 


But  in  this  case  the  determinant  D(x^  y,  z)/D(x\  y\  z*)  reduces  to 
d^lf/d»'.     Hence  the  formula  (7)  holds  for  the  transformation  (8). 

Again,  the  general  formula  (7)  holds  for  a  transformation  of  the 
type 


m     «=A«')y^«%      y  =  *(»',y',«%      «  =  «' 
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where  the  variable  ;;;  remains  unchanged.  We  shall  suppose  that 
the  formulae  (10)  establish  a  one-to-one  correspondence  between 
the  points  of  two  regions  (E)  and  (E'),  and  in  pai-ticular  that  the 
sections  R  and  R'  made  in  (E)  and  (E'),  respectively,  by  any 
plane  parallel  to  the  xf/  plane  correspond  in  a  one-to-one  manner. 
Then  by  the  formulae  for  transformation  of  double  integrals  we 
shall  have 


/  /    F(x,  y,  z)dxdy 
(11)      ^  ^  *^^*> 


=/X/^-^^"''^''^^'*^^''^''^^'^^ 


dx'dy\ 


The  two  members  of  this  equation  are  functions  of  the  variable 
z^z^  alone.  Integrating  both  sides  again  between  the  limits  Zi 
and  «2>  between  which  z  can  vary  in  the  region  (£),  we  find  the 
formula 


I   /  /  /    F(Xy  y,  z)dxdydz 
(12)      )*^*^  *^(^) 


dx*dy*dz'. 


But  in  this  case  D(x,  y,  z)/D(x',  y',  «')  =  D(Xy  y)/D(x',  y').     Hence 
the  formula  (7)  holds  for  the  transformation  (10)  also. 
We  shall  now  show  that  any  change  of  variables  whatever 

(13)    «=/(«!,  yi,«i),       y  =  *(«uyi,  «i),       «  =  ^(«i>  yi,  «i) 

may  be  obtained  by  a  combination  of  the  preceding  transformations. 
For,  let  us  set  x'  =  Xi,  y'  =  yi,  «'  =  z.    Then  the  last  equation  of 

(13)  may  be  written  «'  =  ^(a;',  y',  «i),  whence  »i  =  7r(a;',  y',  «'). 
Hence  the  equations  (13)  may  be  replaced  by  the  six  equations 

(14)  X  =/[a;',  y',  ir(x',  y\  «')],       y  =  «[a;',  y',  7r(aj',  y',  «')],      z  =  «', 

(15)  «'  =  aji,         y'  =  yi,         «'  =  ^(ajj,  yj,  »i) . 

The  general  formula  (7)  holds,  as  we  have  seen,  for  each  of  the 
transformations  (14)  and  (15).  Hence  it  holds  for  the  transforma- 
tion (13)  also. 

We  might  have  replaced  the  general  transformation  (13),  as  the 
reader  can  easily  show,  by  a  sequence  of  three  transformations  of 
the  type  (8). 
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146.  Stement  of  Tobiiiie.   Setting  F(Xf  y,  «)  =1  in  the  formiila  (7), 
we  find 


dudvdw. 


The  left-hand  side  of  this  equation  is  the  Tolume  of  the  zegioa  (£). 
Applying  the  law  of  the  mean  to  the  integ^  on  the  right,  we  find 
the  relation 


^/>  »  *) 


tf.w.o' 


^     ^  D(u,  V,  w) 

where  Vi  is  the  volume  of  (Ei),  and  (,  rj,  {  are  the  codrdinates  of  some 
point  in  (J^i).  This  formula  is  exactly  analogous  to  formula  (17), 
Chapter  VI.  It  shows  that  the  functional  determinant  is  the  Hinit 
of  the  ratio  of  two  corresponding  infinitesimal  volumes. 

If  one  of  the  variables  u,  v,  w  in  (6)  be  assigned  a  constant  value, 
while  the  others  are  allowed  to  vary,  we  obtain  three  families  of 
surfaces,  u  =  const.,  v  =  const,  w  =  const.,  by  means  of  which  the 
region  (E)  may  be  divided  into  subregions  analogous  to  the  paral- 
lelepipeds used  above,  each  of  which  is  bounded  by  six  curved  faces. 
The  volume  of  one  of  these  subregions  bounded  by  the  surfaces 
(u),  (u  +  rfu),  (v),  (v  +  dv),  (w),  (w  +  dw)  is,  by  (16), 

(  ID(m,  v,w)\        )  ' 

where  du,  dv,  and  dw  are  positive  increments,  and  where  c  is  infini- 
tesimal with  du,  dv,  and  dw.  The  term  c  du  dv  dw  may  be  neglected, 
as  has  been  explained  several  times  (§  128).    The  product 


(17)  dV  = 


D(f,  »,  ^) 


D(u,  V,  w) 


du  dv  dw 


is  the  principal  part  of  the  infinitesimal  AF,  and  is  called  the  elewMot 
of  volume  in  the  system  of  curvilinear  coordinates  (k,  v,  ta). 

Let  ds^  be  the  square  of  the  linear  element  in  the  same  system  of 
coordinates.     Then,  from  (6), 

df          df         df            ^       dfh  .       d^ 

dx  =  ^du-^^dv-{-^  dw,     dy=^-^du-\ ,     a«  =  ^  rfi*  +  •••, 

whence,  squaring  and  adding,  we  find 

^  ^   (       =:Hidu^'\'Htdv^-\-Htdw^+2Fidvdw+2Fidudw+2Ftdudv, 
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the  notation  employed  being 


(19) 


Qf  dx  dx 


rydx   dx 


where  the  symbol  O  means,  as  usual,  that  a?  is  to  be  replaced  by  y 
and  z  successively  and  the  resulting  terms  then  added. 

The  formula  for  dV  is  easily  deduced  from  this  formula  for  ds^, 
"FoT,  squaring  the  functional  determinant  by  the  usual  rule,  we  find 


dx 

H 

dz 

9 

du 

du 

du 

Hi     F. 

F, 

dx 

dy 

dz 

dv 

if 

dv 

dv 

= 

Ft     Ht 

Fi 

dx 

dy 

dz 

Ft     F, 

Ht 

dw 

dw 

dw 

=  Af, 


whence  the  element  of  volume  is  equal  to  "y/Mdu  dv  dw. 

Let  us  consider  in  particular  the  very  important  case  in  which 
the  co5rdinate  surfaces  (v),  (v),  (w)  form  a  triply  orthogonal  system, 
that  is  to  say,  in  which  the  three  surfaces  which  pass  through  any 
point  in  space  intersect  in  pairs  at  right  angles.  The  tangents  to 
the  three  curves  in  which  the  surfaces  intersect  in  pairs  form  a  tri- 
rectangular  trihedron.  It  follows  that  we  must  have  Fi  =  0,  F,  =  0, 
F,  =  0 ;  and  these  conditions  are  also  sufficient.  The  formidsB  for 
dV  and  ds^  then  take  the  simple  forms 


(20)  ds*=Hidu^  +  Hidv*  +  Htdw^,     dV  =  yjH^HtH^dudvdw. 

These  formulae  may  also  be  derived  from  certain  considerations  of 
infinitesimal  geometry.  Let  us  suppose  dv^  dv,  and  dw  very  small, 
and  let  us  substitute  in  place  of  the  small  subregion  defined  above  a 
small  parallelopiped  with  plane  faces.  Neglecting  infinitesimals  of 
higher  order,  the  three  adjacent  edges  of  the  parallelopiped  may  be 
taken  to  be  y/Wi  duy  V^  ^^>  *"^d  -y/W^  dw,  respectively.  The  for- 
mulae (20)  express  the  fact  that  the  linear  element  and  the  element  of 
volume  are  equal  to  the  diagonal  and  the  volume  of  this  parallelo- 
piped, respectively.  The  area  y/HiH^  du  dv  of  one  of  the  faces  repre- 
sents in  a  similar  manner  the  element  of  area  of  the  surface  (w). 

As  an  example  consider  the  transformation  to  polar  coordinates 

(21)  x  =  psindco8^,        y  =  p  sin  $  ain  if> ,        z  =  pcoB$, 
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where  p  denotes  the  distance  of  the  point  M(x,  y^  z)  from  the  origin, 
B  the  angle  between  OM  and  the  positive  z  axis,  and  ^  the  angle 
which  the  projection  of  OM  on  the  xy  plane  makes  with  the  positiye 
X  axis.  In  order  to  reach  all  points  in  space,  it  is  sufficient  to  let  p 
vary  from  zero  to  +  ^^c^  ^  from  zero  to  w,  and  ^  from  zero  to  2t. 
From  (21)  we  find 

(22)  d^^dp"-^  p»  dCF  -h  p«  sin'  e  rf*% 
whence 

(23)  dV  =  p*  sin  Bdp  dO  d^. 

These  formulae  may  be  derived  without  any  calcniation,  however. 
The  three  families  of  surfaces  (p),  (B)f  (4>)  are  concentric  spheres 

about  the  origin,  cones  of  revolution 
about  the  z  axis  with  their  vertices 
at  the  origin,  and  planes  through 
the  z  axis,   respectively.     These 
surfaces  evidently  form  a  triply 
orthogonal  system,  and  the  dimen- 
sions of  the  elementary  subr^on 
are  seen  from  the  figure  to  he  dfh 
p  dO,  p  sinBd^ ;  the  formula  (22) 
and  (23)  now  follow  immediately. 
To  calculate  in  terms  of  the  va- 
riables p,  Of  and  ^  a  triple  integral 
extended  throughout  a  region  bounded  by  a  closed  surface  S,  which 
contains  the  origin  and  which  is  met  in  at  most  one  point  by  a  radius 
vector  through  the  origin,  p  should  be  allowed  to  vary  from  zero  to  i?, 
where  R  =f(6j  <l>)  is  the  equation  of  the  surface  ;  0  from  zero  to  ir; 
and  <l>  from  zero  to  27r.    For  example,  the  volume  of  such  a  surface  is 

St 
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\     d<l>  f    dS  f    p^ainddp, 
0  Jo        Jo 


The  first  integration  can  always  be  performed,  and  we  may  write 

i2»  sin  6 


V=  f   d<l>f 

Jo  Jo 


dS. 


Occasional  use  is  made  of  cylindrical  coordinates  r,  <d,  and  z  defined 
by  the  equations  x  =  r  cos  co,  y  =  r  sin  m,  z  =  z.     It  is  evident  that 


and 


dV  =  rdiodrdz. 
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147.  BUiptk  ooVrdiaatM.  The  ■orfitces  represented  by  the  equation 

a^  t/S  «* 

where  X  is  a  Tariable  parameter  and  a > 6 > c> 0,  form  a  family  of  confocal 
conies.  Through  every  point  in  space  there  pass  three  surfaces  of  this  family,  — 
an  ellipsoid,  a  parted  hyperboloid,  and  an  unparted  hyperboloid.  For  the  equa- 
tion (24)  always  has  one  root  Xi  which  lies  between  b  and  c,  another  root  Xs 
between  a  and  6,  and  a  third  root  Xa  greater  than  a.  These  three  roots  Xi,  Xs,  Xa 
are  called  the  dliptic  coordinate$  of  the  point  whose  rectangular  co()rdinates  are 
(x,  y,  z).  Any  two  surfaces  of  the  family  intersect  at  right  angles :  if  X  be  given 
the  values  Xi  and  Xs,  for  instance,  in  (24),  and  the  resulting  equations  be  sub- 
tracted, a  division  by  Xi  —  Xt  gives 

X*  v'  ffl 

(26)        * -I- + ^ =0, 

(Xi-a)(X,-a)      (Xi-6)(X,-6)      (Xj  -  c)(X8  -  c) 

which  shows  that  the  two  surfaces  (Xi)  and  (Xs)  are  orthogonal. 

In  order  to  obtain  x,  y,  and  z  as  functions  of  Xi ,  Xt ,  Xt ,  we  may  note  that  the 
relation 

(X  _  a)(X  -  6)(X  -  c)  -  a^(X  ~  6)(X  -  c)  -  y«(X  -  c)(X  ^a)-sfl(K-  a)(X  -  b) 

=  (X  -  Xi)(X  -  X,)(X  -  X,) 

is  identically  satisfied.  Setting  X  =  a,  X  =  6,  X  =  c,  successively,  in  this  equa- 
tion, vre  obtain  the  values 


(2«) 


J.,  ^  (^ -«)(«- Xi)(o  -  X,) 
(a  -  b){a  -  e) 
(X,  -  6)(X,  -  b){b  -  Xi) 
(a-6)(6-c)         ' 

^  ^  (X«  -  c)(X>  -  c)(Xi  -  c) 
(a  -  c)(6  -  c)        • 


whence,  taking  the  logarithmic  derivatives, 

2  \Xi  —  o      Xi  —  o      X»  —  0/ 

V  /  JXj_         dX^      _«^\ 

^      2  VXi  -  6      X«  -  6      X«  -  6/ 

d,  =  £  Z-*^  + -^  +  J^V 

2  \Xi  —  c      Xj  —  c      Xj  —  c/ 

Forming  the  sum  of  the  squares,  the  terms  in  dXi  dXj,  dXsdXt,  dX«dXi  must  dis- 
appear by  means  of  (26)  and  similar  relations.     Hence  the  coefficient  of  dXjf  is 

^'  "  i  L(Xi  -  a)«  ■•■  (Xi  -  6)«  ■•■  (Xi  -  c)«  J ' 
Or,  replacing  a^  y,  s  by  their  values  and  simplifying. 


4  (X,  -  o)(X,  -  6){X,  -  c) 
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The  coefficients  1ft  and  Mt  of  dx|  and  d^,  respectively,  may  be  obtained  from 
this  expression  by  cyclic  permutation  of  tlie  letters.  The  element  of  Tohime  is 
therefore  VMiMtMt  dXi dXj dXt . 

141.  Dirichltt's  integrals.   Consider  the  triple  integral 

rr ra;»'y«r(l - X  -  y  -  zydxdydz 

taken  throughout  the  interior  of  the  tetrahedron  formed  by  the  four  planes 
2  =  0)  y  =  0,  2  =  0,  x  +  y  +  2=l.    Let  us  set 

x  +  y  +  s  =  ^,         y-\-z  =  ^f,,        2  =  {vrt 
where  {,  17,  ^  are  three  new  variables.    These  formulse  may  be  written  in  the  form 

^  =  «  +  y  +  «,        '»  =  -^^ —'        f  =  — ;— » 

z-\rv-\rz  y  ■\-z 

and  the  inverse  transformation  is 

When  X,  y,  and  s  are  all  positive  and  x  +  V  +  2  is  less  than  unity,  (,  if,  and  i  all 
lie  between  zero  and  unity.  Conversely,  if  {,  iy,  and  f  all  lie  between  zero  and 
unity,  X,  y,  and  z  are  all  positive  and  x  +  y  +  2  is  less  than  unity.  The  tetxa- 
hedron  therefore  goes  over  into  a  cube. 

In  order  to  calculate  the  functional  determinant,  let  us  introduce  the  auxiliary 
transformation  X  =  (,  F  =  {iy,  Z  =  ^nf >  which  gives  x  =  Jr  —  r,  yTSiY^Z^ 
z^Z,    Hence  the  functional  determinant  has  the  value 

I>(x,y,z)^  D{x,y,t)     J)(X,  F,  Z)  ^ 
i)(^  ,.  rt      i)(X,  F,  Z)  •    i)«,  n,  0        *^'' 

and  the  given  triple  integral  becomes 

^W^  di,j^  V+^+^+'a-  0'i|«+'-+Kl-  i|)'r(l-  ft«<if. 

The  integrand  is  the  product  of  a  function  of  {,  a  function  of  if,  and  a  fane- 
tion  of  ^     Hence  the  triple  integral  may  be  written  in  the  form 

jV+«+'*+*(I-  «'df  xj  if«+'-+i(l-  if)Pdif  xJ*V(l~  f)«clr, 

or,  introducing  F  functions  (see  (38),  p.  280), 

r(p4-g  +  r  +  3)r(a+l)  ^  T{q -{- r -{-2)T{p +1)  ^  r(r  4-I)r(g +1) 
r(p  +  g  +  r  +  »  +  4)  r(i)  +  g  +  r  +  3)  r(g  +  r  +  2) 

Canceling  the  common  factors,  the  value  of  the  given  triple  integral  is  finally 
found  to  be 

(28)  r(p-H)r(g+I)r(r+l)r(a4-l) 

r(p  +  g  +  r  +  «  +  4) 
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149.  Green's  theorem.*  A  formula  entirely  anftlogoos  to  (16),  §  126,  may  be 
derived  for  triple  integrals.  Let  us  first  consider  a  closed  surface  8  which  is 
met  in  at  most  two  points  by  a  parallel  to  the  z  axis,  and  a  function  £(«,  y,  z) 
which,  together  with  dR/dz^  ia  y ntinuous  throughout  the  interior  of  this  surface. 
All  the  points  of  the  surface  8  project  into  points  of  a  region  A  of  the  xy  plane 
which  is  bounded  by  a  closed  contour  C.  To  every  point  of  A  inside  C  corre- 
spond two  points  of  8  whose  coordinates  are  zi  =  ^i {x,  y)  and  zt  =  ^{x,  y). 
The  surface  8  ia  thus  divided  into  two  distinct  portions  8i  and  8% .  We  shall 
suppose  that  Zi  is  less  than  zt . 

Let  us  now  consider  the  triple  integral 


im 


dxdydz 


taken  throughout  the  region  bounded  by  the  closed  surface  8.  A  first  integra- 
tion may  be  performed  with  regard  to  z  between  the  limits  zi  and  zt  (S 144), 
which  gives  i{(x,  y,  zt)  -  R{x,  y,  zi).  The  given  triple  integral  is  therefore 
equal  to  the  double  integral 

JJ[B(x,  y,  Zf)  -  B(«,  y,  zi)]dxdy 

over  the  region  A.  But  the  double  integral  ffR(x,  y,  Zf)d»dyiB  equal  to  the 
surface  integral  (§  185) 

J  J    R{x,y,z)dxdy 

taken  over  the  upper  side  of  the  surface  8% .  Likewise,  the  doable  integral  of 
H{x,  y,  zi)  with  its  sign  changed  is  the  surface  integral 

ff    R{x,y,z)dxdy 
•^  •'(5|) 

taken  over  the  lower  side  of  8i .    Adding  these  two  integrals,  we  may  write 

JJJ^dxdydz=ff^^R{x,  y,  z)dxdy, 

Where  the  surface  integral  is  to  be  extended  over  the  whole  exterior  of  the  sur- 
face 8. 

By  the  methods  already  used  several  times  in  similar  cases  this  formula  may 
\)e  extended  to  the  case  of  a  region  bounded  by  a  surface  of  any  form  whatever. 
Again,  permuting  the  letters  «,  y,  and  z,  we  obtain  the  analogous  formula 

/  /   /  —  dxdydz  =j*j*^P{x,  y,  z)dydz, 

Iff  ''i^^'^^"  ^fL^^""'  ^*  '^^'*'- 

*  Occasionally  called  Oatrogradaky^s  theorem.  The  theorem  of  §  126  is  sometimes 
called  Riemann*8  theorem.  But  the  title  Greenes  theorem  is  more  clearly  established 
and  seems  to  be  the  more  fitting.  See  Enq/.  der  Math.  Wiss.t  II,  A,  7,  b  and  c. — 
Trans. 
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Adding  these  three  formula,  we  finiUy  find  the  geiienl  Gxwn*s  theorem  for 
triple  integral! : 


(29) 


=  ff  P(«,  y,  x)dydx  +  Q(«,  y,  z)dMdx  +  B{x,  y,  x)izdjf, 


where  the  surface  integrals  are  to  be  taken,  as  before,  OTer  the  exterior  of  the 
bounding  surface. 

If,  for  example,  we  set  P  =  a5,  Q  =  i2  =  0orQ  =  y,  P  =  12  =  0orl{  =  f, 
P  =  Q  =  0,  it  is  evident  that  the  Yolume  of  the  solid  bounded  hy  8\b  eqosl to 
any  one  of  the  surface  integrals 

(2»0  ff  xdydZy        ff  ydzdz,        ff  tdxd/y. 

150.  MoltipU  integrals.  The  purely  analytical  definitions  which  have  ben 
given  for  double  and  triple  integrals  may  be  extended  to  any  number  of  vari- 
ables.   We  shall  restrict  ourselves  to  a  sketch  of  the  general  process. 

Let  xi,  Xs,  •  •  •,  x«  be  n  independent  variables.  We  shall  say  for  breritj 
that  a  system  of  values  X| ,  zj,  •  •  • ,  x{[  of  these  variables  represents  a  pciiU  in 
space  of  n  dimensions.  Any  equation  P(xi,  Xs  *  •  •  • ,  aSn)  =  0,  whose  first  member 
is  a  continuous  function,  will  be  said  to  represent  a  wrface;  and  if  P  is  of  the 
first  degree,  the  equation  will  be  said  to  represent  a  plane.  Let  us  consider  the 
totality  of  all  points  whose  coordinates  satisfy  certahi  inequalities  of  the  fonn 

(80)  ^i(xi,  xi,  . . .,  x,)<0,        1  =  1,  2,  . . .,  A. 

We  shall  say  that  the  totality  of  these  points  forms  a  domain  D  in  space  of  a 
dimensions.  If  for  all  the  points  of  this  domain  the  absolute  value  of  each  of 
the  coordinates  x,-  is  less  than  a  fixed  number,  we  shall  say  that  the  domain  D  is 
finite.    If  the  inequalities  which  define  D  are  of  the  form 

(31)  x?<xi<a;l,        4^^^^h        ••,        «S<«»^«i, 

we  shall  call  the  domain  a  priamoid,  and  we  shall  say  that  the  n  positive  qusn- 
tities  Xj  —  x^  are  the  dimeniUma  of  this  prismoid.  Finally,  we  shall  say  that  s 
point  of  the  domain  D  lies  on  the  frontier  of  the  domain  if  at  least  one  of  the 
functions  ^,-  in  (30)  vanishes  at  that  point. 

Now  let  D  be  a  finite  domain,  and  let  /(xi ,  Xs ,  •  •  • ,  x.)  be  a  function  which 
is  continuous  in  that  domain.  Suppose  D  divided  into  subdomains  by  planes 
parallel  to  the  planes  x,-  =  0  (i  =  1,  2,  •  •  • ,  n),  and  consider  any  one  of  the  pris- 
moids  determined  by  these  planes  which  lies  entirely  inside  the  domain  D. 
Let  Azi ,  Ax2 ,  •  •  • ,  AXn  be  the  dimensions  of  this  prismoid,  and  let  d ,  ^ ,  •  •  •,  {» 
be  the  coordinates  of  some  point  of  the  prismoid.    Then  the  sum 

(32)  5  =  S/(h,  ^a,  . . . ,  W  ^i ^^ •  •  •  ^». 

formed  for  all  the  prismoids  which  lie  entirely  inside  the  domain  2>,  approaches 
a  limit  I  as  the  number  of  the  prismoids  is  increased  indefinitely  ^  such  a  way 
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that  all  of  the  dimensions  of  each  of  them  approach  zero.  We  shall  call  this 
limit  I  the  ti-tuple  integral  of /(xi ,  Xs,  •  •  • ,  ac,)  taken  in  the  domain  2)  and  shall 
denote  it  by  the  symbol 

The  evaluation  of  an  n-tuple  integral  may  be  reduced  to  the  evaluation  of 
n  successive  simple  integrals.  In  order  to  show  this  in  general,  we  need  only 
show  that  if  it  is  true  for  an  (n  —  l)-tuple  integral,  it  will  also  be  true  for  an 
n-tuple  integral.  For  this  purpose  let  us  consider  any  point  («i,  Xs,*  •  •,  aSn) 
of  D.  Discarding  the  variable  Xn  for  the  moment,  the  point  (Xi ,  Xs ,  •  •  • ,  acn  -i)  evi- 
dently describes  a  domain  2X  in  space  of  (n  —  1)  dimensions.  We  shall  suppose 
that  to  any  point  (xi,  Xs,  •  •  •,  x«-i)  inside  of  2X  there  correspond  just  two 
points  on  the  frontier  of  D,  whose  coordinates  are  (xi,  Xs,  •  •  •,  x^-i ;  x^^^)  and 
(xi ,  Xs ,  •  •  • ,  x«-i ;  x^'^,  where  the  co-ordinates  x^^  and  x^'^  are  continuous  func- 
tions of  the  n  —  1  variables  Xi ,  Xs ,  •  •  • ,  x«-i  inside  the  domain  IX.  If  this  con- 
dition were  not  satisfied,  we  should  divide  the  domain  D  into  domains  so  small 
that  the  condition  would  be  met  by  each  of  the  partial  domains.  Let  as  now 
consider  the  column  of  prismoids  of  the  domain  D  which  correspond  to  the 
same  point  (xi ,  Xs ,  •  •  • ,  x»-i).  It  is  easy  to  show,  as  we  did  in  the  similar  caae 
treated  in  S 124,  that  the  part  of  8  which  arises  from  this  column  of  prismoids  is 

AxiAxj.--Ax„_i      r  "/(Xi,Xj,.-.,x»)dx,  +  e     , 

where  |c|  may  be  made  smaller  than  any  positive  number  whatever  by  choos- 
ing the  quantities  Ax<  sufficiently  small.    If  we  now  set 

(38)  ♦(Xi,  Xi,  .  ..,  X»_i)  =  j  ^j"  /(Xi,  Xi,  •  .  .,  Xn)dZn, 

it  is  clear  that  the  integral  I  will  be  equal  to  the  limit  of  the  sum 

2*(xi,  Xs,  •••,  x»-i)AxiAXf  "Ax,,-!, 
that  is,  to  the  (n  —  l)-tuple  Integral 

(34)  J  =  JJJ*. . .  J'*(xi,  xj, . . .,  x,_i)dxi.  •  dx,-!, 

in  the  domain  2X.    The  law  having  been  supposed  to  hold  for  an  (n  —  l)-tuple 
integral,  it  is  evident,  by  mathematical  induction,  that  it  holds  in  general. 

We  might  have  proceeded  differently.  Consider  the  totality  of  points 
(xi ,  Xs ,  •  •  • ,  Xn)  for  which  the  coordinate  Xn  has  a  fixed  value.  Then  the 
point  (xi,  Xs,  •  •  •,  Xn-i)  describes  a  domain  d  in  space  of  (n  —  1)  dimensions, 
and  it  is  easy  to  show  that  the  7i-tuple  integral  I  ia  also  equal  to  the  expression 

(36)  I  =  fj^e{Xn)dXn, 

where  tf(Xn)  is  the  (n  —  l)-tuple  integral  ///•  •  'ffdzi  •  •  •  dx^-i  extended  through- 
out the  domain  5.  Whatever  be  the  method  of  carrying  out  the  process,  the  limits 
for  the  various  integrations  depend  upon  the  nature  of  the  domain  D,  and 


1 
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wvj  in  general  for  diHeient  orden  of  integratioii.  An  exception  eziits  in  can 
D  is  a  prisrooid  defined  by  ineqoaliUee  of  the  form 

The  mult^  intogrmi  if  then  of  the  form 

and  the  order  in  which  the  integrations  are  perlonned  maj  be  permntsd  in  any 
way  whatever  without  altering  the  limits  which  corre^KMid  to  each  of  thi 
variables. 

The  formula  for  change  of  variables  also  may  be  extended  to  i»-tople  int^pili. 
Let 

(36)  «i  =  ^(«i',a4,  ...,«0,        <  =  !,«,. ..*,», 

be  formula  of  transformation  which  establish  a  one-to-one  oorrespondence  between 
the  points  (zi,  a^  ^  •  •  • ,  x^)  of  a  domain  1/  and  the  points  (iBi,  ast,  •  •  •  *  ^  of  * 
domain  D.    Then  we  shall  have 


(37) 


J  J    "J    '^^**»**»  ** '»*»)*'^i" '^'"^ 


J  J  J(JD> 


D(^,     --.f.) 


l>(«i.    -faa 


dbef*  •  'dstit. 


•^(01 » •  •  • »  ^Ji) 

The  proof  is  similar  to  that  given  in  analogous  cases  above.     A  sketch  of  the 
argument  is  all  that  we  shall  attempt  here. 

1)  If  (37)  holds  for  each  of  two  transfornuitions,  it  also  holds  for  the  tnuia* 
formation  obtained  by  carrying  out  the  two  in  succession. 

2)  Any  change  of  variables  may  be  obtained  by  combining  two  transformi- 
tions  of  the  following  types : 

(38)  Xi  =  xU      xs  =  «i,     •••,    «,-i  =  a^_i,    ««  =  f»(a5C,«5,  ••-.ai), 

(39)  xi  =  ^i(xj,. ..,«;),    ...,    aj»-i  =  ^»_i(xi,...,z;),    x,  =  «;. 

3)  The  formula  (37)  holds  for  a  transformation  of  the  type  (88),  sbiee  the 
given  n-tuple  integral  may  be  written  in  the  form  (34).  It  also  holds  for  any 
transformation  of  the  form  (89),  by  the  second  form  (36)  in  which  the  multiple 
integral  may  be  written.  These  conclusions  are  based  on  the  assumption  that 
(37)  holds  for  an  (n  -  l)-tuple  integral.  The  usual  reasoning  by  mathfuna*^ 
induction  establishes  the  formula  in  general. 

As  an  example  let  us  try  to  evaluate  the  definite  integral 

^^ff' '  */*''^*  •  •  •  *«"<^  -*!-«• x^)^dxidxt- . .<fe,, 

where  ^i,  aj,  •  •  • ,  a^,  /9  are  certain  positive  constants,  and  the  integral  is  to 
extended  throughout  the  domain  D  defined  by  the  inequalities 

0<xi,        0<X2,        ...        0<x«,        Xi  +  ajj  +  ...  +  x.<l. 
The  transformation 
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rries  jD  into  a  new  domain  IX  defined  by  the  inequalities 

0<h<l,        0<&<1,        .   .,        0<^<1, 
d  it  is  easy  to  show  as  in  §  148  that  the  yalae  of  the  fonctional  determinant  la 

le  new  integrand  is  therefore  of  the  form 

id  the  given  integral  may  be  expressed,  as  before,  in  terms  of  r  functions : 

.^.  J ^  r(ai  +  l)r(aa  +  l)-..r(a,  +  l)r(/?.H) 

T{ai  +  ai  +  .  •  •  +  a,  +  /9  +  n  + 1) 

IL  INTEGRATION  OF  TOTAL  DIFFERENTIALS 

151.  General  metbod.  Let  P(Xy  y)  and  Q(a;,  y)  be  two  functions  of 
le  two  independent  variables  x  and  y.     Then  the  expression 

Pdx  H-  Qdy 

I  not  in  general  the  total  differential  of  a  single  function  of  the  two 
ariables  x  and  y.     For  we  have  seen  that  the  equation 

(41)  du^Pdx  -^-Qdy 

\  equivalent  to  the  two  distinct  equations 

differentiating  the  first  of  these  equations  with  respect  to  y  and  the 
second  with  respect  to  Xy  it  appears  that  u{x,  y)  must  satisfy  each 
of  the  equations 

d^u  _dP(x,y)  d*u  _  dQ(x,  y) 

dxdy  dy  dydx  dx 

^  necessary  condition  that  a  function  u(x,  y)  should  exist  which 
^tisfies  these  requirements  is  that  the  equation 

<«)  ^-g 

^ould  be  identically  satisfied. 

This  condition  is  also  sufficient.  For  there  exist  an  infinite 
^mber  of  functions  u(Xy  y)  for  which  the  first  of  equations  (42) 
^    satisfied.     All  these  functions  are  given  by  the  formula 


tt  =  /    P{x, 


y)da;  +  y, 
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where  a^o  is  an  arbitrary  constant  and  F  is  an  arbitrary  f  uncticn  of  y. 
In  order  that  this  function  u(x,  y)  should  satisfy  the  equati<Mi  (41), 
it  is  necessary  and  sufficient  that  its  partial  derivative  with  respect 
to  X  should  be  equal  to  Q(xy  y),  that  is,  that  the  equation 


L 


'dp,     ,  dY      ^,       . 


should  be  satisfied.     But  by  the  assumed  relation  (43)  we  have 

whence  the  preceding  relation  reduces  to 

dY 

The  right-hand  side  of  this  equation  is  independent  of  x.  Hence 
there  are  an  infinite  number  of  functions  of  y  which  satisfy  the 
equation,  and  they  are  all  given  by  the  formula 

Y^\    Q(xo,y)dy'^C, 

where  yo  is  an  arbitrary  value  of  y,  and  C  is  an  arbitrary  constant 
It  follows  that  there  are  an  infinite  number  of  functions  u(Xf  y) 
which  satisfy  the  equation  (41).     They  are  all  given  by  the  formula 

(44)  M  =  r  F{x,  y)dx  4-  /    Q(xo,  y)dy  +  C, 

and  differ  from  each  other  only  by  the  additive  constant  C. 
Consider,  for  example,  the  pair  of  functions 

which  satisfy  the  condition  (43).     Setting  sbq  =  0  and  y^  =  1,  the 
formula  for  u  gives 

Jo     aj'  +  y'  Ji     y 

whence,  performing  the  indicated  integrations,  we  find 

«4  =  ^  [log(aj«  4- 3/*)]*  +  w     arctan^      H-logy  +  C, 

or,  simplifying, 

1  x 

u  =  -  log(x^  +  y*)  +  w  arc  tan  -  +  C. 

2  °^         "^  ^  y 
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The  preoeding  method  may  be  extended  to  any  number  of  inde- 
pendent variables.  We  shall  give  the  reasoning  for  three  variables. 
Let  P,  Q,  and  R  be  three  fonctions  of  x,  y,  and  z.  Then  the  total 
differential  equation 

(45)  du  =  Pdx-{-Qdy'^Rdz 

is  equivalent  to  the  three  distinct  equations 

(«)  s-.    rr"-    !-«• 

Calculating  the  three  derivatives  d*u/dxdy,  d*u/dydz,  d*u/dzdx  in 
two  different  ways,  we  find  the  three  following  equations  as  neces- 
sary conditions  for  the  existence  of  the  function  u : 

^     ^  dy       dx  dz       dy  dx       dz 

Conversely,  let  us  suppose  these  equations  satisfied.  Then,  by  the 
first,  there  exist  an  infinite  number  of  functions  u(x,  y,  z)  whose 
partial  derivatives  with  respect  to  x  and  y  are  equal  to  P  and  Q, 
respectively,  and  they  are  all  given  by  the  formula 

t«=l    P(x,y,z)dX'{-f    Q(xo,y,z)dy'{-Z, 

where  Z  denotes  an  arbitrary  function  of  z.  In  order  that  the  deriva- 
tive du/dz  should  be  equal  to  i?,  it  is  necessary  and  sufficient  that 
the  equation 

should  be  satisfied.     Making  use  of  the  relations  (47),  which  were 
assumed  to  hold,  this  condition  reduces  to  the  equation 

^(«»  yj «)  -  «(«o>  Vy «) + ft(a;o  J  y» «)  -  «(«o,  yo, «)  +  ^  =  ^(*»  y>  *)  > 

or 

^^  follows  that  an  infinite  number  of  functions  u(x,  y,  z)  exist 
^hich  satisfy  the  equation  (46).     They  are  all  given  by  the  formula 

(48)  w=/    P(x,y,z)dx+  I    Q(x^,y,z)dy+  I   R(x^,y^,z)dz  +  Cy 

•/*o  *-'l'o  *'*b 

^here  x^,  y^,  Zq  are  three  arbitrary  numerical  values,  and  C  is  an 
^bitrary  constant. 
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152.  The  integiml  j^^^Pdz  +  Qdy.  The  same  subject  may  be 
treated  from  a  different  point  of  yiew,  which  gives  deeper  innght 
into  the  question  and  leads  to  new  results.  Let  P(x,  y)  and  Q(Xj  y) 
be  two  functions  which,  together  with  their  first  derivatiyeSy  are 
continuous  in  a  region  A  bounded  by  a  single  closed  contour  C. 
It  may  happen  that  the  region  A  embraces  the  whole  plane,  in 
which  case  the  contour  C  would  be  supposed  to  have  receded  to 
infinity.     The  line  integral 


/ 


Pdx-^-Qdy 

taken  along  any  path  D  which  lies  in  A  will  depend  in  general  upon 
the  path  of  integration.  Let  us  first  try  to  find  the  conditions  under 
which  this  integral  depends  only  upon  the  coordinates  of  the  extremi- 
ties (xq,  y^  and  {x^,  yi)  of  the  path.  Let  M  and  N  be  any  two  points 
of  region  A,  and  let  L  and  V  be  any  two  paths  which  connect  these 
two  points  without  intersecting  each  other  between  the  extremities. 
Taken  together  they  form  a  closed  contour.  In  order  that  the  values 
of  the  line  integral  taken  along  these  two  paths  L  and  L'  should  be 
equal,  it  is  evidently  necessary  and  sufficient  that  the  integral  taken 
around  the  closed  contour  formed  by  the  two  curves,  proceeding 
always  in  the  same  sense,  should  be  zero.  Hence  the  question  at 
issue  is  exactly  equivalent  to  the  following :  WTiat  are  the  eandition$ 
under  which  the  line  integral 


f 


Pdx-j-Qdy 

taken  around  any  closed  contour  whatever  which  lies  in  the  region  A 
should  vanish  ? 

The  answer  to  this  question  is  an  immediate  result  of  Green's 
theorem : 

(49)  £p<^  +  Q.,=//(|f-^)^.y. 

where  C  is  any  closed  contour  which  lies  in  A,  and  where  the  double 
integral  is  to  be  extended  over  the  whole  interior  of  C.  It  is  clear 
that  if  the  functions  P  and  Q  satisfy  the  equation 

the  line  integral  on  the  left  will  always  vanish.  This  condition  is 
also  necessary.     For,  if  dP/dy  —  dQ/dx  were  not  identically  zero 
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in  the  region  Ay  since  it  is  a  continuous  function,  it  would  surely  be 
possible  to  find  a  region  a  so  small  that  its  sign  would  be  constant 
inside  of  a.  But  in  that  case  the  line  integral  taken  around  the 
boundary  of  a  would  not  be  zero,  by  (49). 

If  the  condition  (43^)  is  identically  satisfied,  the  values  of  the 
integral  taken  along  two  paths  L  and  L'  between  the  same  two 
points  M  and  N  are  equal  provided  the  two  paths  do  not  intersect 
between  M  and  N,  It  is  easy  to  see  that  the  same  thing  is  true 
even  when  the  two  paths  intersect  any  number  of  times  between  M 
and  N,  For  in  that  case  it  would  be  necessary  only  to  compare 
the  values  of  the  integral  taken  along  the  paths  L  and  L'  with  its 
value  taken  along  a  third  path  L",  which  intersects  neither  of  the 
preceding  except  at  M  and  N. 

Let  us  now  suppose  that  one  of  the  extremities  of  the  path  of 
integration  is  a  fixed  point  (xq,  i/q),  while  the  other  extremity  is  a 
variable  point  (x,  y)  oi  A.    Then  the  integral 

I        Pdx-^-Qdy 

taken  along  an  arbitrary  path  depends  only  upon  the  codrdinates 
(a;,  y)  of  the  variable  extremity.  The  partial  derivatives  of  this 
function  are  precisely  P{Xf  y)  and  Q(x,  y).     For  example,  we  have 

I  P(x,  y)dx, 

for  we  may  suppose  that  the  path  of  integration  goes  from  (xq,  yo) 
to  (x,  y),  and  then  from  (x,  y)  to  (a;  +  Ax,  y)  along  a  line  parallel  to 
the  x  axis,  along  which  dy  =  0.  Applying  the  law  of  the  mean,  we 
may  write 

Taking  the  limit  when  Ax  approaches  zero,  this  gives  F^  =  P. 
Similarly,  Fy  =  Q.  The  line  integral  F(Xf  y),  therefore,  satisfies  the 
total  differential  equation  (41),  and  the  general  integral  of  this 
equation  is  given  by  adding  to  F(xy  y)  an  arbitrary  constant. 

This  new  formula  is  more  general  than  the  formula  (44)  in  that 
the  path  of  integration  is  still  arbitrary.  It  is  easy  to  deduce  (44) 
from  the  new  form.  To  avoid  ambiguity,  let  (a;©,  yo)  and  (aji,  yi)  be 
the  coordinates  of  the  two  extremities,  and  let  the  path  of  integra- 
tion be  the  two  straight  lines  x  =zXo,  y  =:  yv     Along  the  former. 
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X  =  x«,  dx  =  Of  and  y  yaries  from  yo  to  yi.  Along  the  second, 
y  =:  y^y  <2y  ss  0,  and  X  yaries  from  oe^  to  Xi.  Hence  the  integral  (50) 
is  equal  to 


I    Q(a;,,y)rfy+/    P(aj,yi)<fa, 


which  differs  from  (44)  only  in  notation. 

But  it  might  be  more  advantageous  to  consider  another  path  of 
integration.  Let  x  ==/(t),  y  =  ^(t)  be  the  equations  of  a  carve 
joining  (x^,  yo)  and  (xi»  ifi),  and  let  t  be  supposed  to  yaiy  con- 
tinuously from  t^  to  ti  2La  the  point  (x,  y)  describes  the  cum 
between  its  two  extremities.    Then  we  shall  haye 

f  '^'^Pdx  •\^Qdy^(  [P(x,  y)/'(0+  <2(x,  y)*'(0]*i 

where  there  remains  but  a  single  quadrature.  If  the  path  be 
a  straight  line,  for  example,  we  should  set  x  =  oc^  +  i(xi  —  oc^), 
y  =  yo  4-  e(yi  —  y^),  and  we  should  let  i  vary  from  0  to  1. 

Conversely,  if  a  particular  integral  ^x,  y)  of  the  equation  (41) 
be  known,  the  line  integral  is  given  by  the  formula 


X. 


(X.V) 

Pdx  +  Qdy  =  ♦(x,  y)  -  *(x^,  y,). 


which  is  analogous  to  the  equation  (6)  of  Chapter  lY. 

153.  Periods.   More  general  cases  may  be  investigated.    In 
first  place.  Green's  theorem  applies  to  r^ons  bounded  by  several 
contours.     Let  us  consider  for  definiteness  a  region  A  bounded  b]r 

an  exterior  contour  C  and  two  contours  C'  and 
C"  which  lie  inside  the  first  (Fig.  35).  Let  P 
and  Q  be  two  functions  whidi,  together  with 
their  first  derivatives,  are  continuous  in  this 
region.  (The  regions  inside  the  contours  C 
and  C"  should  not  be  considered  as  jMuis  of 
the  region  A,  and  no  hypothesis  whatever  is 
made  regarding  P  and  Q  inside  these  regions.) 
Let  the  contours  C  and  C"  be  joined  to  the  contour  C  by  trans- 
versals ah  and  cd.  We  thus  obtain  a  closed  contour  abmedndepbaqaf 
or  r,  which  may  be  described  at  one  stroke.  Applying  Green's 
theorem  to  the  region  bounded  by  this  contour,  the  line  integrals 
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which  arise  from  the  transversals  ab  and  ed  cancel  out,  since  each 
of  them  is  described  twice  in  opposite  directions.     It  follows  that 

where  the  line  integral  is  to  be  taken  along  the  whole  boundary  of 
the  region  A,  i.e.  along  the  three  contours  C,  C\  and  C",  in  the  senses 
indicated  by  the  arrows,  respectively,  these  being  such  that  the 
region  A  always  lies  on  the  left. 

If  the  functions  P  and  Q  satisfy  the  relation  dQ/dx  =  dP/dy  in 
the  region  A,  the  double  integral  vanishes,  and  we  may  write  the 
resulting  relation  in  the  form 

(51)     f  Pdx-hQdi/=  f  Pdx-^Qdij-^  I    Pdx-^Qdj/, 

J(C)  JiC)  JiC") 

where  each  of  the  line  integrals  is  to  be  taken  in  the  sense  desig- 
nated above. 

Let  us  now  return  to  the  region  A  bounded  by  a  single  contour 
C,  and  let  P  and  Q  be  two  functions  which  satisfy  the  equation 
dP/dy  =  dQ/dxy  and  which,  together  with  their  first  derivatives,  are 
continuous  except  at  a  finite  number 
of  points  of  il,  at  which  at  least  one  of 
the  functions  P  or  Q  is  discontinuous. 
We  shall  suppose  for  definiteness  that 
there  are  three  points  of  discontinuity 
a,  bf  ciu  A,  Let  us  surround  each  of 
these  points  by  a  small  circle,  and  then 
join  each  of  these  circles  to  the  contour 
C  by  a  cross  cut  (Fig.  36).  Then  the 
integral  fpdx  -\-Qdy  taken  from  a  fixed 
point  (xq,  yo)  to  a  variable  point  (x,  y)  B^oTae 

along  a  curve  which  does  not  cross  any 

of  these  cuts  has  a  definite  value  at  every  point.  For  the  contour  C, 
the  circles  and  the  cuts  form  a  single  contour  which  may  be  described 
at  one  stroke,  just  as  in  the  case  discussed  above.  We  shall  call 
such  a  path  direct^  and  shall  denote  the  value  of  the  line  integral 
taken  along  it  from  Mq(xq,  y©)  to  Af(aj,  y)  by  F{x,  y). 

We  shall  call  the  path  composed  of  the  straight  line  from  Mq  to 
a  point  a',  whose  distance  from  a  is  infinitesimal,  the  circumference 
of  the  circle  of  radius  aa'  about  a,  and  the  straight  line  a'Afo,  a  loop- 
oircuU,     The  line  integral  jPdx  +  Qdy  taken  along  a  loop-circuit 
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reduces  to  the  line  integral  taken  along  the  oiicomference  of  the 
circle.  This  latter  integral  is  not  zero,  in  general,  if  one  of  the 
functions  P  or  Q  is  infinite  at  the  point  c^  but  it  is  independent  of 
the  radius  of  the  circle.  It  is  a  certain  constant  ±  A,  the  double 
sign  corresponding  to  the  two  senses  in  which  the  circumference 
may  be  described.  Similarly,  we  shall  denote  by  ±  B  and  ±  C  the 
values  of  the  integral  taken  along  loop^sircuits  drawn  about  the  two 
singular  points  b  and  e,  respectively. 

Any  path  whatever  joining  Mq  and  M  may  now  be  reduced  to  a 
combination  of  loop-circuits  followed  by  a  direct  path  from  M^  to  31 
For  example,  the  path  M^mdefM  may  be  reduced  to  a  combination 
of  the  paths  M^mdM^,  M^deM^y  M^efM^^  and  M^fM.  The  path 
M^mdM^  may  then  be  reduced  to  a  loop-circuit  about  the  singular 
point  a,  and  similarly  for  the  other  two.  Finally,  the  path  M^fU 
is  equivalent  to  a  direct  path.  It  follows  that,  whatever  be  the  path 
of  integration,  the  value  of  the  line  integral  will  be  of  the  form 


(62)  F{Xy  y)  =  F{Xy  y)  +  mA  +  nB  +  pCy 

where  m,  n,  and  p  may  be  any  positive  or  negative  integers.  The 
quantities  A,  B,  C  are  called  the  periods  of  the  line  integraL  That 
integral  is  evidently  a  function  of  the  variables  x  and  y  which 
admits  of  an  infinite  number  of  different  determinations,  and  the 
origin  of  this  indetermination  is  apparent. 


Remark,  The  function  F(x,  y)  is  a  definitely  defined  function 
in  the  whole  region  A  when  the  cuts  aor,  hfiy  ey  have  been  traced. 
But  it  should  be  noticed  that  the  difference  F(m)  —  F(m')  between 
the  values  of  the  function  at  two  points  m  and  m'  which  lie  on 
opposite  sides  of  a  cut  does  not  necessarily  vanish.    For  we  have 

Jm^         Jm  Jmf 

which  may  be  written 

Jm.      Jm^  J^ 

But  j]^  is  zero;  hence 


F(m)-F(m')  =  A. 

It  follows  that  the  difference  F{m)  —  F(in')  is  constant  and  equal 
to  A  all  along  aa.  The  analogous  proposition  holds  for  each  of 
the  cuts. 
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Example,   The  line  integral 

J(i,o)       aj'  +  y* 

has  a  single  critical  point,  the  origin.  In  order  to  find  the  corre- 
sponding period,  let  us  integrate  along  the  circle  a;'  4-  ^  =  p\ 
Along  this  circle  we  have 

x  =  pco8«»y         y^psin«»|         xdy  —  1/dx  =  p*d<i»f 

whence  the  period  is  equal  to  j^  *dfa  =  27r.  It  is  easy  to  verify 
this,  for  the  integrand  is  the  total  differential  of  arctany/o;. 

104.  Common  loott  of  two  eqnatioiit.  Let  X  and  T  be  two  functions  of  the 
variables  x  and  y  which,  together  with  their  first  partial  derivatives,  are  con- 
tinuous in  a  region  A  bounded  by  a  single  closed  contour  C.  Then  the  expres- 
sion {XdY  -  YdX)/(X^  +  rs)  satisfies  the  condition  of  integrability,  for  it  is 
the  derivative  of  arc  tan  Y/X,    Hence  the  line  integral 

(63)  ■    ^^^-"^^ 


JiC 


(C)    '^    -r  ^ 

taken  along  the  contour  C  in  the  positive  sense  vanishes  provided  the  coeffi- 
cients of  dx  and  dy  in  the  integrand  remain  continuous  inside  C,  i.e.  if  the  two 
carves  JT  =  0,  F  =  0  have  no  common  point  Inside  that  contour.  But  if  these 
two  carves  have  a  certain  number  of  common  points  a,  6,  c,  •  •  •  inside  C,  the  valae 
of  the  integral  will  be  equal  to  the  sum  of  the  values  of  the  same  integral  taken 
along  the  circumferences  of  small  circles  described  about  the  points  a,  6,  c,  *  •  •  as 
centers.  Let  (a,  /9)  be  the  coordinates  of  one  of  the  common  points.  We  shall 
sai^KMe  that  the  functional  determinant  D(X,  r)/D(x,  y)  is  not  zero,  i.e.  that 
the  two  curves  JT  =  0  and  F  =  0  are  not  tangent  at  the  point.  Then  it  is  pos- 
sible to  draw  about  the  point  (a,  /3)  as  center  a  circle  c  whose  radius  is  so  small 
that  the  point  (JT,  F)  describes  a  small  plane  region  about  the  point  (0,  0) 
which  is  bounded  by  a  contour  7  and  which  corresponds  point  for  point  to  the 
circle  c  (§§  26  and  127). 

As  the  point  (x,  y)  describes  the  circumference  of  the  circle  c  in  the  positive 
sense,  the  point  (X,  F)  describes  the  contour  7  in  the  positive  or  in  the  negative 
sense,  according  as  the  sign  of  the  functional  determinant  inside  the  circle  c  is 
positive  or  negative.  But  the  definite  integral  along  the  circumference  of  c  is 
equal  to  the  change  in  arc  tan  Y/X  in  one  revolution,  that  is,  ±  2x.  Similar 
reasoning  for  all  of  the  roots  shows  that 


/ 

Jic 


<">  L^giS^=^'<^-^>' 


where  P  denotes  the  number  of  points  common  to  the  two  curves  at  which 
I>(jr,  Y)/D{x,  y)  is  positive,  and  N  the  number  of  common  points  at  which  the 
determinant  is  negative. 
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The  definite  iniegnl  <m  the  left  is  alio  eqoil  to  tbe  Tuiatioii  in  axe  tanJ/J 
in  going  around  c,  that  it,  to  the  index  of  the  fanetkm  YJX  as  the  point  (x,  ]f) 
deacribes  the  contour  C  If  the  functions  X  and  Faze  polynomials,  and  if  the 
eoQtoor  C  is  composed  of  a  finite  nnmber  of  arcs  of  anicozsal  corves,  we  are  led 
to  calcolate  the  index  of  one  or  more  rational  faneti<ms,  which  involves  only 
elementary  operations  (§  77).  Moreover,  whatever  bo  the  fonctioiis  X  and  7, 
we  can  always  evaluate  the  definite  integral  (54)  approximately,  with  an  enor 
less  than  r,  which  is  all  that  is  necessary,  since  the  ri^t-hand  side  is  always  i 
multiple  of  2r. 

The  formula  (54)  does  not  give  the  exact  number  of  points  common  to  the 
two  curves  unless  the  functional  determinant  has  a  constant  sign  inside  of  C. 
Ficaid*s  recent  work  has  completed  the  results  of  this  investigation.* 

100.  OwsriHuttoa  of  ths  pncediag.  The  results  of  the  preceding  paragraphi 
may  be  extended  without  essential  alteration  to  line  integrals  in  space.  Let  P, 
Q,  and  R  be  three  functions  which,  together  with  their  first  partial  derivatiyei, 
are  continuous  in  a  region  (Jff)  of  space  bounded  by  a  single  closed  suzfioe  & 
Let  us  seek  first  to  determine  the  conditions  under  which  the  line  integral 

(56)  V-\  TdatJtqdiy^n&x 

depends  only  upon  tbe  extremities  (xo,  yo*  <o)  and  (as,  y,  s)  of  the  path  of  Inte- 
gration. Thii  amounts  to  inquiring  under  what  condiUons  the  same  integral 
vanishes  when  taken  along  any  closed  path  r.  But  by  Stokea*  theorem  (}  180) 
the  above  line  integral  ii  equal  to  the  surface  integral 

extended  over  a  surface  Z  which  is  bounded  by  the  contour  r.  In  order  tfask 
this  surface  integral  should  be  lero,  it  is  evidently  neceasazy  and  aidBoient  thit 
the  equations 

^    '  »y      ax*        as  "  »y'        te  "  as 

should  be  satiafied.  If  these  conditions  are  satisfied,  CT  is  a  function  of  the  Ttri- 
ablesx,  y,  and  swhose  total  difterential  IsPdx  +  (^dy  +  JBds,  and  which  la aingle 
valued  in  the  region  (E),  In  order  to  find  the  value  of  TJ  at  any  point,  the  path 
of  integration  may  be  chosen  arbitrarily. 

If  the  functions  P,  Q,  and  JB  satisfy  the  equations  (66),  but  at  least  one  of 
them  becomes  infinite  at  all  the  points  of  one  or  more  curves  in  (^,  renlti 
analogous  to  those  of  \  168  may  be  derived. 

If,  for  example,  one  of  the  functions  Pt  Qt  -S  becomes  infinite  at  all  the  pdnti 
of  a  dosed  curve  7,  the  integral  TJ  will  admit  a  period  equal  to  the  value  of  the 
line  integral  taken  along  a  dosed  contour  which  pierces  once  and  only  onoe  a 
surface  9  bounded  by  7. 

We  may  also  consider  questions  relating  to  surface  integrals  which  are  exactly 
analogous  to  the  questions  proposed  above  for  line  integrals.  Let  il,  B,  and  (7 
be  three  functions  which,  together  with  their  first  partial  derivatives,  are 

•  TraiJti  d'AnoXyw,  Vol.  II. 
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continaons  in  a  region  (E)  of  space  bounded  by  a  single  closed  sorf  ace  8.  Let  Z 
be  a  sorface  inside  of  (B)  bounded  by  a  contour  r  of  any  form  whaitever.  Then 
the  surface  integral 

(57)  I==ff    Adydz  +  Bdzdx-^Cdxdy 

J  J(s) 

depends  in  general  upon  the  surface  Z  as  well  as  upon  the  contour  r.  In  order 
that  the  integral  should  depend  only  upon  r,  it  is  evidently  necessary  and  suifi- 
cient  that  its  value  when  taken  over  any  closed  surface  in  (B)  should  vanish. 
Green's  theorem  ($  149)  gives  at  once  the  conditions  under  which  this  is  true. 
For  we  know  that  the  given  double  integral  extended  over  any  closed  surface  is 
equal  to  the  triple  integral 


///( 


'^*'^*'>'"- 


extended  throughout  the  region  bounded  by  the  surface.  In  order  that  this  latter 
integral  should  vanish  for  any  region  inside  {E),  it  is  evidently  necessary  that  the 
functions  A,  B,  and  C  should  satisfy  the  equation 

(68)  ^H.«^H.|5  =  «. 

dz       dy       dz 

This  condition  is  also  sufficient. 

Stokes'  theorem  affords  an  easy  verification  of  this  fact  For  if  A,  B,  and  C 
are  three  functions  which  satisfy  the  equation  (68),  it  is  always  possible  to.  deter- 
mine in  an  infinite  number  of  ways  three  other  functions  P,  Q,  and  R  such  that 

(68)  i^_i«  =  ^,        ?f-?«  =  B,        ?^-'-^=C. 

^    '  by       dz  H       bx  dz       by 

In  the  first  place,  if  these  equations  admit  solutions,  they  admit  an  infinite 
number,  for  th^  remain  unchanged  if  P,  Q,  and  B  be  replaced  by 

bx  by  bz 

respectively,  where  X  is  an  arbitrary  function  of  x,  y,  and  z.  Again,  setting 
it  =  0,  the  first  two  of  equations  (69)  give 

P  =  r  B(a5,  y,  «)(fe  +  ^{x,  y) ,        Q  =  -  f'A{Xy  y,  «)(fe  +  ^(x,  y), 

where  ^(as,  y)  and  ^(x,  y)  are  arbitrary  functions  of  x  and  y.  Substituting  these 
values  in  the  last  of  equations  (69),  we  find 

JC'/^A  .  bB\.    .  bif      b^      ^,  . 

or,  making  use  of  (68), 

bif      b^      ^,  . 

One  of  the  functions  ^  or  ^  may  still  be  chosen  at  random. 

The  functions  P,  Q,  and  R  having  been  determined,  the  surface  integral,  by 
Stokes'  theorem,  is  equal  to  the  line  integral  f(X)Pdx  +  Q(2y  +  Bdz,  which 
evidently  depends  only  upon  the  contour  F. 
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1.  Find  the  raloe  of  the  triple  integral 

fff[^(^  -  y)«  +  8<u  -  4a*]dzdydz 

extended  throughout  the  region  of  space  defined  by  the  ineqoalitiet 

x'  +  y*-ci«<0,        ad*  +  y«  +  «*-2a«<0. 

[Licence^  Montpellior,  1806.] 

2.  Find  the  area  of  the  surface 

and  the  Tolume  of  the  solid  bounded  by  the  same  surface. 

3.  luTestigate  the  properties  of  the  function 

F(X,  T,Z)=f  dxf  dyf  /(».  y,  t)dz 

*'3C^         *'»0  *'*• 

considered  as  a  function  of  X,  F,  and  Z.    Generalize  the  results  of  1 126. 

4.  Find  the  Tolume  of  the  portion  of  the  solid  bounded  by  the  surface 

(«^  +  y*  +  «•)•  =  8a««y« 
which  lies  in  the  first  octant 

6.  Reduce  to  a  simple  integral  the  multiple  integral 

ff'  •  •  facftosji  •  • .  a5J[»F(«i  +  «!  +  •••  +  Zn)dxidXf  •  •dasR 
extended  throughout  the  domain  D  defined  by  the  inequalities 

[Proceed  as  in  1 148.] 

6.  Beduce  to  a  simple  integral  the  multiple  integral 

/  /    "  f^'  a?*  •  •  •  <^  ^r  (^)  '^  +  •  •  •  +  (^)  '"1  <tei  (^ 
extended  throughout  the  domain  D  defined  by  the  inequalities 

os«i,  osaj,,  ...,  osx,,  (gy'+...+/gy"gi. 

7*.  Derive  the  formula 

n 
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where  the  multiple  mtegral  is  extended  throughout  the  domain  D  defined  by  the 
inequality 

aJ  +  a^+. ..  +  ««<!. 

8*.  Derive  the  formula 
f'def    F{a CQB$-\-b Bin eooB^  +  etiin$Bin4) Bin ed<f>  =  2ier     F{uR)dUt 


where  a,  &,  and  e  are  three  arbitrary  constants,  and  where  R  =  Vo*  +  6*  +  A 

[POISSON.] 

[First  observe  that  the  given  double  integral  is  equal  to  a  certain  surface  inte- 
gral taken  over  the  surface  of  the  sphere  x>  +  y>  +  s*  =  1.  Then  take  the  plane 
ax  +  &y  +  cz  =  Oasthe  plane  of  xy  in  a  new  system  of  coordinates.] 

9*.  Let  p  =  F{$,  ^)  be  the  equation  in  polar  coordinates  of  a  closed  surface. 
Show  that  the  volume  of  the  solid  bounded  by  the  surface  is  equal  to  the  double 
integral 


{a)  ^j*j*pcoBydff 

extended  over  the  whole  surface,  where  dc  represents  the  element  of  area,  and  y 
the  angle  which  the  radius  vector  makes  with  the  exterior  normaL 

10*.  Let  us  consider  an  ellipsoid  whose  equation  is 

^a  ^  ^a  »  ft«  ^  ^a  .  Cf        ♦ 

and  let  us  define  the  positions  of  any  point  on  its  surface  by  the  elliptic  coordi- 
nates p  and  p,  that  is,  by  the  roots  which  the  above  equation  would  have  if  fi 
were  regarded  as  unknown  (cf.  1 147).  The  application  of  the  formula  (29)  to 
the  volume  of  this  ellipsoid  leads  to  the  equation 

Jo      1  V(6»-^(^-6^  b 

Likewise,  the  formula  (a)  gives 

*    (i^-p^jdw n 


Jo        Jb 


V(6«  -  p«)(C» -/»«)(.*- 6«)(C»  -  .*)       2  |.^^^^ 


11.  Determine  the  functions  P(x,  y)  and  Q(x,  y)  which,  together  with  their 
partial  derivatives,  are  continuous,  and  for  which  the  line  Integral 

fp{x  +  a,  y  +  /9)dx  +  Q(«  +  a,  y  +  fi)dy 

taken  along  any  closed  contour  whatever  is  independent  of  the  constants  a  and 

fi  and  depends  only  upon  the  contour  itself. 

[Licence,  Paris,  July,  1900.] 
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19*.  Cooddflr  tiM  iwint  tnnildniiation  dsfioed  bj  tlw  «q[^^ 


{ 


Am  the  point  (z',  ]<,  t^  dewribes  a  rarfMe  ^,  the  point  (x,  y ,  s)  deeeribee  a  ID^ 
face  8.  Let  a,  /i,  7  be  the  direction  an^ea  of  the  nonnal  to  8;  at't  p^^ytht 
directum  an^ea  of  the  corresponding  normal  to  the  anifaoe  S';  and  dr  and  dt' 
the  correaponding  soiface  elements  of  the  two  sorfMes.    Frore  the  formula 

13*.  Deri?e  the  formula  (16)  on  page  804  directly. 
[The  Yolnme  V  may  be  expressed  by  the  sorfaoe  intagial 

F=  r  scoa7dr, 

and  we  may  then  make  nse  of  the  identity 


J>(/, 
DC*', 


which  is  eaaUy  Terified.] 


CHAPTER  Vin 
INFINITE  SERIES 

I.    SERIES  OF  REAL  CONSTANT  TERMS 
GENERAL  PROPERTIES      TESTS  FOR  CONVERGENCE 

156.  Definitions  and  general  principles.  Sequences.  The  elementary 
properties  of  series  are  discussed  in  all  texts  on  College  Algebra 
and  on  Elementary  Calculus.  We  shall  review  rapidly  the  principal 
points  of  these  elementary  discussions. 

First  of  all,  let  us  consider  an  infinite  sequence  of  quantities 

(1)  So,     «i,     «„     •••,     «.,     ••• 

in  which  each  quantity  has  a  definite  place,  the  order  of  precedence 
being  fixed.  Such  a  sequence  is  said  to  be  convergent  if  s^  approaches 
a  limit  as  the  index  n  becomes  infinite.  Every  sequence  which  is 
not  convergent  is  said  to  be  divergent  This  may  happen  in  either 
of  two  ways :  s^  may  finally  become  and  remain  larger  than  any 
preassigned  quantity,  or  s^  may  approach  no  limit  even  though  it 
does  not  become  infinite. 

In  order  that  a  sequence  should  he  convergent^  it  is  necessary  and 
svffieient  that,  corresponding  to  any  preassigned  positive  number  c,  a 
positive  integer  n  should  exist  such  that  the  difference  s^^p  —  '»  if 
less  than  c  in  aJbsolute  value  for  any  positive  integer  p. 

In  the  first  place,  the  condition  is  necessary.  For  if  s^  approaches 
a  limit  «  as  n  becomes  infinite,  a  number  n  always  exists  for  which 
each  of  the  differences  <  —  <»i  <  —  «»+ii  -  •  •>  <  —  «»+pi  •  •  •  is  less  than 
c/2  in  absolute  value.  It  follows  that  the  absolute  value  of  s^^,  —  s^ 
will  be  less  than  2  c/2  s  c  for  any  value  of  p. 

In  order  to  prove  the  converse,  we  shall  introduce  a  very  impor- 
tant idea  due  to  Cauchy.  Suppose  that  the  absolute  value  of  each 
of  the  terms  of  the  sequence  (1)  is  leds  than  a  positive  number  N. 
Then  all  the  numbers  between  —  N  and  +  N  may  be  separated  into 
two  classes  as  follows.  We  shall  say  that  a  number  belongs  to  the 
class  A  if  there  exist  an  infinite  number  of  terms  of  the  sequence  (1) 

327 
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which  are  greater  than  the  given  number.  A  number  belongB  to 
the  class  B  if  there  are  only  a  finite  number  of  terms  of  tiie 
sequence  (1)  which  are  greater  than  the  given  number.  It  is 
evident  that  every  number  between  —  N  and  +  N  belongs  to  one 
oi  the  two  classes,  and  that  every  number  of  the  class  ^  is  less 
than  any  number  of  the  class  B.  Let  S  be  the  upper  limit  of  the 
numbers  of  the  class  A,  which  is  obviously  the  same  as  the  lower 
limit  of  the  numbers  of  the  class  B.  Gauchy  called  this  number  the 
greatest  limit  (la  plus  grands  dss  limites)  of  the  terms  of  the 
sequence  (1).*  This  number  S  should  be  carefully  distinguished 
from  the  upper  limit  of  the  terms  of  the  sequence  (1)  (f  68).  For 
instance,  for  the  sequence 

11  1 

1,    -,    -,    ...,    .,    ... 

the  upper  limit  of  the  terms  of  the  sequence  is  1,  while  the  greatest 
limit  is  0. 

The  name  given  by  Cauchy  is  readily  justified.  There  always 
exist  an  infinite  number  of  terms  of  the  sequence  (1)  which  lie 
between  S  —  €  and  5  +  c>  however  small  c  be  chosen.  Let  us  then 
consider  a  decreasing  sequence  of  positive  numbers  ci,  ct,  ") 
c.,  ••*,  where  the  general  term  c.  approaches  zero.  To  each  num- 
ber Cj  of  the  sequence  let  us  assign  a  number  at  of  the  sequence  (1) 
which  lies  between  5  —  c,  and  5  +  c<.  We  shall  thus  obtam  a 
suite  of  numbers  aj,  nr,,  •••,  a^,  •  ••  belonging  to  the  sequence  (1) 
which  approach  <Si  as  their  limit.  On  the  other  hand,  it  is  dear 
from  the  very  definition  of  S  that  no  partial  sequence  of  the  kind  just 
mentioned  can  be  picked  out  of  the  sequence  (1)  which  approaches 
a  limit  greater  than  S,  Whenever  the  sequence  is  convergent  its 
limit  is  evidently  the  number  S  itself. 

Let  us  now  suppose  that  the  difference  ^.^^  —  «.  of  two  terms  of 
the  sequence  (1)  can  be  made  smaller  than  any  positive  number  c 
for  any  value  of  jo  by  a  proper  choice  of  n.  Then  all  the  terms  of 
the  sequence  past  s^  lie  between  «„  —  c  and  s„  +  c.  Let  5  be  the 
greatest  limit  of  the  terms  of  the  sequence.  By  the  reasoning  just 
given  it  is  possible  to  pick  a  partial  sequence  out  of  the  sequence  (1) 
which  approaches  S  as  its  limit.  Since  each  term  of  the  partial 
sequence,  after  a  certain  one,  lies  between  «.  —  c  and  s^  +  c,  it  is 

•  R^sumia  analytiques  de  Turing  1833  {Collected  Work»,  2d  series.  Vol.  X,  p.  \9). 
The  definition  may  be  extended  to  any  assemblage  of  numbers  which  has  an  upper 
limit. 
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clear  that  the  absolute  value  of  S  —  s^  is  at  most  equal  to  c  Now 
let  s^  be  any  term  of  the  sequence  (1)  whose  index  m  is  greater 
than  n.    Then  we  may  write 

and  the  value  of  the  right-hand  side  is  surely  less  than  2e  Since  c 
is  an  arbitrarily  preassigned  positive  number,  it  follows  that  the 
general  term  s^  approaches  ^  as  its  limit  as  the  index  m  increases 
indefinitely. 

ybte.  If  5  is  the  greatest  limit  of  the  terms  of  the  sequence  (1), 
every  number  greater  than  S  belongs  to  the  class  B,  and  every  num- 
ber less  than  S  belongs  to  the  class  A.  The  number  S  itself  may 
belong  to  either  class. 

157.  Passage  from  aeqnenoea  to  series.    Given  any  infinite  sequence 


**0>       **ll       **!>       •••>       ^n'       '" 


"»!  'I 

the  series  formed  from  the  terms  of  this  sequence, 

(2)  1*0  +  Wi  +  ^  H 1-  w*  H 1 

is  said  to  be  convergent  if  the  sequence  of  the  successive  sums 

So=su^,     5i  =  Mo  +  t*i,     •••,     -S,  =  tto  +  t*iH \-^n9    ••• 

is  convergent     Let  S  be  the  limit  of  the  latter  sequence,  i.e.  the 
limit  which  the  sum  <S,  approaches  as  n  increases  indefinitely: 


rwn 


S  =  lim  5,  =  lim  V  ti^. 

Then  S  is  called  the  sum  of  the  preceding  series,  and  this  relation  is 

indicated  by  writing  the  symbolic  equation 

+• 

5  =  i*o  +  t*iH hu,  H =5jw^. 

vO 

A  series  which  is  not  convergent  is  said  to  be  divergent. 

It  is  evident  that  the  problem  of  determining  whether  the  series 
is  convergent  or  divergent  is  equivalent  to  the  problem  of  determin- 
ing whether  the  sequence  of  the  successive  sums  S^,  Su  Sf,  •••  is 
oonvergent  or  divergent.     Conversely,  the  sequence 

Sof    «i,    «j,     •••,    «,, 
will  be  convergent  or  divergent  according  as  the  series 
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is  convergent  or  divergent    For  the  sum  <S,  of  the  first  n  + 1  terms 
of  this  series  is  precisely  equal  to  the  general  term  s^  of  the  given 
sequence.     We  shall  apply  this  remark  frequently. 
The  series  (2)  converges  or  diverges  with  the  series 

(3)  S  +  S+i  +  •  •  •  +  ^p+«  +  ••  -I 

obtained  by  omitting  the  first  p  terms  of  (2).  For,  if  <Sf,(ii>j7) 
denote  the  sum  of  the  first  n  + 1  terms  of  the  series  (2),  and  ^., 
the  sum  of  the  n  —  jp  + 1  first  terms  of  the  series  (3)|  ie. 

X,^p  =  Up  +  S+i  +  •••  +  <«., 

the  difference  <S>«  —  S»-j»  *=  t<o  +  ^i  +  '"-^^p~i  ^  independent  of  <k 
Hence  the  sum  2^.,  approaches  a  limit  if  S^  approaches  a  limity 
and  conversely.  It  follows  that  in  determining  whether  the  serieB 
converges  or  diverges  we  may  neglect  as  many  of  the  terms  at  the 
beginning  of  a  series  as  we  wish. 

Let  S  be  the  sum  of  a  convergent  series,  S^  the  sum  of  the  first 
n  + 1  terms,  and  R^  the  sum  of  the  series  obtained  by  omitting  the 
first  n  + 1  terms, 

It  is  evident  that  we  shall  always  have 

S  =  S,  +  R,. 

It  is  not  possible,  in  general,  to  find  the  sum  5  of  a  oonvergent 
series.  If  we  take  the  sum  S  of  the  first  n  + 1  terms  as  an  approxi- 
mate value  of  5,  the  error  made  is  equal  to  R^,  Since  S^  approaches 
5  as  n  becomes  infinite,  the  error  R^  approaches  zero,  and  henoe  the 
number  of  terms  may  always  be  taken  so  large — at  least  theoret- 
ically —  that  the  error  made  in  replacing  S  by  S^  is  less  than  any 
preassigned  number.  In  order  to  have  an  idea  of  the  degree  of 
approximation  obtained,  it  is  sufi&cient  to  know  an  upper  limit 
of  R^.  It  is  evident  that  the  only  series  which  lend  themselves 
readily  to  numerical  calculation  in  practice  are  those  for  which 
the  remainder  R^  approaches  zero  rather  rapidly. 

A  number  of  properties  result  directly  from  the  definition  of  con- 
vergence.    We  shall  content  ourselves  with  stating  a  few  of  them. 

1)  If  each  of  the  terms  of  a  given  series  be  multiplied  by  a  constant 
k  different  from  zero,  the  new  series  obtained  will  converge  or  diverge 
with  the  given  series;  if  the  given  series  converges  to  a  sum  5,  the  sum 
of  the  second  series  is  kS. 
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2)  If  there  be  given  two  convergent  aeries 

Wo  +  wi  +  tt«  H h  t<»  H 1 

vo  +  Vi  +  Va  H h  v,  H , 

wfiaae  sums  are  S  and  S*,  respeetivety,  the  new  series  obtained  by 
adding  the  given  series  term  by  term,  nam^y, 

converges,  and  its  sum  iff  5  +  5'.     The  analogous  theorem  holds  for 
the  term-by-term  addition  of  p  convergent  series. 

3)  27ie  convergence  or  divergence  of  a  series  is  not  affected  if  the 
values  of  a  finite  number  of  the  terms  be  changed.  For  such  a  change 
would  merely  increase  or  decrease  all  of  the  sums  S^  after  a  certain 
one  by  a  constant  amount. 

4)  The  test  for  convergence  of  any  infinite  sequence,  applied  to 
series,  gives  Cauchy's  general  test  for  convergence :  * 

In  order  that  a  series  be  convergent  it  is  necessary  and  sufficient 
that,  corresponding  to  any  preassigned  positive  number  c,  an  integer 
n  should  exist,  such  that  the  sum  of  any  number  of  terms  what^ 
ever,  starting  with  u^+i,  is  less  than  c  in  absolute  value.  For 
Sn+p  -  -Sf.  =  U.+1  -h  M,+,  -}....  -f  n^^,. 

In  particular,  the  general  term  w^+i  =  ^S.+i  —  5,  must  approach 
zero  as  n  becomes  infinite. 

Cauchy's  test  is  absolutely  general,  but  it  is  often  difficult  to 
apply  it  in  practice.  It  is  essentially  a  development  of  the  very 
notion  of  a  limit.  We  shall  proceed  to  recall  the  practical  rules  most 
frequently  used  for  testing  series  for  convergence  and  divergence. 
None  of  these  rules  can  be  applied  in  all  cases,  but  together  they 
suffice  for  the  treatment  of  the  majority  of  cases  which  actually  arise. 

158.  Series  of  positive  terms.  We  shall  commence  by  investigating 
a  very  important  class  of  series,  —  those  whose  terms  are  all  posi- 
tive. In  such  a  series  the  sum  S^  increases  with  n.  Hence  in 
order  that  the  series  converge  it  is  sufficient  that  the  sum  S^  should 
remain  less  than  some  fixed  number  for  all  values  of  n.  The  most 
general  test  for  the  convergence  of  such  a  series  is  based  upon  com- 
parisons of  the  given  series  with  others  previously  studied.  The 
following  propositions  are  fundamental  for  this  process: 


•  Exerdeea  de  Mathimatiques,  1827.   (Coliected  Works,  Vol.  VII,  3d  series,  p.  287.) 
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1)  If  each  of  the  terms  of  a  given  series  of  positive  terms  is  less 
than  or  at  most  equal  to  the  corresponding  term  of  a  known  convergent 
series  of  positive  terms,  the  given  series  is  convergent.  For  the  sum 
5.  of  the  first  n  terms  of  the  given  series  is  evidently  less  than  the 
sum  S'  of  the  second  series.  Hence  5.  approaches  a  limit  S  which 
is  less  than  S', 

2)  If  each  of  the  terms  of  a  given  series  of  positive  terms  is  greater 
than  or  equal  to  the  corresponding  term  of  a  known  divergent  series 
of  positive  terms,  the  given  series  diverges.  For  the  sum  of  the  first 
n  terms  of  the  given  series  is  not  less  than  the  sum  of  the  first 
n  terms  of  the  second  series,  and  hence  it  increases  indefinitely 
with  n. 

We  may  compare  two  series  also  by  means  of  the  following 
lemma.    Let 

(U)  «o  +  t*i  +  ^  +  -"  +  ^«H 1 

(V)  Vo  +  Vi  -f  v,  + 1-  v»  H 

be  two  series  of  positive  terms.  If  the  series  (U)  eonvergee,  and  if, 
after  a  certain  term,  we  always  have  v«+i/v„  S  ^n+i/^u*  ^^  seriee  (V) 
also  converges.  If  the  series  (U)  diverges,  and  if,  after  a  eertain 
term,  we  always  have  w^+i/w„Sv„+i/t;„,  the  series  {V)  also  diverges. 

In  order  to  prove  the  first  statement,  let  us  suppose  that 
^n+iAn  «^ii+i/wii  whenever  n>p.  Since  the  convergence  of  a 
series  is  not  affected  by  multiplying  each  term  by  the  same  con- 
stant, and  since  the  ratio  of  two  consecutive  terms  also  remains 
unchanged,  we  may  suppose  that  v^  <  Up,  and  it  is  evident  that  we 
should  have  v,+i^Wp+i,  v^^, <!*,+,,  etc.  Hence  the  series  (V) 
must  converge.     The  proof  of  the  second  statement  is  similar. 

Given  a  series  of  positive  terms  which  is  known  to  converge  or 
to  diverge,  we  may  make  use  of  either  set  of  propositions  in  order 
to  determine  in^a  given  case  whether  a  second  series  of  positive 
terms  converges  or  diverges.  For  we  may  compare  the  terms  of 
the  two  series  themselves,  or  we  may  compare  the  ratios  of  two 
consecutive  terms. 

159.  Cauchy's  test  and  d*Alembert's  test.  The  simplest  series  which 
can  be  used  for  purposes  of  comparison  is  a  geometrical  progression 
whose  ratio  is  r.  It  converges  if  r  <  1,  and  diverges  if  r  >  1.  The 
comparison  of  a  given  series  of  positive  terms  with  a  geometrical 
progression  leads  to  the  following  test,  which  is  due  to  Oauchy: 
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If  the  nth  root  wu^  of  the  general  term  u^  of  a  series  of  positive 
terms  after  a  certain  term  is  constantly  less  than  a  fixed  number  less 
than  unity ^  the  series  converges.  If  y/u^  after  a  certain  term  is  con- 
stantly greater  than  unity y  the  series  diverges. 

For  in  the  first  case  "sfu^  <k<l,  whence  w,  <  A:*.  Hence  each 
of  the  terms  of  the  series  after  a  certain  one  is  less  than  the  corre- 
sponding term  of  a  certain  geometrical  progression  whose  ratio  is 
less  than  unity.  In  the  second  case,  on  the  other  hand,  ^^>1, 
whence  u„>l.  Hence  in  this  case  the  general  term  does  not 
approach  zero. 

This  test  is  applicable  whenever  y/u^  approaches  a  limit.  In 
fact,  the  following  proposition  may  be  stated : 

If  ^^/u^  approaches  a  limit  I  a^  n  becomes  infinite,  the  series  will 
converge  if  I  is  less  than  unity,  and  it  unit  diverge  if  I  is  greater  than 
unity, 

A  doubt  remains  if  1  =  1,  except  when  vtf,  remains  greater  than 
unity  as  it  approaches  unity,  in  which  ca^e  the  series  surely  diverges. 

Comparing  the  ratio  of  two  consecutive  terms  of  a  given  series 
of  positive  terms  with  the  ratio  of  two  consecutive  terms  of  a 
geometrical  progression,  we  obtain  d'Alemberfs  test: 

If  in  a  given  series  of  positive  terms  the  ratio  of  any  term  to  the 
preceding  after  a  certain  term  remains  less  than  a  fixed  number 
less  than  unity,  the  series  converges.  If  that  ratio  after  a  certain 
term  remains  greater  than  unity,  the  series  diverges. 

From  this  theorem  we  may  deduce  the  following  corollary: 

If  the  ratio  u^+i/u^  approaches  a  limit  I  a^  n  become  infinite,  the 
series  converges  ifl<l,  and  diverges  ifl>l. 

The  only  doubtful  case  is  that  in  which  /  =  1 ;  even  then,  if  u^^i/u^ 
remains  greater  than  unity  as  it  approaches  unity,  the  series  is  divergent, 

Oeneral  commentary,  Cauchy^s  test  is  more  general  than  d* Alembert*8.  For 
^appose  that  the  terms  of  a  given  series,  after  a  certain  one,  are  each  less  than 
the  corresponding  terms  of  a  decreasing  geometrical  progression,  i.e.  that  the 
general  term  Un  is  less  than  Ar^  for  all  values  of  n  greater  than  a  fixed  integer  p, 
where  ^  is  a  certain  constant  and  r  is  less  than  unity.  Hence  -v^  <  rA^/\  and 
the  second  member  of  this  inequality  approaches  unity  as  n  becomes  infinite. 
Hence,  denoting  by  A;  a  fixed  number  between  r  and  1,  we  shall  have  after  a  cer- 
tain term  -v^  <  k.  Hence  Cauchy^s  test  is  applicable  in  any  such  case.  But  it 
may  happen  that  the  ratio  u«  4.  i/Un  assumes  values  greater  than  unity,  however 
far  out  in  the  series  we  may  go.    For  example,  consider  the  series 

1  +  r  I  sin  a  I  +  f*  I  sin2a  I  +  .  •  •  +  r»  I  sin  no:  I  +  • .  • , 
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,^i_^  rin(m^-l)a| 


an  inliiiilc  muBbar  of  yiIbbb  grHlvlhaa  nnhjMt 


it  ii  advaatageoQs  to  main  d*AiaBiibart*a  laati  for  ii  ii  mm 
ivcoimi  in  manj  caaaa.    For  inalancm,  for  tha 


1  +  r  +  ^— +  ,    ^    >  + 


1      l.t     l.S.S  l.S*--m 

tha  fatio  of  any  tenn  to  the  pneedlng  la  x/(b  +1),  which  ^proachaa  aHo  m  t 
bacoBMo  Inflnite ;  wheraaa  aome  conridwatioB  la  naoaaaaiy  to  diHoi  lalaa  iadi- 
pendently  what  h^ypena  to  % «^  =  z/Vi.2---b aa m hucomaa  **<*■»*** 

After  we  hare  ihown  by  the  application  of  one  of  tha  praeeding  toata  that  €mI 
of  thelennaof  agiren  aeriaa  la  laaa  than  tha  eoneqiooduag  tam  of  n  deenariig 
geometrical  pnytiion  A^  Ar,  ^r*,  •  •  • ,  Af,  •  •  • ,  h  la  eai^j  to  find  an  Mffm 
limit  of  the  error  made  when  the  aom  of  the  flrrt  at  terma  ia  taken  in  phMflf 
the  aum  of  the  aeriea.    For  thia  error  ia  certainly  laaa  than  the  aun  d  tli 


Af^-^Af^-*-^  +  ilr"+«  +  -..= 


1-r 

When  each  of  the  two  expreaaiona  ^9^  and  i^^. i/Mb  mppnmthm  n  Umiti  tli 
two  limita  are  neoeaaarily  the  aame.    For,  let  oa  cooaidar  tha  anzHiaiy  aariif 

where  x  is  poaitiTe.  In  this  seriea  the  ratio  of  any  term  to  tha  preoediBg 
approaches  the  limit  fz,  where  { ia  the  limit  of  the  ratio  11.^1/11^.  Henoetli 
aeriea  (4)  conTergea  when  x  <  1/2,  and  dirergea  when  x  >  1/t  Danottag  the 
limit  of  v^  by  f,  the  ezpreasion  y^ui^  alao  ^iproaehaa  a  lindt  rx,  aad 
the  aeries  (4)  convergea  if  x  <  1/r,  and  dlTergea  if  x  >  l/t.  In  order  that  the 
two  teats  sboold  not  give  contradictory  resolts,  it  is  OTidently  naoaaaaiy  that  I 
and  r  should  be  equal.  If,  for  instance,  I  were  greater  than  f,  tha  aBiiea(4)  would 
be  conrergent,  by  Cauchy*s  test,  for  any  number  x  between  l/I  and  l/f,  wbemi 
the  aame  series,  for  the  same  value  of  z,  would  be  diveigent  by  d* Alembart's  tMt 

Still  more  generally,  if  u«  + 1/11.  approachea  a  limit  I,  -9^  approadiea  ths  1 
limit.*    For  auppoae  that,  after  a  certain  term,  each  of  the  irntioa 

,        •  •  ■  t  


liea  between  I  -  e  and  I  +  e,  where  e  is  a  poaitiye  number  which  may  be  tdoBD 
aa  amall  as  we  please  by  taking  n  sufficiently  large.    Then  we  ahall  hafe 

'  P  _i_  _P_ 


*Cauchy,  t'oun  d* Anatyte. 
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As  the  number  p  increases  indefinitely,  while  n  remains  fixed,  the  two  terms  on 
the  extreme  right  and  left  of  this  doable  inequality  approach  /  +  c  and  <  —  c, 
respectively.  Hence  for  all  values  of  m  greater  than  »  suitably  chosen  number 
we  shall  have 

/-2t<  ^^</  +  2t, 

and,  since  e  is  an  arbitrarily  assigned  number,  it  follows  that  K^  approaches 

the  number  /  as  its  limit. 

It  should  be  noted  that  the  converse  is  not  true.    Consider,  for  example,  the 

sequence 

1,    a,    a6,    o^ft,    o262,    ...,    o"6»-i,    o"6",    •••, 

where  a  and  h  are  two  different  numbers.  The  ratio  of  any  term  to  the  preced- 
ing is  Alternately  a  and  &,  whereas  the  expression  v^  approaches  the  limit  Vab 
as  n  becomes  infinite. 

The  preceding  proposition  may  be  employed  to  determine  the  limits  of  cer- 
tain expressions  which  occur  in  imdetermined  forms.  Thus  it  is  evident  that 
the  expression  v'l  .2-.  -n  increases  indefinitely  with  n,  since  the  ratio  n  I/(n  —  1)  1 
increases  indefinitely  withn.  In  a  similar  manner  it  may  be  shown  that  each  of 
the  expressions  Vn  and  y/\ogn  approaches  the  limit  unity  as  n  becomes  infinite. 

160.  Application  of  the  greatest  limit.  Cauchy  formulated  the  preceding  test 
in  ft  more  general  manner.  Let  a„  be  the  general  term  of  a  series  of  positive 
terms.     Consider  the  sequence 


11  I 

(6)  ai,    (4,    4,    ...,    af 


n) 


If  the  terms  of  this  sequence  have  no  upper  limit,  the  general  term  a.  will  not 
Approach  zero,  and  the  given  series  will  be  divergent.  If  all  the  terms  of  the 
sequence  (5)  are  less  than  a  fixed  number,  let  w  be  the  greatest  limit  of  the  terms 
of  the  sequence. 

The  series  Zo.  is  convergent  iftais  less  than  unity,  and  divergent  ifiais  greater 
than  unity. 

In  order  to  prove  the  first  part  of  the  theorem,  let  1  —  a  be  a  number  between 
w  and  1.  Then,  by  the  definition  of  the  greatest  limit,  there  exist  but  a  finite 
number  of  terms  of  the  sequence  (5)  which  are  greater  than  1  —  a.  It  follows 
that  a  positive  integer  p  may  be  found  such  that  -9^  <  1  —  a  for  all  values  of  n 
greater  than  p.  Hence  the  series  ZOn  converges.  On  the  other  hand,  if  w  >  1, 
let  1  +  a  be  a  number  between  1  and  w.  Then  there  are  an  infinite  number  of 
terms  of  the  sequence  (6)  which  are  greater  than  1  +  or,  and  hence  there  are  an 
infinite  number  of  values  of  n  for  which  a.  is  greater  than  unity.  It  follows  that 
the  leriet  So.  is  divergent  in  this  case.   The  case  in  which  »  =  1  remains  in  doubt 

n 


16L  Cauchy's  theorem.   In  case  u^+i/u^  and  vt^  both  approach 

unity  without  remaining   constantly  greater   than  unity,  neither 

d'Alembert's  test  nor  Cauchy's  test  enables  us  to  decide  whether 

the  series  is  convergent  or  divergent.     We  must  then  take  as  a 

^^^parison  series  some  series  which  has  the  same  characteristic 
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bat  which  is  known  to  be  oonvergent  or  divergent  The  following 
proposition,  which  Gauchy  discovered  in  studying  definite  integnb, 
often  enables  us  to  decide  whether  a  given  series  is  oonvergent  or 
divergent  when  the  preceding  rules  fail. 

Let  ^(x)  be  a  function  which  is  positive  for  values  of  x  greater 
than  a  certain  number  a,  and  which  constantly  decreases  as  x 
increases  past  x  =  a,  approaching  zero  as  x  increases  indefinitely. 
Then  the  x  axis  is  an  asymptote  to  the  curve  y  =  ^(')9  and  the 
definite  integral 


jf 


^(x)dx 

may  or  may  not  approach  a  finite  limit  as  I  increases  indefinitelj. 

The  series 

(6)  ^(a)  +  ^(a  +  l)-f  ...-f  ♦(a4-n)  +  ••• 

<xm^;«r7e«  tf  the  preceding  integral  approaches  a  limit,  and  diverget^ 
it  does  not. 

For,  let  us  consider  the  set  of  rectangles  whose  bases  are  eich 
unity  and  whose  altitudes  are  ^(a),  ^(a  +!),•••,  ^(a  +  n),  respec- 
tively. Since  each  of  these  rectangles  extends  beyond  the  corre 
y  =  ^{x)y  the  sum  of  their  areas  is  evidently  greater  than  the  area 
between  the  x  axis,  the  curve  y  =  ^(2)1  ai^d  the  two  ordinates  x  =  O) 
x  =sa  -\-  n,  that  is, 

4^{x)dx. 

On  the  other  hand,  if  we  consider  the  rectangles  constmcted 
inside  the  curve,  with  a  common  base  equal  to  unity  and  with  the 
altitudes  ^(a+1),  ^(a  +  2),  •  •  •,  ^(a  +  n),  respectively,  the  sum  of 
the  areas  of  these  rectangles  is  evidently  less  than  the  area  under 
the  curve,  and  we  may  write 

Xa  +  ii 
fKx)dx. 

Hence,  if  the  integral  jT  ^a;)  <2a;  approaches  a  limit  X  as  /  increase^ 

indefinitely,  the  sum  +(a)  H h  ^(a  +  n)  always  remains  less  thai*- 

^(a)  +  L,  It  follows  that  the  sum  in  question  approaches  a  limit  9 
hence  the  series  (6)  is  convergent  On  the  other  hand,  if  the  int^^^ 
gral^'''"^(x)  dx  increases  beyond  all  limit  as  n  increases  indefinitely^ 


i+ii 
the  same  is  true  of  the  sum 


♦(a)  +  ♦(«  + 1)+  •••  -f  ♦(«  +  n), 
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as  is  seen  from  the  first  of  the  above  inequalities.     Hence  in  this 
case  the  series  (6)  diverges. 

Let  US  consider,  for  example,  the  function  ^(a;)  =  l/a^,  where  /i 
is  positive  and  a  =1,  This  function  satisfies  all  the  requirements 
of  the  theorem,  and  the  integral  f^[l/x^']  dx  approaches  a  limit  as 
I  increases  indefinitely  if  and  only  if  /&  is  greater  than  unity.  It 
follows  that  the  series 

L-L-i-ij h-i-H 

1**  ^  2**      3"  n** 

converges  if  /&  is  greater  than  unity,  and  diverges  if  /&  <  1. 

Again,  consider  the  function  ^(x)^l/[x(logx)'^']}  where  logos 
denotes  the  natural  logarithm,  /&  is  a  positive  number,  and  a  =  2. 
Then,  if  /&  ^  1,  we  shall  have 


X' 


5(i|^-;r^C(i<«»)--(io(r2)-'] 


The  second  member  approaches  a  limit  if  /ui  >  1,  and  increases 
indefinitely  with  n  if  /ui  <  1.  In  the  particular  case  when  fi  =  1  it 
is  easy  to  show  in  a  similar  manner  that  the  integral  increases 
beyond  all  limit     Hence  the  series 


+ 


2(log2r      3(log3)''  ■         •  n(Logny 

converges  if  /&  >  1,  and  diverges  if  ft  <  1. 
More  generally  the  series  whose  general  term  is 


n  log  n  log*  n  log*  n  •  •  •  log**"'  n(log'*  n)** 

converges  if  /&  >  1,  and  diverges  if  ft  ^  1.  In  this  expression  log'n 
denotes  log  log  n,  log*  n  denotes  log  log  log  n,  etc.  It  is  understood, 
0^  course,  that  the  integer  n  is  given  only  values  so  large  that 
^^Wjlog'n,  log'n,  •••,  log'n  are  positive.  The  missing  terms  in 
^6  series  considered  are  then  to  be  supplied  by  zeros.  The 
^^eorem  may  be  proved  easily  in  a  manner  similar  to  the  demon- 
^tions  given  above.     If,  for  instance,  /&  =^  1^  the  function 


X  log  X  log*  X-"  (log**  x)* 


the  derivative  of  (log' a:)*"'*/(l  —  ft),  and  this  latter  function 
^P^oaches  a  finite  limit  if  and  only  if  /ui  >  1. 
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Cauohy^s  theorem  admits  of  applications  of  another  sort.  Let  us  sappose 
that  the  function  0(x)  satisfies  the  conditions  imposed  above,  and  let  ns  con- 
sider the  sum 

^(n)  4-  ^(ji  + 1)  +  . . .  4-  ^(n  +  p), 

where  n  andp  are  two  integers  which  are  to  be  allowed  to  become  infinite.  If  the 
series  whose  general  term  is  ^(n)  is  convergent,  the  preceding  sum  approaches 
zero  as  a  limit,  since  it  is  the  difference  between  the  two  sums  Sn+p+i  and  5«, 
each  of  which  approaches  the  sum  of  the  series.  But  if  this  series  is  divergent, 
no  conclusion  can  be  drawn.  Betuming  to  the  geometrical  interpretation  given 
above,  we  find  the  double  inequality 

Since  ^(n)  approaches  zero  as  n  becomes  infinite,  it  is  evident  that  the  limit  of 
the  sum  in  question  is  the  same  as  that  of  the  definite  integral  f^'*''^{x)dx, 
and  this  depends  upon  the  manner  in  which  n  and  p  become  infinite. 
For  example,  the  limit  of  the  sum 

1+  ' 


n     n  + 1  n  +  jj 

is  the  same  as  that  of  the  definite  integral  fj^'*''  [l/z]  de  =  log(l  +  p/n).   It  if 
dear  that  this  integral  approaches  a  limit  if  and  only  if  the  ratio  p/n  approaches  a 
limit.    If  a  is  the  limit  of  this  ratio,  the  preceding  sum  approaohet  log(l  +  «) 
as  its  limit,  as  we  have  already  seen  in  1 49. 
Finally,  the  limit  of  the  sum 

1^1.     .1 


Vn     Vn  +  1  Vn+jj 

is  the  same  as  that  of  the  definite  integral 


f. 


^  =  2(Vn+p-V^). 
vx 


In  order  that  this  expression  should  approach  a  limit,  it  is  necessary  that  the 
ratio  p/Vn  should  approach  a  limit  a.  Then  the  preceding  expression  may  be 
written  in  the  form 


^ F  =  2- 

Vn-fp  +  V» 


and  it  is  evident  that  the  limit  of  this  expression  is  a, 
162.  Logarithmic  criteria.   Taking  the  series 

^M  ^  2**  ^i** 

as  a  comparison  series,  Cauchy  deduced  a  new  test  for  conyergence 
which  is  entirely  analogous  to  that  which  involves  -y/u^. 
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If  after  a  certain  term  the  expreuion  log(l/u.)/logii  is  always 
greater  than  a  fixed  numJber  which  is  greater  than  unity,  the  series 
converges.  If  after  a  certain  term  log(l/u^/logn  is  always  less 
than  unity,  the  series  diverges. 

If  \og(^lu^l\Q%n  approaches  a  limit  I  as  n  increases  ind^nitely, 
the  series  converges  if  1>1,  and  diverges  if  Kl.  The  ease  in 
which  1  =  1  remains  in  doubt. 

In  order  to  prove  the  first  part  of  the  theorem^  we  will  remaik 
that  the  inequality 

log—  >  A;logii 
is  equivalent  to  the  inequality 

u^  "      «* 

since  k>l,  the  series  surely  converges. 
Likewise,  if 

log--<logn, 

we  shall  have  u^  >  1/n,  whence  the  series  surely  diverges. 

This  test  enables  us  to  determine  whether  a  given  series  con- 
verges or  diverges  whenever  the  terms  of  the  series,  after  a  certain 
one,  are  each  less,  respectively,  than  the  corresponding  terms  of 
the  series 

where  A  is  a  constant  factor  and  fi  >  1.    For,  if 

n'^ 
^e  shall  have  log  ic.  +  fi  log  n  <  log  ^  or 

logs- 


Un   ^  log^ 


log  n  log  n 

^d  the  right-hand  side  approaches  the  limit  fi  as  n  increases 
^Indefinitely.  If  K  denotes  a  number  between  unity  and  /i,  we 
Bhall  have,  after  a  certain  term, 

T ^>K. 

logn 
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Similarly,  taking  the  series 

n(log  fCf  jLm^  n  log  n(log*  n)** ' 

as  comparison  series,  we  obtain  an  infinite  suite  of  tests  for  con- 
vergence which  may  be  obtained  mechanically  from  the  preceding 
by  replacing  the  expression  log(l/u,)/logn  by  log[l/(ni«.)]/log*», 
then  by 

log 

nu^  log  n 


log*n 

and  so  forth,  in  the  statement  of  the  preceding  tests.*  These  tests 
apply  in  more  and  more  general  cases.  Indeed,  it  is  easy  to  show 
that  if  the  convergence  or  divergence  of  a  series  can  be  established 
by  means  of  any  one  of  them,  the  same  will  be  true  of  any  of  those 
which  follow.  It  may  happen  that  no  matter  how  far  we  proceed 
with  these  trial  tests,  no  one  of  them  will  enable  us  to  determine 
whether  the  series  converges  or  diverges.  Du  Bois-Beymond  f  and 
Pringsheim  t  have  in  fact  actually  given  examples  of  both  convergent 
and  divergent  series  for  which  none  of  these  logarithmic  tests  deter- 
mines whether  the  series  converge  or  diverge.  This  result  is  of  great 
theoretical  importance,  but  convergent  series  of  this  type  evidently 
converge  very  slowly,  and  it  scarcely  appears  possible  that  they 
should  ever  have  any  practical  application  whatever  in  problems 
which  involve  numerical  calculation.  § 

163.  Raabe's  or  Duhamel's  test.  Retaining  the  same  comparison 
series,  but  comparing  the  ratios  of  two  consecutive  terms  instead 
of  comparing  the  terms  themselves,  we  are  led  to  new  tests  which 
are,  to  be  sure,  less  general  than  the  preceding,  but  which  are 
often  easier  to  apply  in  practice.  For  example,  consider  the  series 
of  positive  terms 

(7)  Wo  4-  wi  4-  w,  H h  w,  H , 

♦  See  Bertrand,  Traits  de  Calcul  diff4rerUiel  et  inUgral,  Vol.  I,  p.  238;  Journal 
de  LUmviUe,  1st  series,  Vol.  VII,  p.  35. 

t  Ueber  Convergenz  von  Reihen  .  .  .  (Crelle's  Journal,  Vol.  LXXVI,  p.  85, 1873). 

t  Allgemeine  Theorie  der  Divergenz  .  .  .  (McUhematische  Annalen,  Vol.  XXXV, 
1890). 

$  In  an  example  of  a  certain  convergent  series  due  to  du  Bois-Reymond  it  would 
be  necessary,  according  to  the  author,  to  take  a  number  of  terms  equal  to  the  volumt 
of  the  earth  expressed  in  cubic  millimeters  in  order  to  obtain  merely  half  the  sum  of 
Uiefleries. 


VIII,  §163]  CONSTANT  TERMS  341 

in  which  the  ratio  u^^i/u^  approaches  unity,  remaining  constantly 
less  than  unity.     Then  we  may  write 


where  a,  approaches  zero  as  n  becomes  infinite.  The  comparison  of 
this  ratio  with  [n/{n  4-1)]''  leads  to  the  following  rule,  discovered 
first  by  Baabe  *  and  then  by  Duhamel.t 

If  after  a  certain  term  the  product  na^  is  always  greater  than  a 
fixed  number  which  is  greater  than  unity,  the  series  converges.     If 
after  a  certain  term  the  sams  product  is  always  less  than  unity ,  the 
series  diverges. 

The  second  part  of  the  theorem  follows  immediately.     For,  since 
na^  <  1  after  a  certain  term,  it  follows  that 

1      .       n 


l+a,      n+l 

and  the  ratio  u^+i/u^  is  greater  than  the  ratio  of  two  consecutive 
terms  of  the  harmonic  series.     Hence  the  series  diverges. 

In  order  to  prove  the  first  part,  let  us  suppose  that  after  a  certain 
term  we  always  have  na^ >k>l.  Let  /a  be  a  number  which  lies 
between  1  aad  k,  l<fi<k.  Then  the  series  surely  converges  if 
after  a  certain  term  the  ratio  u^+i/u^  is  less  than  the  ratio 
[n/(n-|-l)]'*  of  two  consecutive  terms  of  the  series  whose  general 
term  is  n"'^.  The  necessary  condition  that  this  should  be  true 
is  that 


1+a. 


('^y 


or,  developing  (1  -f  l/n)**  by  Taylor's  theorem  limited  to  the  term 
in  1/n*, 

n      n 

where  \,  always  remains  less  than  a  fixed  number  as  n  becomes 
infinite.     Simplifying  this  inequality,  we  may  write  it  in  the  form 

ft  4-  —  <  na_. 
n 

♦  ZeUBchriftfUr  Mathematik  und  Phynkf  Vol.  X,  1832. 
WoumcU  de  LwuvUle,  Vol.  IV,  1838. 
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The  left-hand  side  of  this  inequality  approaches  /i,  as  its  limit  as  n 
becomes  infinite.  Hence,  after  a  sufficiently  large  value  of  n^  the 
left-hand  side  will  be  less  than  na^,  which  proves  the  inequality  (8). 
It  follows  that  the  series  is  convergent. 

If  the  product  na,  approaches  a  limit  /  as  n  becomes  infinite,  we 
may  apply  the  preceding  rule.  The  series  is  convergent  if  />!, 
and  divergent  if  /  <  1.  A  doubt  exists  if  /  =  1,  except  when  no. 
approaches  unity  remaining  constantly  less  than  unity:  in  that  case 
the  series  diverges. 

If  the  product  na»  approaches  unity  as  its  limit,  we  may  compare  the  ratio 
Un+i/u^  with  the  ratio  of  two  conaecutive  terms  of  the  series 


2  Gog  2)^  iiClogny' 

which  converges  if  m>1»  uid  diverges  if  ti<l.    The  ratio  of  two  oonseeutiTe 
terms  of  the  given  series  may  be  written  in  the  form 

Un  +  l  _  I 

n      11 

where  /S;,  approaches  zero  as  n  becomes  infinite.  If  tifter  a  certain  term  the 
product  Pn^ognis  always  greater  than  a  fixed  number  which  is  greaUr  than  unUg, 
the  aeries  converges.  If  after  a  certain  term  the  same  product  is  always  lees  than 
unitify  the  series  diverges. 

In  order  to  prove  the  first  part  of  the  theorem,  let  us  supposethat  ^  logii>l;>  1. 
Let  /A  be  a  number  between  1  and  k.  Then  the  series  will  surely  converge  if  after 
a  certain  term  we  have 

19)  ^^a^  <  -?^  r    ^Qg»    Y 

^  '  Un        n  +  lLlog(n  +  l)J   ' 

which  may  be  written  in  the  form 

n      n      \       n/  L  logn     J 

or,  applying  Taylor^s  theorem  to  the  right-hand  side, 

n      n      \       n/(  logn  L     logn      J  ) 

where  K  always  remains  less  than  a  fixed  number  as  n  becomes  iniinita 
Simplifying  this  inequality,  it  becomes 

/       i\      X«(n+l)riog(l+4)]* 

A.logn>M(n  +  l)log(l+-)+ ^— ^ 2^=!- 

\       n/  logn 
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The  product  (n  + 1)  log  (1  +  1/n)  approaches  unity  as  n  hecomes  infinite,  for  it 
may  be  written,  by  Taylor^s  theorem,  in  the  form 


(10) 


(n  +  l)log^l+l^  =  l  +  ^(l  +  €). 


where  e  approaches  zero.  The  right-hand  side  of  the  above  inequality  therefore 
approaches  /a  as  its  limit,  and  the  truth  of  the  inequality  is  established  for  suffi- 
ciently large  values  of  n,  since  the  left-hand  side  is  greater  than  I:,  which  is  itself 
greater  than  fu 

The  second  part  of  the  theorem  may  be  proved  by  comparing  the  ratio 
u»+i/Km  with  the  ratio  of  two  consecutive  terms  of  the  series  whose  general 
term  is  l/(nlogn).     For  the  inequality 

u«+i         n  logn 


tt,        n  +  1  log(n+l) 
which  is  to  be  proved,  may  be  written  in  the  form 


n      n       \       71/ L  logn      J 


log 
or 


A.logn<(n  +  l)log 


(-9 


The  right-hand  side  approaches  unity  through  values  which  are  greater  than 
unity,  as  is  seen  from  the  equation  (10).  The  truth  of  the  inequality  is  there- 
fore established  for  sufficiently  large  values  of  n,  for  the  left-hand  side  cannot 
exceed  unity. 

From  the  above  proposition  it  may  be  shown,  as  a  corollary,  that  if  the  prod- 
uct /3n  log  n  approaches  a  limit  2  as  n  becomes  infinite,  the  series  converges  if  Z  >  1, 
and  diverges  if  2  <1.  The  case  in  which  2=1  remains  in  doubt,  unless  /S;, logn 
is  always  less  than  unity.    In  that  case  the  series  surely  diverges. 

If  ^\ogn  approaches  unity  through  values  which  are  greater  than  unity,  we 
may  write,  in  like  manner, 

«ii  +  i  1 


f 


n      nlogn 

where  7m  approaches  zero  as  n  becomes  infinite.  It  would  then  be  possible  to 
prove  theorems  exactly  analogous  to  the  above  by  considering  the  product 
7n  log'n,  and  so  forth. 

Corollary.  If  in  a  series  of  positive  terms  the  ratio  of  any  term  to  the  pre- 
ceding can  be  written  in  the  form 

where  /i  is  a  positive  number,  r  a  constant,  and  Hn  a  quantity  whose  absolute 
value  remains  less  than  a  fixed  number  as  n  increases  indefinitely,  the  aeries  con- 
vergeB  ifrU  greater  than  unity ^  and  diverges  in  all  other  caaes. 
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For  if  we  set 


we  shall  hftTe 


,-* 

iur,  = — , 

and  hence  Urn  na.  =  r.  It  follows  that  the  series  converges  if  r  >  1,  and  diveigM 
if  r  <  1.  The  only  case  which  remains  in  doubt  is  that  in  which  r  =  1.  In  order 
to  decide  this  case,  let  us  set 

"^        l  +  i  +  ^* 
n      n 

From  this  we  find 

logn      ^+ljy  logn 

A.logn  = = , 

and  the  right-hand  side  approaches  zero  as  n  becomes  infinite,  no  matter  how 
small  the  number  /a  may  be.    Hence  the  series  diverges. 

Suppose,  for  example,  that  Un+i/Un  is  a  rational  function  of  n  which  ip- 
proaches  unity  as  n  increases  indefinitely: 


Un        np  +  &ini'-i+ 62^"* + 


Then,  performing  the  division  indicated  and  stopping  with  the  term  in  1/n^  we 

may  write 

Un+\      -   .  ai-bi      0(n) 

=  1  H H —1 

ii«  n  n^ 

where  0(n)  is  a  rational  function  of  n  which  approaches  a  limit  as  11  becomes 
infinite.  By  the  preceding  theorem,  tfie  Tieceasary  and  m^fflcient  condiUon  thai 
the  series  shotUd  converge  is  thai 

61  >  ai  + 1 . 

This  theorem  is  due  to  Gauss,  who  proved  it  directly.*  It  was  one  of  the  fint 
general  tests  for  convergence. 

164.  Absolute  convergence.  We  shall  now  proceed  to  study  series 
whose  terms  may  be  either  positive  or  negative.  If  after  a  ceriiain 
term  all  the  terms  have  the  same  sign,  the  discussion  reduces  to 
the  previous  case.  Hence  we  may  restrict  ourselves  to  series 
which  contain  an  infinite  number  of  positive  terms  and  an  infinite 

*  {Collected  Works^  Vol.  Ill,  p.  138.)  Disquisitiones  generales  circa  aeriem  ir\finitam 

1.7 
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number  of  negative  terms.    We  shall  prove  first  of  all  the  fol- 
lowing fundamental  theorem: 

Any  series  whatever  is  convergent  if  the  series  formed  of  the  ahso" 
lute  values  of  the  terms  of  the  given  series  converges. 

Let 

(11)  «»4"t*i  +  "*4"W,  H 

be  a  series  of  positive  and  negative  terms,  and  let 

(12)  j7o4- t/i4---4- t/.  +  ... 

be  the  series  of  the  absolute  values  of  the  terms  of  the  given  series, 
where  U^  =  \u^\.  If  the  series  (12)  converges,  the  series (11)  like- 
wise converges.  This  is  a  consequence  of  the  general  theorem  of 
§  157.     For  we  have 

and  the  right-hand  side  may  be  made  less  than  any  preassigned  num- 
ber by  choosing  n  sufficiently  large,  for  any  subsequent  choice  of  p. 
Hence  the  same  is  true  for  the  left-hand  side,  and  the  series  (11) 
surely  converges. 
The  theorem  may  also  be  proved  as  follows :  Let  us  write 

^.  =  K4-C^,)-^-> 
and  then  consider  the  auxiliary  series  whose  general  term  is  ic«  -h  ^»> 

(13)  (uo  -h  C^o)  +  (t*i  +  C^i  )  +  •••  +  (t^  +  C^«)  +  •••  • 

Let  5.,  5^,  and  5^'  denote  the  sums  of  the  first  n  terms  of  the  series 
(11),  (12),  and  (13),  respectively.     Then  we  shall  have 

•S^ii  =  -SI  —  ^ii« 

The  series  (12)  converges  by  hypothesis.  Hence  the  series  (13) 
also  converges,  since  none  of  its  terms  is  negative  and  its  general 
term  cannot  exceed  2U^,  It  follows  that  each  of  the  sums  S^  and 
5^',  and  hence  also  the  sum  5,,  approaches  a  limit  as  n  increases 
indefinitely.  Hence  the  given  series  (11)  converges.  It  is  evident 
that  the  given  series  may  be  thought  of  as  arising  from  the  subtrac- 
tion of  two  convergent  series  of  positive  terms. 

Any  series  is  said  to  be  ahsolviely  convergent  if  the  series  of  the 
absolute  values  of  its  terms  converges.  In  such  a  series  the  order  of 
the  terms  may  be  changed  in  any  way  whatever  vnthout  altering  the 
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nan  of  the  serieg.  Let  us  first  consider  a  ooorecgait  aenes  of  posi- 
tiTe  terms, 

(14)  a^-^-Oi-i hObH f 

whose  sum  is  5,  and  let 

(15)  *.  +  fti+- •  +  *«  +  ••• 

be  a  series  whose  terms  are  the  same  as  those  of  the  first  aem 
arranged  in  a  different  order,  Le.  each  term  of  the  series  (14)  is  to 
be  found  somewhere  in  the  series  (15),  and  each  term  of  the  series 
(15)  occurs  in  the  series  (14). 

Let  S'^  be  the  sum  of  the  first  m  terms  of  the  series  (15).  Since 
all  these  terms  occur  in  the  series  (14),  it  is  eyident  that  n  may  be 
chosen  so  large  that  the  first  m  terms  of  the  series  (15)  are  to  be 
found  among  the  first  n  terms  of  the  series  (14).    Hence  we  shall  have 

SL<S^<  5, 

which  shows  that  the  series  (15)  converges  and  that  its  sum  5' does 
not  exceed  S.  In  a  similar  manner  it  is  clear  that  S<S*.  Hence 
S*  =  S,  The  same  argument  shows  that  if  aae  of  the  above  series 
(14)  and  (15)  diverges,  the  other  does  also. 

2^  terms  of  a  convergent  series  of  positive  terms  may  also  he 
grouped  together  in  any  manner,  that  w,  we  may  form  a  series  each 
of  whose  terms  is  equal  to  the  sum  of  a  certain  number  of  terms  of 
the  given  series  without  altering  the  sum  of  the  series,*  Let  us  first 
suppose  that  consecutive  terms  are  grouped  together,  and  let 

(16)  ^,-|.^j-l-^,-|....-|.A^-l-... 
be  the  new  series  obtained,  where,  for  example, 

-^0  =  ^  +  ^*1  H l-«p,        Ai  =  a,+iH ha,, 

Then  the  sum  S'^  of  the  first  m  terms  of  the  series  (16)  is  equal  to 
the  sum  5^  of  the  first  N  terms  of  the  given  series,  where  N>m, 
As  m  becomes  infinite,  N  also  becomes  infinite,  and  hence  S^^  also 
approaches  the  limit  S, 

Combining  the  two  preceding  operations,  it  becomes  clear  that  anii 
convergent  series  of  positive  terms  may  he  repUieed  by  another  series 
each  of  whose  terms  is  the  sum  of  a  certain  number  of  terms  of  the 
given  series  taken  in  any  order  whatever y  without  altering  the  sum  of 

*  It  is  often  said  that  pcarentheses  niay  he  inaerted  in  a  convergent  aerie*  ofposiHoe 
terms  in  any  manner  whatever  witfiotU  altering  the  sum  of  the  aeries,  — Tilaks. 
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the  series.  It  is  only  necessary  that  each  term  of  the  given  series 
should  occur  in  one  and  in  only  one  of  the  groups  which  form  the 
terms  of  the  second  series. 

Any  absolutely  convergent  series  may  be  regarded  as  the  differ- 
ence of  two  convergent  series  of  positive  terms ;  hence  the  preceding 
operations  are  permissible  in  any  such  series.  It  is  evident  that  an 
absolutely  convergent  series  may  be  treated  from  the  point  of  view 
of  numerical  calculation  as  if  it  were  a  sum  of  a  finite  number  of 
terms. 

165.  Conditionally  convergent  series.  A  series  whose  terms  do  not  all 
have  the  same  sign  may  be  convergent  without  being  absolutely  con- 
vergent. This  fact  is  brought  out  clearly  by  the  following  theorem 
on  alternating  series,  which  we  shall  merely  state,  assuming  that  it 
is  already  familiar  to  the  student.* 

A  series  whose  terms  are  alternately  positive  and  negative  converges 
if  the  ahsolute  value  of  each  term  is  less  than  thai  of  the  preceding ^ 
and  if  in  addition,  the  aJbsolvte  value  of  the  terms  of  the  series 
diminishes  indefinitely  as  the  number  of  term^  increases  indefinitely. 

For  example,  the  series 

l-i-fi  —  -J u  C-  !)«-» i  H 

converges.  We  saw  in  §  49  that  its  sum  is  log  2.  The  series 
of  the  absolute  values  of  the  terms  of  this  series  is  precisely  the 
harm/mie  series,  which  diverges.  A  series  which  converges  but 
which  does  not  converge  absolutely  is  called  a  conditionally  conver- 
gent series.  The  investigations  of  Cauchy,  Lejeune-Dirichlet,  and 
Biemann  have  shown  clearly  the  necessity  of  distinguishing  between 
absolutely  convergent  series  and  conditionally  convergent  series. 
For  instance,  in  a  conditionally  convergent  series  it  is  not  always 
allowable  to  change  the  order  of  the  terms  nor  to  group  the  terms 
together  in  parentheses  in  an  arbitrary  manner.  These  operations 
may  alter  the  sum  of  such  a  series,  or  may  change  a  convergent 
series  into  a  divergent  series,  or  vice  versa.  For  example,  let  us 
again  consider  the  convergent  series 

2^3      4^       ^2n4-l      2n4-2^       ' 

*  It  is  pointed  out  in  §  166  that  this  theorem  ii  a  special  case  of  tlie  theorem  proved 
there.  —  Trans. 
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whose  sum  is  evidently  equal  to  the  limit  of  the  expxeesioii 

as  m  becomes  infmite.   Let  us  write  the  terms  of  this  series  in  another 
order,  putting  two  negative  terms  after  each  positive  term,  as  follows: 

1_11  +  11      !  +  ...+      11  1 


2      4  '  3      6      8  ■  2n4-l      4n  +  2      4n  +  4  ' 

It  is  easy  to  show  from  a  consideration  of  the  sums  S^,  S^+v  and 
^in+f  ^^t  the  new  series  converges.  Its  sum  is  the  limit  of  the 
expression 

yV^ I l_^ 

«To\2»H-l      4n  +  2      4n  +  4/ 

as  m  becomes  infinite.     From  the  identity 

1  1 1      ^1/     1  1     \ 

2n  +  l      4n  +  2      4n  +  4      2\2n  +  l      2n-|-2/ 

it  is  evident  that  the  sum  of  the  second  series  is  half  the  sum  of 
the  given  series. 

In  general,  given  a  aeries  which  is  conveigent  but  not  absolutely  convergent, 
it  is  possible  to  arrange  the  terms  in  such  a  way  that  the  new  series  converges 
toward  any  preassigned  number  A  whatever.  Let  jS^  denote  the  sum  of  the 
first  p  positive  terms  of  the  series,  and  S^g  the  sum  of  the  absolute  values  of  the 
first  q  negative  terms,  taken  in  such  a  way  that  the  p  positive  terms  and  the  q 
negative  terms  constitute  the  first  p  +  9  terms  of  the  series.  Then  the  som  of 
the  first  p  +  9  terms  is  evidently  <Sp  —  ^.  As  the  two  numbers p and  ^incresee 
indefinitely,  each  of  the  sums  jS^  and  S'q  must  increase  indefinitely,  for  otherwise 
the  series  would  diverge,  or  else  converge  absolutely.  On  the  other  hand,  siooe 
the  series  is  supposed  to  converge,  the  general  term  must  approach  zero. 

We  may  now  form  a  new  series  whose  sum  is  ul  in  the  following  manner: 
Let  us  take  positive  terms  from  the  given  series  in  the  order  in  which  they  occur 
in  it  until  their  sum  exceeds  A,  Let  us  then  add  to  these,  in  the  order  in  whioh 
they  occur  in  the  given  series,  negative  terms  until  the  total  sum  is  leas  than  A. 
Again,  beginning  with  the  positive  terms  where  we  left  off,  let  us  add  positive 
terms  until  the  total  sum  is  greater  than  A.  We  should  then  return  to  the 
negative  terms,  and  so  on.  It  is  clear  that  the  sum  of  the  first  n  terms  of  the 
new  series  thus  obtained  is  alternately  greater  than  and  then  less  than  A^  and 
that  it  differs  from  ^  by  a  quantity  which  approaches  zero  as  its  limit. 

166.  AbePs  test.   The  following  test,  due  to  Abel,  enables  us  to  establish  the 

convergence  of  certain  series  for  which  the  preceding  tests  fail.    The  proof  is 

based  upon  the  lemma  stated  and  proved  in  §  75. 

Let 

Mo  +  Ui  + h  ttn  +  •  •  • 
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be  a  series  which  conyerges  or  which  is  indeterminate  (that  is,  for  which  the  sum 
of  the  first  n  terms  is  always  less  than  a  fixed  number  A  in  absolute  value). 
Again,  let 

«o»    <i»    •••»    <«»     ••• 

be  a  monotonicaily  decreasing  sequence  of  positive  numbers  which  approach 
zero  as  n  becomes  infinite.     Then  the  series 

(17)  «oi*o  +  «iWi  +  --- +  «« ««  +  ••• 

cowoergea  under  the  hypotheses  made  aJbove. 

For  by  the  hypotheses  made  above  it  follows  that 

|u,+i  +  ..-  +u»+j,|  <  2A 

for  any  value  of  n  and  p.    Hence,  by  the  lemma  just  referred  to,  we  may  write 

|tln  +  l««  +  l  H h  Un+ptn+p\  <  2A€n  +  l. 

Sine  •  e»+i  approaches  zero  as  n  becomes  infinite,  n  may  be  chosen  so  large  that 
the  absolute  value  of  the  sum 

will  be  less  than  any  preassigned  positive  number  for  all  values  of  p.    The 
series  (17)  therefore  converges  by  the  general  theorem  of  §  157. 
When  the  series  uo  +  uiH +  u»+-"  reduces  to  the  series 

I-I4.l_l4.l_l..., 

whose  terms  are  alternately  + 1  and  —  1,  the  theorem  of  this  article  reduces  to 
the  theorem  stated  in  §  166  with  regard  to  alternating  series. 
As  an  example  under  the  general  theorem  consider  the  series 

sin^  +  8in2^4-sin8^H h  sin n^H , 

which  is  convergent  or  indeterminate.  For  if  sin  0  =  0,  every  term  of  the  series 
is  zero,  while  if  sin  ^  ^  0,  the  sum  of  the  first  n  terms,  by  a  formula  of  Trigo- 
nometry, is  equal  to  the  expression 


.   ne 
sin  — 

2     , 
sin 

sin- 
2 


(^.) 


which  is  less  than  1 1/sin  {$/2)  \  in  absolute  value.     It  follows  that  the  series 

sin^  ,  sin2^  ,            sinn^  , 
__ — _ — \. .. .  4 f. . . . 

12  n 

converges  for  all  values  of  $.    It  may  be  shown  in  a  similar  manner  that  the 

series 

cos^  ,  cos2^  ,         .  cosn^  , 
__ —  4 _ —  4. ...  4. 4. . . . 

12  n 

converges  for  all  values  of  $  except  $  =  2kie, 
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Corollary.  RestrictiDg  ourselves  to  convergent  series,  we  may  state  a  more 
general  theorem.    Let 

be  a  convergent  series,  and  let 

be  any  monotonically  increasing  or  decreasing  sequence  of  positive  nnmbeTS 
which  approach  a  limit  k  different  from  zero  as  n  increases  indefinitely.  Then 
the  »erie» 

(18)  couo  +  «i«i  +  •  •  •  +  HUn  +  •  •  • 

al»o  converges. 

For  deflniteness  let  us  suppose  that  the  e*s  always  increase.    Then  we  msj 
write 

where  the  numbers  ao,  ai,  •  •  • ,  a.,  •  •  •  form  a  sequence  of  decreasing  positive 

numbers  which  approach  zero  as  n  becomes  infinite.    It  foUows  that  the  two 

series 

kuQ  +  'kui    +  •  •  •  +  kUn    +  •  •  •  I 

aouo  +  aitti  +  •  •  •  +  anUn  +  •  •  • 

both  converge,  and  therefore  the  series  (18)  also  converges. 


II.   SERIES  OF  COMPLEX  TERMS      MULTIPLE  SERIES 

167.  Definitions.   In  this  section  we  shall  deal  with  certain  gen- 
eralizations of  the  idea  of  an  infinite  series. 
Let 

(19)  ttf  4"  t*i  4"  Wj  -h  •  •  •  -h  u,  4-  •  •  • 
be  a  series  whose  terms  are  imaginary  quantities: 

Wo  =  «o  4-  ^0*)       Wi  =  %  4-  5it,       •  •  •,       t*,  =  a,  4"  b^i, 

Such  a  series  is  said  to  be  convergent  if  the  two  series  formed  of 
the  real  parts  of  the  successive  terms  and  of  the  coefi&cients  of  the 
imaginary  parts,  respectively,  both  converge: 

(20)  a©  H-  <*i  H-  ^  H 1-  ««  H =  'Sf'j 

(21 )  ^0  4-  ^1  4-  ^«  4-  •  •  •  4-  ^»  4-  •  •  •  =  5f". 

Let  S'  and  S"  be  the  sums  of  the  series  (20)  and  (21),  respectively. 
Then  the  quantity  5  =  5'  4-  iS"  is  called  the  sum  of  the  series  (19). 
It  is  evident  that  S  is,  as  before,  the  limit  of  the  sum  S^  of  the  first 
n  terms  of  the  given  series  as  n  becomes  infinite.  It  is  evident 
that  a  series  of  complex  terms  is  essentially  only  a  combination  of 
two  series  of  real  terms. 
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When  the  series  of  absolute  values  of  the  terms  of  the  series  (19) 


(22)  y/ai  +  bl  +  V«i  +  ^  4-  ••  •  4-  \/«i  +  ^  4-  •  •• 

converges,  each  of  the  series  (20)  and  (21)  evidently  converges  ahsth 
lutelg,  for  |a,|  g  V^i  +  ^  and  |ftj  g  V^J  +  ^i- 

In  this  case  the  series  (19)  is  said  to  be  ahsolutehj  convergent.  The 
sum  of  such  a  series  is  not  altered  by  a  change  in  the  order  of  the 
terms,  nor  by  grouping  the  terms  together  in  any  way. 

Conversely,  if  ea^h  of  the  series  (20)  and  (21)  converges  absolutely, 
the  series  (22)  converges  absolutely,  for  \/aJ  4-  bl  ^  |  a,  |  4- 1 6, 


Corresponding  to  every  test  for  the  convergence  of  a  series  of 
positive  terms  there  exists  a  test  for  the  absolute  convergence  of 
any  series  whatever,  real  or  imaginary.  Thus,  if  the  absolute  value 
of  the  ratio  of  two  consecutive  term^  of  a  series  \u^+i/u^\,  after  a  cer- 
tain term,  is  less  than  a  fixed  number  less  than  unity,  the  series  con- 
verges absolutely.  For,  let  J7,  =  |  m,  | .  Then,  since  |  u^ + Ju^  |  <  A;  <  1 
after  a  certain  term,  we  shall  have  also 

which  shows  that  the  series  of  absolute  values 

t/o4-  C^i4----4-J7«4---- 

converges,  if  |w,+i/t*,|  approaches  a  limit  I  as  n  becomes  infinite, 
the  series  converges  if  Kl,  and  diverges  if  1>1,  The  first  half  is 
self-evident.  In  the  second  case  the  general  term  u^  does  not 
approach  zero,  and  consequently  the  series  (20)  and  (21)  cannot 
both  be  convergent.     The  case  1  =  1  remains  in  doubt. 

More  generally,  if  w  be  the  greatest  limit  of  VD^I  as  n  becomes  infinite,  the 
series  (19)  converges  if  w<l^  and  diverges  if  u>\.  For  in  the  latter  case  the 
modulus  of  the  general  term  does  not  approach  zero  (see  §  161).  The  case  in 
whichrw  =  1  remains  in  doubt — the  series  may  be  absolutely  convergent,  simply 
convergent,  or  divergent. 

168.  Multiplication  of  aeries.   Let 

(23)  t*o  4-  Ml  4-  w,  H h  M,  H , 

(24)  »^o  4-  fi  -h  1*2  H [-v„-\ 

be  any  two  series  whatever.  Let  us  multiply  terms  of  the  first 
series  by  terms  of  the  second  in  all  possible  ways,  and  then  group 
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together  all  the  prodnots  UfVj  for  which  the  sum  %  +  j  of  the  snb- 
ecripts  is  the  same ;  we  obtain  in  this  way  a  new  series 

If  each  of  the  series  (23)  and  (24)  is  absolutely  converge$Uy  the 
series  (25)  eonverges^  and  its  sum  is  the  product  of  the  sums  of  (h» 
two  given  series.  This  theorem,  which  is  due  to  Cauchj,  was  gener- 
alized by  Mertens,*  who  showed  that  it  still  holds  if  only  one  of  the 
series  (23)  and  (24)  is  absolutely  convergent  and  the  other  is  merely 
conyergent. 

Let  us  suppose  for  definiteness  that  the  series  (23)  converges 
absolutely,  and  let  w^  be  the  general  term  of  the  series  (25): 

The  proposition  will  be  proved  if  we  can  show  that  each  of  the 
differences 

tt't  +  w^iH Vt^tn     -(«•-!- Ml  H l-M«)     (»t  +  ViH +vji 

w't  +  w'l  +  •  ••  +  tt's.+i -(uo  +  «i  +  •••  4- M.+i)(vt  +  t'l  +  ••• +  0 

approaches  zero  as  n  becomes  infinite.  Since  the  proof  is  the  same 
in  each  case,  we  shall  consider  the  first  difference  only.  Arranging 
it  according  to  the  u%  it  becomes 

5  =     «o(v«+i  4-  •  •  •  4-  v„)  +  Ui  (t;,+i  4-  •  •  •  +  »„_i)  +  •  •  •  +  i«,_i«,+i 

4-  t<,+i  (vo  +  •  •  •  4-  t;,.i)  4- 1*,+, (vo  4-  •  •  •  +  v,-,)  4-  •  •  •  4-  m>.«o. 

Since  the  series  (23)  converges  absolutely,  the  sum  U^-^-Ux^ h ^» 

is  less  than  a  fixed  positive  number  A  for  all  values  of  n.  Like- 
wise, since  the  series  (24)  converges,  the  absolute  value  of  the  sum 

Vo  4-  t^i  H h  t;,  is  less  than  a  fixed  positive  number  B,    Moreover, 

corresponding  to  any  preassigned  positive  number  c  a  number  m 

exists  such  that 

c 


/-+i4-" 
^•+1 4-  • 

•4-1^.+, 
•  •  4-  ».+p 

< 

< 

A-^-B' 

€ 

A-{-B' 

for  any  value  of  p  whatever,  provided  that  n  ^  m.  Having  so  chosen 
n  that  all  these  inequalities  are  satisfied,  an  upper  limit  of  the  quan- 
tity |S|  is  given  by  replacing  Wo,  Wi,  t*,,  •  •,  ti,,  by  Uo,  Ui,  17,, .  -,  I/,., 

•  CreUe'8  Journal,  Vol.  LXXIX. 
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respectively,  v.+i  -f  v^^.,  H -f  v.+p  by  e/(^  +  -B),  and  finally  each 

of  the  expressions  v©  4-  Vi  H -f  i;,_i,  v©  H h  v,_j,  •  •  •>  Vo  hy  A 

This  gives 


or 


A+B  '      M  4--B  '^  4--B 

|«|<  J-^(i/o  +  C^i  4- •••  4- 1/..,)  4- B(t7,+i  +  ...  +  17,0 
4-   ,    .    ^> 


.4  4--B      A  4--B 

whence,  finally,  |  S  |  <  c.   Hence  the  difference  S  actually  does  approach 
zero  as  n  becomes  infinite. 

169.  Double  aeries.  Consider  a  rectangular  network  which  is  lim- 
ited upward  and  to  the  left,  but  which  extends  indefinitely  down- 
ward and  to  the  right.  The  network  will  contain  an  infinite  number 
of  vertical  columns,  which  we  shall  number  from  left  to  right  from 
0  to  +  oo .  It  will  also  contain  an  infinite  number  of  horizontal 
rows,  which  we  shall  number  from  the  top  downward  from  0  to  +  oo . 
Let  us  now  suppose  that  to  each  of  the  rectangles  of  the  network  a 
certain  quantity  is  assigned  and  written  in  the  corresponding  rec- 
tangle. Let  a^  be  the  quantity  which  lies  in  the  tth  row  and  in  the 
A;th  column.     Then  we  shall  have  an  array  of  the  form 


(26) 


OOO       ^1       «0J       •••       ^n 

«io     «ii     «ij     •••     <*U 
0,0      0,1      o„      •••      O,, 


<^mO     ««1      ««t      •••       «< 


We  shall  first  suppose  that  each  of  the  elements  of  this  array  is  real 
and  positive. 

Now  let  an  infinite  sequence  of  curves  Ci,  C„  •  •  •,  C„  •  •  •  be  drawn 
across  this  array  as  follows  :  1)  Any  one  of  them  forms  with  the  two 
straight  lines  which  bound  the  array  a  closed  curve  which  entirely 
surrounds  the  preceding  one ;  2)  The  distance  from  any  fixed  point 
to  any  point  of  the  curve  C^,  which  is  otherwise  entirely  arbitrary, 
becomes  infinite  with  n.  Let  S^  be  the  sum  of  the  elements  of  the 
array  which  lie  entirely  inside  the  closed  curve  composed  of  C^  and 
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the  two  straight  lines  which  bound  the  array.  If  5.  approaches  a 
limit  5  as  n  becomes  infinite,  we  shall  say  that  the  double  series 

+•  +• 

(27)  XX«<* 

t-0  ib-O 

converges,  and  that  its  sum  is  S.  In  order  to  justify  this  definition, 
it  is  necessary  to  show  that  the  limit  S  is  independent  of  the  fonn 
of  the  curves  C,  Let  C{,  Ci,  •••,  Ci,,  •••  be  another  set  of  curves 
which  recede  indefinitely,  and  let  SI  be  the  sum  of  the  elements 
inside  the  closed  curve  formed  by  CI  and  the  two  boundaries.  If  m 
be  assigned  any  fixed  value,  n  can  always  be  so  chosen  that  the 
curve  C,  lies  entirely  outside  of  C^.  Hence  S'^<S^,  and  therefore 
Sl^  <  S,  for  any  value  of  m.  Since  iS^^  increases  steadily  with  m,  it 
must  approach  a  limit  S'^  S  as  m  becomes  infinite.  In  the  same 
way  it  follows  that  S  <  S'.     Hence  S'  =  S. 

For  example,  the  curve  C|  may  be  chosen  as  the  two  lines  which 
form  with  the  boundaries  of  the  array  a  square  whose  side  increases 
indefinitely  with  t,  or  as  a  straight  line  equally  inclined  to  the  two 
boundaries.   The  corresponding  sums  are,  respectively,  the  following : 

«oo+(«io  +  aii  +  aoi)H h(a,o  +  «iiiH haw,  +  a,-i,,H h«N)> 

If  either  of  these  sums  approaches  a  limit  as  n  becomes  infinite,  the 
other  will  also,  and  the  two  limits  are  equal. 

The  array  may  also  be  added  by  rows  or  by  columns.  For,  sup- 
pose that  the  double  series  (27)  converges,  and  let  its  sum  be  S.  It 
is  evident  that  the  sum  of  any  finite  number  of  elements  of  the  series 
cannot  exceed  S.  It  follows  that  each  of  the  series  formed  of  the 
elements  in  a  single  row 

(28)  a,o  +  «ti  H 1-  «u  H 9         *  =  ^f  1>  2,  • .  •, 

converges,  for  the  sum  of  the  first  n  + 1  terms  Ojo  +  a^,  H h  Aj. 

cannot  exceed  S  and  increases  steadily  with  n.  Let  or,  be  the  sum  of 
the  series  formed  of  the  elements  in  the  tth  row.    Then  the  new  series 

(29)  <ro  +  o-j  H h  <r,  H 

surely  converges.  For,  let  us  consider  the  sum  of  the  terms  of  the 
array  Sa^^  for  which  i^p,  k^r.  This  sum  cannot  exceed  S,  and 
increases  steadily  with  r  for  any  fixed  value  of  pi  hence  it 
approaches  a  limit  as  r  becomes  infinite,  and  that  limit  is  equal  to 

(30)  o-Q  -H  0-1  -H  •  •  •  +  <rp 
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for  any  fixed  value  of  p.     It  follows  that  <ro  +  <ri  H h  (t,  cannot 

exceed  S  and  increases  steadily  with  p.  Consequently  the  series  (29) 
converges,  and  its  sum  2  is  less  than  or  equal  to  S.  Conversely,  if 
each  of  the  series  (28)  converges,  and  the  series  (29)  converges  to  a 
sum  S,  it  is  evident  that  the  sum  of  any  finite  number  of  elements 
of  the  array  (26)  cannot  exceed  X     Hence  5  <  2,  and  consequently 

The  argument  just  given  for  the  series  formed  from  the  elements 
in  individual  rows  evidently  holds  equally  well  for  the  series  formed 
from  the  elements  in  individual  columns.  The  sum  of  a  convergent 
double  series  whose  elements  are  all  positive  may  be  evaluated  by 
rowsy  by  columns,  or  by  means  of  curves  of  any  form  whieh  recede 
indefinitely.  In  particular,  if  the  series  converges  when  added  by  rows, 
it  will  surely  converge  when  added  by  columns,  and  the  sum  will  be  the 
same.  A  number  of  theorems  proved  for  simple  series  of  positive 
terms  may  be  extended  to  double  series  of  positive  elements.  For 
example :  if  ea>ch  of  the  elements  of  a  double  series  of  positive  elements 
is  less,  respectively,  than  the  corresponding  elem,ents  of  a  known  con- 
vergent double  series,  the  first  series  is  also  convergent;  and  so  forth. 

A  double  series  of  positive  terms  which  is  not  convergent  is  said 
to  be  divergent.  The  sum  of  the  elements  of  the  corresponding 
array  which  lie  inside  any  closed  curve  increases  beyond  all  limit 
as  the  curve  recedes  indefinitely  in  every  direction. 

Let  us  now  consider  an  array  whose  elements  are  not  all  positive. 
It  is  evident  that  it  is  unnecessary  to  consider  the  cases  in  which 
all  the  elements  are  negative,  or  in  which  only  a  finite  number  of 
elements  are  either  positive  or  negative,  since  each  of  these  cases 
reduces  immediately  to  the  preceding  case.  We  shall  therefore  sup- 
pose that  there  are  an  infinite  number  of  positive  elements  and  an 
infinite  number  of  negative  elements  in  the  array.  Let  a^i^  ^  ^^ 
general  term  of  this  array  T.  If  the  array  Ti  of  positive  elements, 
each  of  which  is  the  absolute  value  |  a^^]  of  the  corresponding  element 
in  T,  converges,  the  array  T  is  said  to  be  ahsolutely  convergent.  Such 
an  array  has  all  of  the  essential  properties  of  a  convergent  array  of 
positive  elements. 

In  order  to  prove  this,  let  us  consider  two  auxiliary  arrays  V 
and  V\  defined  as  follows.  The  array  T  is  formed  from  the  array  T 
by  replacing  each  negative  element  by  a  zero,  retaining  the  positive 
elements  as  they  stand.  Likewise,  the  array  V  is  obtained  from 
the  array  7*  by  replacing  each  positive  element  by  a  zero  and  chang- 
ing the  sign  of  each  negative  element.     Each  of  the  arrays  V  and  T^ 
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converges  wheneyer  the  array  Ti  converges,  for  each  element  of  f , 
for  example,  is  less  than  the  corresponding  element  of  7\.  The  sum 
of  the  terms  of  the  series  T  which  lie  inside  any  closed  curve  is 
equal  to  the  difference  between  the  sum  of  the  terms  of  T  which 
lie  inside  the  same  curve  and  the  sum  of  the  terms  of  T*'  which 
lie  inside  it.  Since  the  two  latter  sums  each  approach  limits  as 
the  curve  recedes  indefinitely  in  all  directions,  the  first  sum  also 
approaches  a  limit,  and  that  limit  is  independent  of  the  form  of 
the  boundary  curve.  This  limit  is  called  the  sum  of  the  array  T, 
The  argument  given  above  for  arrays  of  positive  elements  shows 
that  the  same  sum  will  be  obtained  by  evaluating  the  array  T  hj 
rows  or  by  columns.  It  is  now  clear  that  an  array  whose  elements 
are  indiscriminately  positive  and  negative,  if  it  converges  absolutely^ 
may  be  treated  as  if  it  were  a  convergent  array  of  positive  terms. 
But  it  is  essential  that  the  series  7\  of  positive  terms  be  shown  to 
be  convergent. 

If  the  array  Ti  diverges,  at  least  one  of  the  arrays  ST  and  T"  diverges.  If 
only  one  of  them,  7^  for  example,  diverges,  the  other  T'  being  conveigent,  the 
sum  of  the  elements  of  the  array  T  which  lie  inside  a  dosed  carve  C  becomes 
infinite  as  the  curve  recedes  indefinitely  in  all  directions,  irrespective  of  the 
form  of  the  curve.  If  both  arrays  T'  and  T'  diverge,  the  above  reasonhig 
shows  only  one  thing,  —  that  the  sum  of  the  elements  of  the  array  T  inside 
a  closed  curve  C  is  equal  to  the  difference  between  two  sums,  each  of  which 
increases  indefinitely  as  the  curve  C  recedes  indefinitely  in  all  directions.  It 
may  happen  that  the  sum  of  the  elements  of  T  inside  C  approach  different 
limits  according  to  the  form  of  the  curves  C  and  the  manner  in  which  they 
recede,  that  is  to  say,  according  to  the  relative  rate  at  which  the  number  of 
positive  terms  and  the  number  of  negative  terms  in  the  sum  are  made  to  increase. 
The  sum  may  even  become  infinite  or  approach  no  limit  whatever  for  certain 
methods  of  recession.  As  a  particular  case,  the  sum  obtained  on  evaluating  by 
rows  may  be  entirely  different  from  that  obtained  on  evaluating  by  columns  it 
the  array  Is  not  absolutely  convergent. 

The  following  example  is  due  to  Amdt.*    Let  us  consider  the  array 


(81) 


1/1\»     l/2\"l/2\"     l/8\"  l/p-l\"        I     /   p    Y 


•  Gt\in«rt.'%  ArcKiv,  Vol.  XI,  p.  310. 
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which  contains  an  infinite  number  of  poeitife  and  an  infinite  number  of  negative 
elements.  Each  of  the  series  formed  from  the  elements  in  a  single  row  or  from 
those  in  a  single  column  converges.  The  sum  of  the  series  formed  from  the 
terms  In  the  nth  row  is  evidently 


2  V2/        2«+i 


Hence,  evaluating  the  array  (31)  by  rows,  the  result  obtained  is  equal  to  the 
sum  of  the  convergent  series 

which  is  1/2.    On  the  other  hand,  the  series  formed  from- the  elements  in  the 
(p  —  l)th  column,  that  is, 

converges,  and  its  sum  is 

p-1         P     _      -1      _     1         1 
p        p+l""p(p +l)"p  +  l     p* 

Hence,  evaluating  the  array  (31)  by  columns,  the  result  obtained  is  equal  to  the 
sum  of  the  convergent  series 


a-^(i-i)--{^-j) 


which  is  — 1/2. 

This  example  shows  clearly  that  a  double  series  should  not  be  used  in  a 
calculation  unless  it  is  absolutely  convergent. 

We  shall  also  meet  with  double  series  whose  elements  are  complex 
quantities.  If  the  elements  of  the  array  (26)  are  complex,  two  other 
arrays  T'  and  7"  may  be  formed  where  each  element  of  7^  is  the 
real  part  of  the  corresponding  element  of  T  and  each  element  of  V 
is  the  coefficient  of  i  in  the  corresponding  element  of  T.  If  the 
array  7\  of  absolute  values  of  the  elements  of  T,  each  of  whose 
elements  is  the  absolute  value  of  the  corresponding  element  of  T, 
converges,  each  of  the  arrays  T  and  T"  converges  absolutely,  and 
the  given  array  T  is  said  to  be  absolutely  convergent.  The  sum  of 
the  elements  of  the  array  which  lie  inside  a  variable  closed  curve 
approaches  a  limit  as  the  curve  recedes  indefinitely  in  all  directions. 
This  limit  is  independent  of  the  form  of  the  variable  curve,  and  it 
is  called  the  sum  of  the  given  array.  The  sum  of  any  absolutel^X 
convergent  array  may  also  be  evaluated  by  rows  or  by  oolumiia^ 
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170.  An  abtolntely  conTogent  doable  aeriet  may  be  replaced  by  a  eimple 
■eriee  fonned  from  tbe  tame  elementa.  It  will  be  anffldent  to  ahow  that  tte 
leetanglea  of  the  network  (SO)  can  be  nnmbeied  in  Bach  a  way  that  each  re^ 
tangle  haa  a  definite  namber,  without  ezceptioo,  dilfeient  from  that  of  any  otiw 
rectangle.  In  other  words,  we  need  merely  ahow  that  the  aeqacnce  of  nauml 
numbers 

(82)  0,    1,    2, 


and  the  assemblage  of  all  pairs  of  positi?e  integers  (<,  I;),  where  <^ 0,  i^^O,  on 
be  paired  off  in  such  a  way  that  one  and  only  one  number  of  the  sequence  (81) 
will  correspond  to  any  given  pair  (i,  k),  and  conyersely,  no  namber  m  oorreqModf 
to  more  than  one  of  the  pairs  (i,  k).  Let  us  write  the  pairs  (i,  I;)  In  order  m 
follows : 

(0,0),     (1,0),     (0,1),     (2,0),     (1,1),     (0,2),     .... 

where,  in  general,  all  those  pairs  for  which  i  +  k  =  n  are  written  down  after 
thoee  for  which  i-^k<n  have  all  been  written  down,  the  order  in  which  those 
of  any  one  set  are  written  being  the  same  as  that  of  the  Taluea  of  i  for  the  Tariom 
pairs  beginning  with  (n,  0)  and  going  to  (0,  n).  It  is  evident  that  any  pair  (i,  k) 
will  be  preceded  by  only  k  finite  number  of  other  pairs.  Hence  each  pair  will 
have  a  distinct  number  when  the  sequence  just  written  down  Is  ooanted  off 
according  to  the  natural  numbers. 

Suppose  that  the  elements  of  the  absolutely  convergent  double  series  ZZoa  are 
written  down  in  the  order  just  determined.  Then  we  shall  have  an  ordinary  aeriea 

(83)      ooo  +  Aio  +  Ooi  +  Oso  +  All  +  Ooa  +  •  •  •  +  0*0  +  a»~i,i  +  •  •  • 

whose  terms  coincide  with  the  elements  of  the  given  double  series.  This  sinqde 
series  evidently  converges  absolutely,  and  its  sum  is  equal  to  the  sum  of  the  given 
double  series.  It  is  clear  that  the  method  we  have  employed  is  not  the  only  pos- 
sible method  of  transforming  the  given  double  series  into  a  simple  series,  since 
the  order  of  the  terms  of  the  series  (83)  can  be  altered  at  pleasare.  Conversely, 
any  absolutely  convergent  simple  series  can  be  transformed  Into  a  double  seriei 
in  an  infinite  variety  of  ways,  and  that  process  constitutes  a  powerful  instrument 
in  the  proof  of  certain  identities.* 

It  is  evident  that  the  concept  of  double  series  is  not  essentially  different  from 
that  of  simple  series.  In  studying  absolutely  convergent  series  we  found  that 
the  order  of  the  terms  could  be  altered  at  will,  and  that  any  ftniie  number  of 
terms  could  be  replaced  by  their  sum  without  altering  the  sum  of  the  series 
An  attempt  to  generalize  this  property  leads  very  naturally  to  the  introduction 
of  double  series. 

171.  Multiple  aeries.  The  notion  of  double  series  may  be  generalized. 
In  the  first  place  we  may  consider  a  series  of  elements  a^,  with  two 
subscripts  m  and  n,  each  of  which  may  vary  from  —  oo  to  +oo. 
The  elements  of  such  a  series  may  be  arranged  in  the  rectangles  of 
a  rectangular  network  which  extends  indefinitely  in  all  directions; 

*  Tannery,  Introduction  a  la  tK^orie  de«  fonctiona  d^une  voHoMe,  p.  67. 
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it  is  evident  that  it  may  be  divided  into  four  double  series  of  the 
type  we  have  just  studied. 

A  more  important  generalization  is  the  following.  Let  us  consider 
a  series  of  elements  of  the  type  o^. »„.....«,)  where  the  subscripts 
mi,  m,y  '"9  rHj,  may  take  on  any  values  from  0  to  +  oo,  or  from  —  oo 
to  +  00,  but  may  be  restricted  by  certain  inequalities.  Although  no 
such  convenient  geometrical  form  as  that  used  above  is  available 
when  the  number  of  subscripts  exceeds  three,  a  slight  consideration 
shows  that  the  theorems  proved  for  double  series  admit  of  immediate 
generalization  to  multiple  series  of  any  order  p.  Let  us  first  sup- 
pose that  all  the  elements  a^.M,.....»p  ^^^  '®^  ^^^  positive.  Let  Si 
be  the  sum  of  a  certain  number  of  elements  of  the  given  series,  S^ 
the  sum  of  Si  and  a  certain  number  of  terms  previously  neglected, 
5s  the  sum  of  Sf  and  further  terms,  and  so  on,  the  successive  sums 
'S>i»  5s,  •••,  5„  •••  being  formed  in  such  a  way  that  any  particular 
element  of  the  given  series  occurs  in  all  the  sums  past  a  certain  one. 
If  5.  approaches  a  limit  5  as  n  becomes  infinite,  the  given  series 
is  said  to  be  converrjient,  and  S  is  called  its  sum.  As  in  the  case  of 
double  series,  this  limit  is  independent  of  the  way  in  which  the 
successive  sums  are  formed. 

If  the  elements  of  the  given  multiple  series  have  different  signs 
or  are  complex  quantities,  the  series  will  still  surely  converge  if  the 
series  of  absolute  values  of  the  terms  of  the  given  series  converges. 

172.  Generalization  of  Cauchy's  theorem.  The  following  theorem, 
which  is  a  generalization  of  Cauchy's  theorem  (§  161),  enables  us  to 
determine  in  many  cases  whether  a  given  multiple  series  is  conver- 
gent or  divergent.  Let  f(x,  y)  be  a  function  of  the  two  variables  x 
and  y  which  is  positive  for  all  points  (x,  y)  outside  a  certain  closed 
curve  r,  and  which  steadily  diminishes  in  value  as  the  point  (a;,  y) 
recedes  from  the  origin.*  Let  us  consider  the  value  of  the  double 
integral  J//(a;,  y)  dx  dy  extended  over  the  ring-shaped  region  between 
r  and  a  variable  curve  C  outside  F,  which  we  shall  allow  to  recede 
indefinitely  in  all  directions ;  and  let  us  compare  it  with  the  double 
series  Sy)[m,  n),  where  the  subscripts  m  and  n  may  assume  any  posi- 
tive or  negative  integral  values  for  which  the  point  (m,  n)  lies  out- 
side the  fixed  curve  F.  Then  the  double  series  converges  if  the  double 
integral  approaches  a  limit,  and  conversely, 

*  All  that  is  necessary  for  the  present  proof  is  that  /(zi,  y{)  >/(Zfl,  y%i  whenever 
^v^^  <!'><'  Vx^Vt  outside  r.  It  is  easy  to  adapt  the  proof  to  still  more  general 
hypotheses. — Tbaws. 
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The  lines  a;  =  0,  x  =  ±1,  x  =  ±  2,  •  •  •  andy  s  0,  y  s  ±1,  y  s  ±2,*-- 
divide  the  region  between  T  and  C  into  squares  or  portions  of  sqnaie& 
Selecting  from  the  double  series  the  tenn  which  oorresponds  to  that 
comer  of  each  of  these  squares  which  is  farthest  from  the  origin,  it 
is  evident  that  the  sum  2/(m,  n)  of  these  terms  will  be  less  than  the 
yalue  of  the  double  integral  yj/(x,  y)dxdy  extended  over  the  region 
between  r  and  C.    If  the  double  integral  approaches  a  limit  as  C 
recedes  indefinitely  in  all  directions,  it  follows  that  the  sum  of  any 
number  of  terms  of  the  series  whatever  is  always  less  than  a  fixed 
number ;  hence  the  series  converges.    Similarly,  if  the  double  series 
converges,  the  value  of  the  double  integral  taken  over  any  finite 
region  is  always  less  than  a  fixed  number;  hence  the  intes^ral 
approaches  a  limit.     The  theorem  may  be  extended  to  multiple 
series  of  any  order  p,  with  suitable  hypotheses ;  in  that  case  the 
.integral  of  comparison  is  a  multiple  integral  of  order  p. 

As  an  example  consider  the  double  series  whose  general  term  is 
l/(m'  +  n')*^,  where  the  subscripts  m  and  n  may  assume  all  integral 
values  from  —  go  to  +  oo  except  the  values  m  =  n  =  0.  This  series 
converges  for  /*  >  1,  and  diverges  for  /a  <1.    For  the  double  integral 


'->  Hi^ 


extended  over  the  region  of  the  plane  outside  any  circle  whose 
center  is   the  origin  has  a  definite  value  if  /a  >  1  and  becomes 
infinite  if  /*<!  (§133). 
More  generally  the  multiple  series  whose  general  term  is 

1 

where  the  set  of  values  mi  =  ms  =  •  •  •  =  m,  =  0  is  excluded,  con- 
verges if  2/*  >  jt?.* 

III.  SERIES  OF  VARIABLE  TERMS     UNIFORM  CONVERGENCE 

173.  Definition  of  uniform  convergence.   A  series  of  the  form 

(35)  Wo («)  +  Wi  (a;)  H h  u^{x)  H , 

whose  terms  are  continuous  functions  of  a  variable  a;  in  an  inter- 
val (a,  h),  and  which  converges  for  every  value  of  x  belonging  to 
that  interval,  does  not  necessarily  represent  a  continuous  function, 

*More  general  theorems  are  to  be  found  in  Jordan's  Cwar9  d^Atudym^  VoL  I,  pw  16S. 
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as  we  might  be  tempted  to  belieye.     In  order  to  prove  the  fact  we 
need  only  consider  the  series  studied  in  §  4  : 


.  05*  a?*  05* 

a;"  H 1 1 1 


'"9 


which  satisfies  the  above  conditions,  but  whose  sum  is  discontinuous 
for  OS  =  0.  Since  a  large  number  of  the  functions  which  occur  in 
mathematics  are  defined  by  series,  it  has  been  found  necessary  to 
study  the  properties  of  functions  given  in  the  form  of  a  series.  The 
first  question  which  arises  is  precisely  that  of  determining  whether 
or  not  the  sum  of  a  given  series  is  a  continuous  function  of  the 
variable.  Although  no  general  solution  of  this  problem  is  known, 
its  study  has  led  to  the  development  of  the  very  important  notion 
of  uniform  convergence. 

A  series  of  the  type  (35),  each  of  whose  terms  is  a  function  of  x 
which  is  defined  in  an  interval  (a,  b),  is  said  to  be  uniformly  con- 
vergent in  that  interval  if  it  converges  for  every  value  of  05  between 
a  and  b,  and  if,  corresponding  to  any  arbitrarily  preassigned  positive 
number  e,  a  positive  integer  N,  independent  of  05,  can  be  found  such 
that  the  absolute  value  of  the  remainder  iS,  of  the  given  series 

Rn  =  ^•+i(«)  +  Un+%(x)  +  •  •  •  +  t*.+,(«)  +  •  •  • 

is  less  than  e  for  every  value  of  n^iV  and  for  every  value  of  05 
which  lies  in  the  interval  (a,  b). 

The  latter  condition  is  essential  in  this  definition.  For  any  pre- 
assigned value  of  X  for  which  the  series  converges  it  is  apparent 
from  the  very  definition  of  convergence  that,  corresponding  to  any 
positive  number  e,  a  number  N  can  be  found  which  will  satisfy 
the  condition  in  question.  But,  in  order  that  the  series  should  con- 
verge uniformly,  it  is  necessary  further  that  the  same  number  N 
should  satisfy  this  condition,  no  matter  what  value  of  05  be  selected 
in  the  interval  (a,  b).  The  following  examples  show  that  such  is  not 
always  the  case.     Thus  in  the  series  considered  just  above  we  have 

The  series  in  question  is  not  uniformly  convergent  in  the  inter- 
val (0,  1).  For,  in  order  that  it  should  be,  it  would  be  necessary 
(though  not  sufficient)  that  a  number  N  exist,  such  that 

1 

{1  +  7^^^^ 
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for  all  values  of  x  in  the  interval  (0, 1),  or,  what  amounts  to  the 
same  thing,  that 

Whatever  be  the  values  of  N  and  c,  there  always  exist,  however, 
positive  values  of  x  which  do  not  satisfy  this  inequality,  since  the 
right-hand  side  is  greater  than  unity. 

Again,  consider  the  series  defined  by  the  equations 

S^(x)=nxe-^,     5o(a;)=0,     w,(aj)  =  5,  -  5,_„     n  =  l,  2,... 

The  sum  of  the  first  n  terms  of  this  series  is  evidently  5,  (x),  which 
approaches  zero  as  n  increases  indefinitely.  The  series  is  therefore 
convergent,  and  the  remainder  R^  (x)  is  equal  to  —  nxtr"*'.  In  order 
that  the  series  should  be  uniformly  convergent  in  the  interval  (0, 1), 
it  would  be  necessary  and  sufficient  that,  corresponding  to  any  arbi- 
trarily preassigned  positive  number  c,  a  positive  integer  N  exist  such 
that  for  all  values  of  n>N 

nxe-'^<€,        0<a;<l. 

But,  if  a;  be  replaced  by  1/n,  the  left-hand  side  of  this  inequality  is 
equal  to  c"*/",  which  is  greater  than  1/e  whenever  n  >  1.  Since  c 
may  be  chosen  less  than  1/e,  it  follows  that  the  given  series  is  not 
uniformly  convergent. 

The  importance  of  \miformly  convergent  series  rests  upon  the 
following  property: 

The  sum  of  a  series  whose  terms  are  continuous  functions  of  a 
variable  x  in  an  interval  (a,  b)  and  which  converges  uniformly  in  that 
interval,  is  itself  a  continuous  function  ofx  in  the  same  interval. 

Let  Xq  be  a  value  of  x  between  a  and  b,  and  let  Xq  +  A  be  a  value 
in  the  neighborhood  of  Xq  which  also  lies  between  a  and  h.  Let  n 
be  chosen  so  large  that  the  remainder 

^«(«)  =  W.+1  {x) -f-  w,+,(a;)  +  •  •  • 

is  less  than  e/3  in  absolute  value  for  all  values  of  x  in  the  interval 
(a,  b),  where  c  is  an  arbitrarily  preassigned  positive  number.  Let /(a?) 
be  the  sum  of  the  given  convergent  series.     Then  we  may  write 

f(x)=4,(x)  +  R,(x), 

where  <^(x)  denotes  the  sum  of  the  first  n  + 1  terms, 

<^(a;)=  Mo(a;)-f-  Wi(a;)H h  u^(x). 
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Subtracting  the  two  equalities 

/(«o)  =*(««)  + ^.(«o), 

we  find 

f(x,  +  h)  -/(Xo)  =  [*(iBo  +  A)  -  ^(ajo)]  +  ie,(«p  +  A)  -  ij.(asp). 

The  number  n  was  so  chosen  that  we  have 

On  the  other  hand,  since  each  of  the  terms  of  the  series  is  a  continu- 
ous function  of  x,  <l>(x)  is  itself  a  continuous  function  of  x.  Henoe 
a  positive  number  rj  may  be  found  such  that 

\*(x,  +  h)-^x,)\<^ 
whenever  |  A  |  is  less  than  i;.    It  follows  that  we  shall  have,  a  fortiori, 

i/(«.+A)-/i:«.)i<3| 

whenever  |A|  is  less  than  rj.  This  shows  that  f(x)  is  continuous 
for  x  =  Xq, 

Note,  It  would  seem  at  first  very  difficult  to  determine  whether 
or  not  a  given  series  is  uniformly  convergent  in  a  given  interval. 
The  following  theorem  enables  us  to  show  in  many  cases  that  a 
given  series  converges  uniformly. 

Let 

(36)  tto(a;)+t*i(aj)  +  --   -ht«,(a;)  +  ... 

be  a  aeries  each  of  whose  terms  is  a  contintums  function  of  x  in  an 
interval  (a,  b),  and  let 

(37)  jf^  4-  3/i  +  ...  +  Jf,  +  . .. 

be  a  convergent  series  whose  terms  are  positive  constants.  Then^ 
»/  1 1«*  I  <  -M,  for  all  values  of  x  in  the  interval  (a,  b)  and  for  all 
values  of  n,  the  first  series  (36)  converges  uniformly  in  the  interval 
considered. 

For  it  is  evident  that  we  shall  have 

|«.+i  +  ^+f  +  •  •  •  I  <  3f,^.i  -h  3f,^.,  +  •  •• 
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for  all  Yftlues  of  x  between  a  and  h.  If  JV  be  chosen  so  large  that 
the  remainder  R^  of  the  second  series  is  less  than  c  for  all  Tallies 
of  n  greater  than  N^  we  shall  also  have 

K+i+Hi+i+---|<«> 

wheneyer  »  is  greater  than  JV,  for  all  yalues  of  a;  in  the  intenral  (a,  6). 
For  example,  the  series 

Af «  +  Af I  sin  X  +  Afs  sin  2x  H h  -Af,  sin  fix  H , 

where  lf«,  lf|,  M^^  •  •  •  have  the  same  meaning  as  aboye,  converge! 
uniformly  in  any  interval  whatever. 

174.  Integration  and  differeBtiatkMi  of  ssrisa. 

Any  serin  of  carUinuous  fiinetians  which  oonoergeM  uniformly  in  an 
interval  (a,  b)  may  be  integrated  term  by  term,  provided  the  limits  of 
integration  are  finite  and  lie  in  the  interval  (a,  6). 

Let  Xq  and  Xi  be  any  two  values  of  x  which  lie  between  a  and  b, 
and  let  JV  be  a  positive  integer  such  that  \R^(x)\<€  for  all  values 
of  X  in  the  interval  (a,  b)  whenever  n>N,  Let  f(x)  be  the  sum  of 
the  series 

f(x)  =  Uq(x)  +  t*i(a:)  H h  «,(«)  H , 

and  let  us  set 

I    f{x)dx—  I     Uodx—  I     Uidx I     u^dx=^  j    R^dx. 


The  absolute  value  of  D,  is  less  than  €|afi  —  Xo|  whenever  n^^* 
Hence  D^  approaches  zero  as  n  increases  indefinitely,  and  we  ha^® 
the  equation 

Jr*i                r'l                 r*\  r*\ 

\    f(x)dx=\     Uo(x)dx+j     Vi(x)dx'\ hi     n^(x)dx'^"' 

Considering  Xq  as  fixed  and  Xi  as  variable,  we  obtain  a  series 

Jf    tiQ(x)dx  -\ [-  j  u^(x)dx  -] 

which  converges  uniformly  in  the  interval  (a,  b)  and  represents 
continuous  function  whose  derivative  is  f(x). 
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Conversely,  any  convergent  series  may  be  differentialed  term  by  term 
if  the  resulting  series  converges  uniformly.* 

For,  let 

f(x)  =  Uo(aj)  +  tti(a;)  H h  u^(x)  H 

be  a  series  which  converges  in  the  interval  (a,  b).  Let  us  suppose 
that  the  series  whose  terms  are  the  derivatives  of  the  terms  of  the 
given  series,  respectively,  converges  uniformly  in  the  same  interval, 
and  let  ^x)  denote  the  sum  of  the  new  series 

Integrating  this  series  term  by  term  between  two  limits  Xq  and  x, 
each  of  which  lies  between  a  and  b,  we  find 


or 


J'     4>(x)dx^f{x)-f(x^. 


This  shows  that  ^(x)  is  the  derivative  of  f{x) . 
JEhcamples,   1)  The  integral 


/ 


e^ 
—  dx 

X 


cannot  be  expressed  by  means  of  a  finite  number  of  elementary 
functions.     Let  us  write  it  as  follows: 

/  — <te=  I h  I  daj  =  loga5+  i   dx. 
X            J     X       J        X                               J        X 

The  last  integral  may  be  developed  in  a  series  which  holds  for  all 
values  of  x.    For  we  have 

X  ^1.2^1.2.3^       ^1.2.  -n^      ' 

and  this  series  converges  uniformly  in  the  interval  from  —  Rio  +  R, 
no  matter  how  large  R  be  taken,  since  the  absolute  value  of  any 


*  It  is  aMRimed  in  the  proof  also  that  each  term  of  the  new  series  is  a  oontlnaoua 
'Qnction.    The  theorem  is  true,  however,  in  general.  —  T&JLsa. 
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term  of  the  series  is  less  than  the  corresponding  term  of  the  oon- 
vergent  series 

^1.2^       ^1.2  ...n^ 
It  follows  that  the  series  obtained  by  term-by-term  integration 

^  ^  12  1.2  n  1.2**-n 

converges  for  any  value  of  x  and  represents  a  function  whose  d^va- 
tive  is  («F  —  l)/x, 

2)  The  perimeter  of  an  ellipse  whose  major  axis  is  2a  and  whose  eooentridty 
is  e  is  equal,  by  §  112,  to  the  definite  integral 


w 

8  =  4ar*Vl-«^«in«^d^. 


The  product  ^tin*  ^  lies  between  0  and  ^(<  1).  Hence  the  radical  is  eqnal  to  the 
sum  of  the  series  given  by  the  binomial  theorem 

Vl-«^8ln«4^  =  l-  -6«sin«^-  -— e*shi*^ . 

_1.8.6-(2»-8) 

2.4.6..2n  ^ 

The  series  on  the  right  converges  uniformly,  for  the  absolute  value  of  each  of 
its  terms  is  less  than  the  corresponding  term  of  the  convergent  series  obtained 
by  setting  sin  0  =  1.  Hence  the  series  may  be  integrated  term  by  term;  and 
since,  by  §  116, 


we  shall  have 


J^f  ,  •  .J        1.8.5--.(2n-l)  ir 
8in*"0(l0  = ^ '  — » 
0           ^^          2.4.6...2n       2 


L      2.4.6...2n      J^  '  J 

If  the  eccentricity  e  is  small,  a  very  good  approximation  to  the  exact  value  of  the 
integral  is  obtained  by  computing  a  few  terms. 
Similarly,  we  may  develop  the  integral 

r*Vl-^sma0d0 

in  a  series  for  any  value  of  the  upper  limit  0. 

Finally,  the  development  of  Legendre^s  complete  integral  of  the  first  kind 
leads  to  the  formula 

n        <h  _^(,  .1^,   9^.         .rl.8.6-(2n-l)-|t^....{ 

Jo     Vl-e>8in<0      2(4^  L    2.4.6-.2ii     J  ) 
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The  definition  of  uniform  convergence  may  be  extended  to  series 
whose  terms  are  functions  of  several  independent  variables.  For 
example,  let 

Wo(aJ,  y)  +  t*i (aJ,  y)  H +  w,(x,  y)-] 

be  a  series  whose  terms  are  functions  of  two  independent  variables  x 
and  y,  and  let  us  suppose  that  this  series  converges  whenever  the 
point  (x,  y)  lies  in  a  region  R  bounded  by  a  closed  contour  C. 
The  series  is  said  to  be  uniformly  convergent  in  the  region  R  if^ 
corresponding  to  every  positive  number  c,  an  integer  N  can  be  found 
such  that  the  absolute  value  of  the  remainder  R^  is  less  than  c 
whenever  n  is  equal  to  or  greater  than  Ny  for  every  point  (a;,  y) 
inside  the  contour  C.  It  can  be  shown  as  above  that  the  sum  of 
such  a  series  is  a  continuous  function  of  the  two  variables  x  and 
y  in  this  region,  provided  the  terms  of  the  series  are  all  continu- 
ous in  R, 

The  theorem  on  term-by-term  integration  also  may  be  generalized. 
If  each  of  the  terms  of  the  series  is  continuous  in  R  and  if  J\x^  y) 
denotes  the  sum  of  the  series,  we  shall  have 

/   \  f{^iy)dxdy—  I  j  ri^(x,y)dxdy+  j  j  Ui(Xyy)dxdy'^ --• 


•JJ  »*.(«,  y) 


+  11  u^(x,y)dxdy'] , 

iiehere  each  of  the  double  integrals  is  extended  over  the  whole  inte- 
rior of  any  contour  inside  of  the  region  R. 

Again,  let  us  consider  a  double  series  whose  elements  are  functions 
of  one  or  more  variables  and  which  converges  absolutely  for  all  sets 
of  values  of  those  variables  inside  of  a  certain  domain  D,  Let  the 
elements  of  the  series  be  arranged  in  the  ordinary  rectangular  array, 
and  let  Re  denote  the  sum  of  the  double  series  outside  any  closed 
curve  C  drawn  in  the  plane  of  the  array.  Then  the  given  double 
series  is  said  to  converge  uniformly  in  the  domain  D  if  correspond- 
ing to  any  preassigned  number  c,  a  closed  curve  K,  not  dependent 
on  the  values  of  the  variables,  can  be  drawn  such  that  |i2e|  <  c  for 
any  curve  C  whatever  lying  outside  of  K  and  for  any  set  of  values 
of  the  variables  inside  the  domain  D. 

It  is  evident  that  the  preceding  definitions  and  theorems  may  be 
extended  without  difficulty  to  a  multiple  series  of  any  order  whose 
elements  are  functions  of  any  number  of  variables. 
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Note,  If  a  Mries  does  not  ooiiTerge  anif onnly,  it  to  not  ahvajs  aUowable  to 
Integrate  it  term  by  tenn.    For  eTMnple,  let  w  eefc 

The  series  whose  general  term  is  Va(s)  converges,  and  its  ram  is  aero,  since  fi^  (4 
a|>proaches  lero  as  n  becomes  infinite.    Henoe  we  may  write 

/(«)  =  0  =  Ki(«)  +  ifs(x)  +    .    +  ii.(s)  +  . . ., 

whence  f^f{x)dx  =  0.  On  the  other  hand,  if  we  integrate  the  aeries  tenn  bj 
term  between  the  limits  zero  and  uni^,  we  obtain  a  new  serieB  for  idiich  tlM 
som  of  the  first  n  terms  is 

which  approaches  1/2  as  its  limit  as  n  becomes  infinite. 

175.  Application  to  diiEereiitiation  under  the  iotegfal  sign.  The  proof 
of  the  formula  for  differentiation  under  the  integral  sign  given  in 
§  97  is  based  essentially  upon  the  supposition  that  the  limits  x^ 
and  X  are  finite.  If  X  is  infinite,  the  formula  does  not  always  hold. 
Let  us  consider,  for  example,  the  integral 


^(^>=I 


dXf         a  >  0. 

X 


This  integral  does  not  depend  on  a,  for  if  we  make  the  sahstitn- 
tion  y  =:  aacit  becomes 

am  u 

dy. 


^<">  =x 


sing 


If  we  tried  to  apply  the  ordinary  formula  for  diffeientiation  to  F{a)i 
we  should  find 

QOBCOidx 


n«)  =  jf 


This  is  surely  incorrect,  for  the  left-hand  side  is  zero,  while  the 
right-hand  side  has  no  definite  value. 

Sufficient  conditions  may  be  found  for  the  application  of  the 
ordinary  formula  for  differentiation,  even  when  one  of  the  limits 
is  infinite,  by  connecting  the  subject  with  the  study  of  series.    Let 

us  first  consider  the  integral 

>+» 

f(x)dx, 


f 


which  we  shall  suppose  to  have  a  determinate  value  (§  90).    Let 
aj,  a^,  "f  a^,  "'\^2kVi  ixv^ite  increasing  sequence  of  numbers,  all 
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greater  than  Oq,  where  a.  becomes  infinite  with  n.     If  we  set 

^A«  series 

converges  and  its  sum  is  j[^*/(^)  <2x,  for  the  sum  5,  of  the  first  n  terms 
is  equal  to  f^f(x)dx. 

It  should   be  noticed  that  the  converse  is  not  always  true. 
If,  for  example,  we  set 

/(aj)  =  C08a5,       00  =  0,       Ot  =  w,       •••,       a^  =  nVf       •••, 

we  shall  have 


•/urn 


C0S2(2x  =  0. 


Hence  the  series  converges,  whereas  the  integral  fjcoaxdx  ap- 
proaches no  limit  whatever  as  I  becomes  infinite. 

Now  let  f(Xf  a)  be  a  function  of  the  two  variables  x  and  a  which 
is  continuous  whenever  x  is  equal  to  or  greater  than  Oq  and  a  lies 
in  an  interval  (ao,  ax).  If  the  integral/  f{x,a)dx  approaches  a 
limit  as  I  becomes  infinite,  for  any  value  of  a,  that  limit  is  a 
function  of  a, 

s 

which  may  be  replaced,  as  we  have  just  shown,  by  the  sum  of  a 
convergent  series  whose  terms  are  continuous  functions  of  a : 

I    f{x,a)dx^         Ui(a)=f    f(x,a)dx, 

This  function  F(a)  is  continuous  whenever  the  series  converges  uni- 
formly. By  analogy  we  shall  say  that  the  integral  J^'^ JXx^  a)  dx 
converges  uniformly  in  the  interval  (a©,  a^)  if,  corresponding  to  any 
preassigned  positive  quantity  e,  a  number  N  independent  of  a  can 
be  found  such  that  |  f^^'^JXx,  a)dx\<€  whenever  l^N,  for  any  value 
of  a  which  lies  in  the  interval  (ao,  ai).*    If  the  integral  converges 

•  See  W.  F.  OsaooD,  AnnaU  of  Mathematiea,  2d  series,  Vol.  Ill  (1»02),  p.  129.  — 
Traks, 
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onif onnly,  the  series  will  also.     For  if  a.  be  taken  greater  than  N^ 
we  shall  have 


^•l=J      A^>^)^ 


<€; 


hence  the  function  F(a)  is  continuous  in  this  case  throughout  the 

interval  (a©*  co- 
llet us  now  suppose  that  the  derivative  df/da  is  a  continuous 
function  of  x  and  a  when  x^c^  and  ao<a'^aiy  that  the  integral 


X 


+• 


has  a  finite  value  for  every  value  of  a  in  the  interval  (a^,  ai),  and 
that  the  integral  converges  uniformly  in  that  interval  The  integral 
in  question  may  be  replaced  by  the  sum  of  the  series 


L 


^dx  =  V,(a)  +  Vi(a)  +  •■•  +  r,(a)  +  •••, 


where 


^^     J^    da      '  '         '^^     Ja^       aa"*' 


The  new  series  converges  uniformly,  and  its  terms  are  equal  to  the 
corresponding  terms  of  the  preceding  series.  Hence,  by  the  theorem 
proved  above  for  the  differentiation  of  series,  we  may  write 


F'(a)=  f 


^dx. 


In  other  words,  the  formula  for  differentiation  under  the  integral  sign 
still  holdSf  provided  that  the  integral  on  the  right  converges  uniformly. 
The  formula  for  integration  under  the  integral  sign  (§  123)  also 
may  be  extended  to  the  case  in  which  one  of  the  limits  becomes 
infinite.  Let  f(x,  a)  be  a  continuous  function  of  the  two  variahles 
x  and  a,  for  oj  ^  tto ,  ao  =  ^  =  <3:i .  If  the  integral  X^*/(aj,  a)  dx  is  uni- 
formly convergent  in  the  interval  (a©,  ai),  we  shall  have 

[       dx  j    f(x,  a)da  =  J     da  I       f(x,  a)dx. 

To  prove  this,  let  us  first  select  a  number  /  >  a©;  then  we  shall 
have 

I        dx  \     f(x,a)da=f     da\f(x,a)dx. 


Vin.§176]  VARIABLE  TERMS  871 

As  I  increases  indefinitely  the  right-hand  side  of  this  equation 
approaches  the  double  integral 


I      da  j       /(x,  a)dx, 


for  the  difference  between  these  two  doable  integrals  is  equal  to 


da  j       JXx,  a)dx. 


Suppose  N  chosen  so  large  that  the  absolute  value  of  the  integral 
JJ^*/(*>  ^)^  is  less  than  c  whenever  I  is  greater  than  iV,  for  any 
value  of  a  in  the  interval  (aoi  a{).  Then  the  absolute  value  of  the 
difference  in  question  will  be  less  than  e|ai  —  ao|,  and  therefore  it 
will  approach  zero  as  I  increases  indefinitely.  Hence  the  left-hand 
side  of  the  equation  (B)  also  approaches  a  limit  as  I  becomes  infi- 
nite, and  this  limit  is  represented  by  the  symbol 

I        dx  I     f{Xy  a)  da. 

This  gives  the  formula  (A)  which  was  to  be  proved.* 
176.  ExamplM.   1)  Let  us  return  to  the  integral  of  $  91 : 


'''-'=  I 


_  sinz  , 


where  a  is  podtiTe.    The  integral 

0 


e-**8in«(ix, 


*  The  lormnla  for  differentiation  may  be  dedaced  easily  from  the  formola  (A).  For, 
snppoee  that  the  two  functions /(z,  a)  and/c(z,  a)  are  continuoos  for  ao<a<ait 
x>ao;  that  the  two  integrals /"(a)  =  ^^"^  */(«,  a')diBand  ♦(»)  =^*/r(«,  a)<ix  have 
finite  vahies ;  and  that  the  latter  converges  uniformly  in  the  inten^l  (aQ,  ai).  From 
the  formula  (A),  if  a  lies  in  the  interval  {ao,  ai),  we  have 

<^  /       /«(a?f  v)<iz=  I      dx    I    /uix,u)du, 

where  for  distinctness  a  has  been  replaced  by  u  under  the  integral  sign.    But  this 
formula  may  be  written  in  the  form 

f'*iu)du=  f^^/{x,a)dx-  C'^^f(x,a^dx  =  F{a)'-F{a^, 

whence,  taking  the  deilvatiTe  of  each  side  with  respect  to  a,  we  find 

r{a)  =  *{a). 
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obtained  by  differentiating  under  the  integral  sign  with  raqMot  to  a,  oomngei 
uniformly  for  all  values  of  a  greater  than  an  arbitrary  poaitiTe  number  ft.  For 
we  have 


u 


+  *  I     /•+•  1 

\    Ji  a 


and  hence  the  absolute  value  of  the  integral  on  the  left  will  be  leas  than  c  for  all 
values  of  a  greater  than  Ie,  if  <  ^  ^,  where  N  is  chosen  so  large  that  fte^>l/t 
It  follows  that 

F*(a)=i-'\       e-**sin«dx. 
The  indefinite  integral  was  calculated  in  %  119  and  gives 

^   '      L  l+a«  Jf  1+c 

whence  we  find 

F(a)  =  C  —  arc  tan  a, 


«•• 


and  the  constant  C  may  be  determined  by  noting  that  the  definite  integral  F(a) 
approaches  sero  as  a  becomes  infinite.  Hence  C  =  ir/2,  and  we  finally  find  tin 
formula 


(88)  I        e-«» dK  =  aictan  — 


i 


This  formula  is  estabUshed  only  for  positive  values  of  a,  but  we  saw  in  §  91  that 
the  left-hand  side  is  the  sum  of  an  alternating  series  whose  remainder  Bn  is  alwtyi 
less  than  1/n.  Hence  the  series  converges  uniformly,  and  the  integral  is  a  con- 
tinuous function  of  a,  even  for  a  =  0.  As  a  approaches  zero  we  shall  have  in 
the  limit 

y^  +  w 

(89) 


Jr      sin«,       ir 
0  *  2 


2)  If  in  the  formula 

Jo  2 

of  f  184  we  set  X  =  yVa^  where  a  is  positive,  we  find 


(40)  C^^'^^y^^"^'^^ 


and  it  Sb  easy  to  show  that  all  the  integrals  derived  from  this  one  by  socceflsiv* 
differentiations  with  respect  to  the  parameter  a  converge  uniformly,  provided 
that  a  is  always  greater  than  a  certain  positive  constant  k.  From  the  preceding 
formula  we  may  deduce  the  values  of  a  whole  series  of  integrals : 


Jo  "a* 


(41) 


0  'a* 

2« 

•    .    .    .    , 

■^*  ...-^.^„_  1-3.5. ..(2n-l), ^^-Is^t 


0  2S 


\Jo  2"  +  » 
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By  combining  these  an  infinite  number  of  other  integrals  may  be  evaluated. 
We  have,  for  example, 

r"v«-cos2^,dv=r'V-»'4i-»V...+(-i).J^+...1 

Jo  Jq  L        1.2  1.2*  ••2n         J 

"^^  Jo  1-2 

All  the  integrals  on  the  right  have  been  evaluated  above,  and  we  find 

+  (,1),      W       V^l»8.6...(2n-l)^,l^i 
^      '  1.2.8.  ..2n    2  2«  * 

or,  simplifying, 

e-«i^cos2/9ydy  =  -\/-  e~  «  . 
0  2  \€r 


+<-^)"'"''-^r?Si'"'+ 


EZERCI8B8 
1.  Derive  the  formula 

--  [x»  (logx)«]  =  1  +  5i logx  +  -4;  (log«)«  +  . .  •  +  ^—-^ —  (log«)», 


1.2.. -n  dx"""     ^   "*  '  ••  "*        1.2^  1.2...n 

where  5p  denotes  the  sum  of  the  products  of  the  first  n  natural  numbers  taken  p 

*^  *  ^'^^'  [Murphy.] 

[Start  with  the  formula 

r,         ,         .  a2(iogx)«  .  .  a»(log«)"  .       T 

a5»+«  =  «»    l+alogx+      ,   \       +'"+,    1       ^  +"• 
L  1.2  1.2-..n  J 

and  differentiate  n  times  with  respect  to  z.] 
2.  Calculate  the  value  of  the  definite  integral 


X 


by  means  of  the  formula  for  differentiation  under  the  integral  sign. 
3.  Derive  the  formula 

I 


-i 

[First  show  that  ai/da,  =  -  21.] 


2 
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4.  Derhre  the  f ormnla 

X 

liy  makiiig  on  of  the  preoedlof  eserdis. 
6.  From  the  relation 

o»      8  J, 


*"-— fiSL- 

V5 


dsrive  tlie  f onnola 


CHAPTER  IX 

POWER  SERIES     TRIGONOMETRIC  SERIES 

In  this  chapter  we  shall  study  two  particularly  important  classes 
of  series — power  series  and  trigonometric  series.  Although  we  shall 
speak  of  real  variables  only,  the  arguments  used  in  the  study  of 
power  series  are  applicable  without  change  to  the  case  where  the 
variables  are  complex  quantities,  by  simply  substituting  the  expres- 
sion modulus  or  ahsohite  value  (pi  a  complex  variable)  for  the  expres- 
sion ctbsolute  value  (of  a  real  variable).* 

I.  POWER  SERIES  OF  A  SINGLE  VARIABLE 
177.  Interval  of  convergence.  Let  us  first  consider  a  series  of  the  form 

where  the  coefficients  Aq,  Ai,  A^,  •••  are  all  positive,  and  where 
the  independent  variable  X  is  assigned  only  positive  values.  It  is 
evident  that  each  of  the  terms  increases  with  X.  Hence,  if  the 
series  converges  for  any  particular  value  of  X,  say  Xi,  it  converges 
a  fortiori  for  any  value  of  X  less  than  Xi,  Conversely,  if  the  series 
diverges  for  the  value  ^29  i^  surely  diverges  for  any  value  of  X 
greater  than  X2.    We  shall  distinguish  the  following  cases. 

1)  The  series  (1)  may  converge  for  any  value  of  X  whatever. 
Such  is  the  case,  for  example,  for  the  series 

14-^  +  ^  +  . .-4-      ^ 


1   •  1.2  •         •  1.2     -n  ' 

2)  The  series  (1)  may  diverge  for  any  value  of  X  except  X  =  0 
The  following  series,  for  example,  has  this  property : 

l-h-^-hl.2X«  + hl.2.3     .n-y»H . 

3)  Finally,  let  us  suppose  that  the  series  converges  for  certain 
values  of  X  and  diverges  for  other  values.  Let  Xi  be  a  value  of  X 
for  which  it  converges,  and  let  X,  be  a  value  for  which  it  diverges. 

•See  Vol.  II,  §§ 266-275. —Traits. 
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From  the  remark  made  above,  it  follows  that  Xi  is  leas  than  X^.  Tbe 
series  converges  if  X<Xi,  and  it  diverges  if  X>  JT,.  The  only 
uncertainty  is  about  the  values  of  X  between  Xi  and  ^s*  But  all 
the  values  of  X  for  which  the  series  converges  are  less  than  X^,  and 
hence  they  have  an  upper  limit,  which  we  shall  call  R.  Since  all  the 
values  of  X  for  which  the  series  diverges  are  greater  than  any  value 
of  X  for  which  it  converges,  the  number  R  is  also  the  lower  limit  of 
the  values  of  X  for  which  the  series  diverges.  ITenee  the  series  (1) 
diverges  for  all  values  of  X  greater  than  R,  and  converges  for  all  vabut 
of  X  leu  than  R,  It  may  either  converge  or  diverge  when  JT  ==  it 
For  example,  the  series 

converges  if  ^  <  1,  and  diverges  H  X>1,    In  this  case  A  =1. 

This  third  case  may  be  said  to  include  the  other  two  by  suppos* 
ing  that  R  may  be  zero  or  may  become  infinite. 

Let  us  now  consider  t^  power  series^  Le.  a  series  of  the  form 

(2)  o^ -f  a^aj -t- a,x*  H h  fl^*"  H , 

where  the  coefficients  a^  and  the  variable  x  may  have  any  real  values 
whatever.  From  now  on  we  shall  set  ^4^  =  |aj,  X  =  |x|.  Then  the 
series  (1)  is  the  series  of  absolute  values  of  the  terms  of  tiie  series  (2). 
Let  R  be  the  number  defined  above  for  the  series  (1).  Then  the 
series  (2)  evidently  converges  absolutely  for  any  value  of  x  between 
—  R  and  +  R9  by  the  very  definition  of  the  number  R.  It  remains 
to  be  shown  that  the  series  (2)  diverges  for  any  value  of  x  whose 
absolute  value  exceeds  R.  This  follows  immediately  from  a  funda- 
mental theorem  due  to  Abel :  * 

If  the  series  (2)  converges  for  any  partietdar  value  osq,  it  converge 
absolutelt/  for  any  values  ofx  whose  absolute  value  is  less  than  |a^|. 

In  order  to  prove  this  theorem,  let  us  suppose  that  the  series  (2) 
converges  for  a;  =  o^o,  and  let  Af  be  a  positive  number  greater  than 
the  absolute  value  of  any  term  of  the  series  for  that  value  of  t. 
Then  we  shall  have,  for  any  value  of  n, 

and  we  may  write 


A 


•^  -  ■'■i-f  (ifi)'  <  "(if-^" 


•lUcherche  tur  la  s^rie  1+  jz  +  "^^'^     ^^«>  + 
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It  follows  that  the  series  (1)  converges  whenever  X<|xo|9  which 
proves  the  theorem. 

In  other  words,  if  the  series  (2)  converges  for  x  =  Xo,  the  series  (1) 
of  absolute  values  converges  whenever  X  is  less  than  \x^\.  Hence 
1 0^0 1  cannot  exceed  Ry  for  R  was  supposed  to  be  the  upper  limit  of 
the  values  of  X  for  which  the  series  (1)  converges. 

To  sum  up,  given  a  power  series  (2)  whose  coefficients  may  have 
either  sign,  there  exists  a  positive  number  R  which  has  the  follow- 
ing properties :  The  series  (2)  converges  absolutely  for  any  value  of  x 
between  —  R  and  +  R,  and  diverges  for  any  vaZue  of  x  whose  absolute 
value  exceeds  R.  The  interval  (—  R,  +  R)  is  called  the  interval  of 
convergence.  This  interval  extends  from  —  oo  to  +  oo  in  th6  case  in 
which  R  is  conceived  to  have  become  infinite,  and  reduces  to  the 
origin  if  R  =^0,     The  latter  case  will  be  neglected  in  what  follows. 

The  preceding  demonstration  gives  us  no  information  about  what 
happens  when  x  =  R  or  x=i  —  R,  The  series  (2)  may  be  absolutely 
convergent,  simply  convergent,  or  divergent  For  example,  A  sr  1 
for  each  of  the  three  series 

for  the  ratio  of  any  term  to  the  preceding  approaches  x  as  its  limit 
in  each  case.  The  first  series  diverges  for  a;  =  ±  1.  The  second 
series  diverges  for  x  =1,  and  converges  for  a;  =  —  1.  The  third  con- 
verges absolutely  for  x  =  ±1, 

Note,  The  statement  of  Abel's  theorem  may  be  made  more  general, 
for  it  is  sufficient  for  the  argument  that  the  absolute  value  of  any 
term  of  the  series 

a0  -f  ttiflCo  4-  •  •  •  +  fl.ajj  +  •  •  • 

be  less  than  a  fixed  number.  Whenever  this  condition  is  satisfied, 
the  series  (2)  converges  absolutely  for  any  value  of  x  whose  absolute 
value  is  less  than  l^ol. 


The  number  R  is  connected  in  a  very  simple  way  with  the  number  w  defined 
in  §  160,  which  is  the  greatest  limit  of  the  sequence 

For  if  we  consider  the  analogous  sequence 


..., 
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it  is  eyident  that  the  greatest  limit  of  the  terms  of  the  new  sequence  is  mX  Ths 
sequence  (1)  therefore  conyerges  if  X  <  1/w,  and  diverges  if  X  >  1/m  ;  hence 
B  =  !/«.* 

178.  Continaity  of  a  power  series.  Let  f(x)  be  the  sum  of  a  power 
series  which  converges  in  the  interval  from  —  R  to  -{-  R, 

(3)  f(x)  =  Oo  +  «!»  H h  a,af  H , 

and  let  R'  he  a  positive  number  less  than  R.  We  shall  first  show 
that  the  series  (3)  converges  uniformly  in  the  interval  from  —  R' 
to  +i2'.  For,  if  the  absolute  value  of  a;  is  less  than  R',  the 
remainder  R^ 

i2«  =  «•+!«" '•'  +  •••  + a.+paJ"+'' +  ••• 

of  the  series  (3)  is  less  in  absolute  value  than  the  remainder 

of  the  corresponding  series  (1).  But  the  series  (1)  converges  for 
X  =  R',  since  R'<  R.  Consequently  a  number  N  may  be  found 
such  that  the  latter  remainder  will  be  less  than  any  preassigned 
positive  number  c  whenever  n>N,  Hence  | /2. |  <  c  whenever  n^N 
provided  that  |aj|  <  /J'. 

It  follows  that  ths  sum  f(x)  of  the  given  aeries  is  a  eantinum 
function  of  x  for  all  values  of  x  between  —  R  and  -f-  R*  For,  let  x^ 
be  any  number  whose  absolute  value  is  less  than  R.  It  is  evident 
that  a  number  R*  may  be  found  which  is  less  than  R  and  greater 
than  1 0^0 1 .  Then  the  series  converges  uniformly  in  the  interval 
(—  R',  -h  R*),  as  we  have  just  seen,  and  hence  the  sum  f(x)  of  the 
series  is  continuous  for  the  value  Xq,  since  Xq  belongs  to  the  interval 
in  question. 

This  proof  does  not  apply  to  the  end  points  +  R  and  —  R  of  the 
interval  of  convergence.  The  function  f(x)  remains  continuous, 
however,  provided  that  the  series  converges  for  those  values. 
Indeed,  Abel  showed  that  if  the  series  (3)  converges  for  x  =  R,  its 
sum  for  x  =  R  is  the  limit  which  the  sumf(x)  of  the  series  approach^ 
as  X  approaches  R  through  values  less  than  R.f 

Let  S  be  the  sum  of  the  convergent  series 

5  =  tto  4-  ai  /?  4-  ttj/?*  H h  a^R*  -\ , 


•  This  theorem  was  proved  by  Cauchy  in  his  Cours  d  *  Analyse.  It  was  rediscovered 
by  Hadamard  in  his  thesis. 

t  As  stated  above,  these  theorems  can  be  immediately  generalized  to  the  case  of 
series  of  imaginary  terms.  In  this  case,  however,  care  is  necessary  in  formalating 
the  generalization.    See  Vol.  U,  §  2(56. — Trans. 
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and  let  fi  be  a  positiYe  integer  such  that  any  one  of  the  sums 

is  less  than  a  preassigned  positive  number  c  If  we  set  x  =  RB,  and 
then  let  $  increase  from  0  to  1,  a;  will  increase  from  0  to  ii,  and  we 
shall  have 

f(x)  :=f($R)  =  Oo  +  oi tfi?  4-  a,^/J«  +   •  •  +  a.^if  +   •  •• 
If  n  be  chosen  as  above,  we  may  write 

5  -f(x)  =  aiR(l-$)  -h  (hR*(l-  ^  +  •  •  4-  a.ifCl-  tf") 
(4)  .  +  a,+ii2-*'  +  ••  •  +  a.^,R-^P  +  ••• 

-  a.+itf"+'/?»+^ an+p^^'R""*' , 

and  the  absolute  value  of  the  sum  of  the  series  in  the  second  line  can- 
not exceed  c  On  the  other  hand,  the  numbers  ^+^,  tf *+*,•••,  ^■••' 
form  a  decreasing  sequence.  Hence,  by  Abel's  lemma  proved  in  §  75, 
we  shall  have 

It  follows  that  the  absolute  value  of  the  sum  of  the  series  in  the 
third  line  cannot  exceed  c.  Finally,  the  first  line  of  the  right-hand 
side  of  the  equation  (4)  is  a  polynomial  of  degree  n  in  tf  which 
vanishes  when  tf  s  1.  Therefore  another  positive  number  rj  may  be 
found  such  that  the  absolute  value  of  this  polynomial  is  less  than  c 
whenever  $  lies  between  1  — 17  and  unity.    Hence  for  all  such  values 

of  $  we  shall  have 

|5-yi[aj)|<3€. 

But  c  is  an  arbitrarily  preassigned  positive  number.  Hence  f{x) 
approaches  S  as  its  limit  as  x  approaches  R, 

In  a  similar  manner  it  may  be  shown  that  if  the  series  (3)  con- 
verges for  a  =  —  Rf  the  sum  of  the  series  f or  aj  =  —  i?  is  equal  to 
the  limit  which  f(x)  approaches  as  x  approaches  —  R  through  values 
greater  than  —  R,  Indeed,  if  we  replace  a;  by  —  x,  this  case  reduces 
to  the  preceding. 

An  applicaJtion.  This  theorem  enables  us  to  complete  the  results  of  §  168 
regarding  the  multiplication  of  series.    Let 

(6)  5    =  tlo  +  Ml  +  Uj  + \-Un  +  '-'i 

(6)  8'  =  Vo  +  Vi  +  V2  + f-  ©1.  +  •  •  • 

be  two  convergent  series,  neither  of  which  conyerges  absolutely.    The  series 

(7)  iio«o  +  (mo»i  +  Ui«o)  + h  (uo»»  + h  «ii«o)  +  •  •  • 
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may  conyerge  or  diveige.  If  it  converges,  its  sum  Z  is  equal  to  the  product  of 
the  sams  of  the  two  giyen  series,  i.e.  Z  =  88',  For,  let  ns  consider  the  three 
power  series 

/(x)  =  tto  +  ttix  +  . . .  +  u»a?»  +  •  •  •, 
^(»)  =  «o  +  «i«  +  •  •  •  +  «,«•  +  •  •  •, 
^(x)  =  iio«o  +  (mo»i  +  Mi«o)«  +  •  •  •  +  {uqVu  +  •  •  •  +  Unto)**  H . 

Each  of  these  series  converges,  by  hypothesis,  when  x  =  1.  Hence  each  of  them 
converges  absolutely  for  any  value  of  x  between  —  1  and  +  1.  For  any  such 
value  of  X  Cauchy*s  theorem  regarding  the  multiplication  of  series  apjdies  and 
gives  us  the  equation 

(8)  /(x)^(x)  =  ^{x). 

By  AbePs  theorem,  as  x  approaches  unity  the  three  functions  /(x),  ^(x),  ^(z) 
approach  5,  iS',  and  Z,  respectively.  Since  the  two  sides  of  the  equation  (8) 
meanwhile  remain  equal,  we  shall  have,  in  the  limit,  Z  =  88\ 

The  theorem  remains  true  for  series  whose  terms  are  imaginary,  and  the  proof 
follows  precisely  the  same  lines. 

179.  SucoeMiye  deriyatlTM  of  a  power  aeries.   If  a  power  series 
f(x)  =  Oq  4-  o^iX  +  OjOJ*  4-  •  — h  O'n^  -h  •  •  • 

which  converges  in  the  interval  (—  R,  -^  R)he  differentiated  term 
by  term,  the  resulting  power  series 

(9)  tti  +  2a,a5  -!-•••  +  na^aj*"**  +  •  •  • 

converges  in  the  same  interval.  In  order  to  prove  this,  it  will  be 
sufficient  to  show  that  the  series  of  absolute  values  of  the  terms  of 
the  new  series, 

Ai  -h  2AiX  H h  nA^X*'^  H , 

where  ^1,  =  |a<|  and  X  =  \x\,  converges  for  X<R  and  diverges  for 
X>R. 

For  the  first  part  let  us  suppose  that  X<R,  and  let  /£'  be  a  num- 
ber between  X  and  R,  X<R'  <R.     Then  the  auxiliary  series 


R'^  R'  R'^  R'\R'/  ^'"^R'\R'/ 


+ 


converges,  for  the  ratio  of  any  term  to  the  preceding  approaches 
X/R'f  which  is  less  than  unity.  Multiplying  the  successive  terms 
of  this  series,  respectively,  by  the  factors 


AiR\     AoR'^,     ...,     il.iJ'", 


•  •  •  ■ 
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each  of  which  is  less  than  a  certain  fixed  number,  since  R'  <  R,  we 
obtain  a  new  series 

which  also  evidentlj  converges. 
The  proof  of  the  second  part  is  similar  to  the  above.    If  the  series 

Ai  -t-  2^j.Yi  -h  •  •  •  -h  nJ.AT"*  -t-  ••  •, 

where  ^i  is  greater  than  R,  were  convergent,  the  series 

AiXi  4-  2AiX\  H h  nA^Xl     H 

would  converge  also,  and  consequently  the  series  "XA^X^  would  con- 
verge, since  each  of  its  terms  is  less  than  the  corresponding  term  of 
the  preceding  series.  Then  R  would  not  be  the  upper  limit  of  the 
values  of  X  for  which  the  series  (1)  converges. 

The  sum  /,  (x)  of  the  series  (9)  is  therefore  a  continuous  function 
of  the  variable  x  inside  the  same  interval.  Since  this  series  con- 
verges uniformly  in  any  interval  (—  R',  -f-  72*),  where  R' <  R,fi(x) 
is  the  derivative  of  f(x)  throughout  such  an  interval,  by  §  174. 
Since  R*  may  be  chosen  as  near  R  as  we  please,  we  may  assert  that 
the  function  f(x)  possesses  a  derivative  for  any  value  of  x  between 
—  R  and  +  R,  and  that  that  derivative  is  represented  by  the  series 
obtained  by  differentiating  the  given  series  term  by  term :  * 

(10)  f(x)  =  ai  4-  ^a^x  H h  na^af"-^  H . 

Repeating  the  above  reasoning  for  the  series  (10),  we  see  that /(a;) 
has  a  second  derivative, 

f"(x)  =  2<if  -t-  Gttgar  H \-  n(n  —  1)  a.a?" "*  H , 

and  so  forth.  The  function  f(x)  possesses  an  unlimited  sequence  of 
derivatives  for  any  value  of  x  inside  the  interval  (—  /J,  4-  R),  and 
these  derivatives  are  represented  by  the  series  obtained  by  differen- 
tiating the  given  series  successively  term  by  term : 

(11)  f^*\x)  =  1 . 2  • .  na,  -t-  2 . 3  •  •  n(»  4-  l)a»+i»  H . 

If  we  set  a;  =  0  in  these  formulae,  we  find 

«,=/(0),         a,=f(0),         <H  =  '^.         •-, 
or,  in  general, 

1 .2  •  •  •  n 


*  Although  the  corresponding  theorem  is  true  for  series  of  imaginary  terms,  the 
proof  follows  somewhat  different  lines.    See  Vol.  II,  §  266.  — Trans. 
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The  deyelopment  otf(x)  thus  obtamed  is  identical  with  the  develop- 
ment given  by  Maclaurin's  formula : 

/(x)  =/(0)  +  f /'(O)  +  j^/"(0)  + . . .  +  j-^/(-)(0)  + . . .. 

The  coefficients  ao,  a^,  •••,  a.,  •••  are  equal,  except  for  certain 
numerical  factors,  to  the  values  of  the  function  f(x)  and  its  succes- 
sive derivatives  for  x  =  0.  It  follows  that  no  function  can  have  two 
distinct  developments  in  power  aeries. 

Similarly,  if  a  power  series  be  integrated  term  by  term,  a  new 
power  series  is  obtained  which  has  an  arbitrary  constant  term  and 
which  converges  in  the  same  interval  as  the  given  series,  the  given 
series  being  the  derivative  of  the  new  series.  If  we  integrate  agam, 
we  obtain  a  third  series  whose  first  two  terms  are  arbitrary;  and  so 
forth. 

JSxamples.   1)  The  geometrical  progression 

1  — aj-t-aJ*  — aj'H h(— l)"af  H , 

whose  ratio  is  —  x,  converges  for  every  value  of  x  between  —1  and 
+ 1,  and  its  sum  is  1/(1  +  x).  Integrating  it  term  by  term  between 
the  limits  0  and  x,  where  {a;|  <  1,  we  obtain  again  the  development 
of  log(l  +  x)  found  in  §  49 : 

This  formula  holds  also  for  a;  =  1,  for  the  series  on  the  right  con- 
verges when  a;  =  1. 

2)  For  any  value  of  x  between  —  1  and  + 1  we  may  write 

1  +  a;*  .  ^      ^ 

Integrating  this  series  term  by  term  between  the  limits  0  and  x, 
where  I  a;  I  <  1,  we  find 


X         aj'         X  35^"  ^  ^ 

arc  tan«  =  j--g-  +  -^-.. .  +  (-!)•  2jj-j-^  +  .... 

Since  the  new  series  converges  for  a;  =  1,  it  follows  that 

-  =l--4----H hC-D" — 1 . 

4  3^5      7^       ^^^2»+l 
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3)  Let  F(x)  be  the  sum  of  the  oonyergent  series 

^^  1  1.2  1.2-"p 

where  m  is  any  number  whatever  and  |a;|  <  1.    Then  we  shall  have 
.XV  F-i   .  wi— 1  .   (m  — l)---(m  — ©4-1)        ,   .       "I 

Let  us  multiply  each  side  by  (1  +  ^)  and  then  collect  the  terms  in 
like  powers  of  x.    Using  the  identity 

{m  —1) "'(m  —p -t-1)      (m— 1)"(?»— jp)  _  m(?>i-"l) » *  - (m—p 4-1) 
1.2.-.(i?-l)  1.2  ..;?         ""  1.2.  ./?  ' 

which  is  easily  verified,  we  find  the  formula 

(l  +  a.)n^)  =  m[l+jx  +  ??^^f^ 

^m(m-l)...(nt-j>  +  l)^^      1 
1 .2  ••'/?  J 


or 


(l'\'X)FXx)  =  mF(x). 

From  this  result  we  find,  successively, 

FXx)  _     m 
F(x)  ~l-h«' 

log  [F(a5)]  =  mlog  (1  -h  a;)  -h  log  C, 
or 

F(x)  =  C(l  4-  aj)*". 

To  determine  the  constant  C  we  need  merely  notice  that  F(0)  =  1. 
Hence  C  =  1.    This  gives  the  development  of  (1 4-  «)"•  found  in  §  50 : 

(l4-a;)"'=l+T«H ^- "^ T-IT^ ^        "^  g^  H . 

^  ^  1  1.2  "-p 

4)  Replacing  x  by  —  o^  and  m  by  — 1/2  in  the  last  formula  above, 
we  find 

Vl  — a;*  2  2.4  2.4.6-*-2n 

This  formula  holds  for  any  value  of  x  between  —  1  and  4- 1*  Inte- 
grating both  sides  between  the  limits  0  and  x,  where  |  a;  |  <  1,  we 
obtain  the  following  development  for  the  arcsine: 

a;  .  lar«     1 .  3  aj«  .         .  1 .  3.5..  (2»-l)   ««"  +  »    . 
arcsmx  =  j  +  --4.2:^^  +  ...4.       2.4.6...2n      2^^^-^'"' 
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180.  Extension  of  Taylor's  serios.  Let /(a;)  be  the  sum  of  a  pover 
series  which  converges  in  the  interval  (—  R,  +  R),  Xq  a  point  inside 
that  interval,  and  x,  +  ^  another  point  of  the  same  interval  such 
that  I oeqI  + 1  ^ I  <  ^-     The  series  whose  sum  is  /(ohq  +  h), 

«o  +  ai(«o  +  A)  +  <h(^o  +  A)*  H h  an(p^  +  A)*  H , 

may  be  replaced  by  the  double  series  obtained  by  developing  each 
of  the  powers  of  (osq  +  h)  and  writing  the  terms  in  the  same  power 
of  h  upon  the  same  line : 


(12) 


a^aj 


n(n  —  1) 
1.2 
+ 


+    Oj  A*    + h 


a.a«-"A«  + . 


This  double  series  converges  absolutely.  For  if  each  of  its  terms 
be  replaced  by  its  absolute  value,  a  new  double  series  of  positive 
terms  is  obtained: 


(13) 


^nM 


+ 


If  we  add  the  elements  in  any  one  column,  we  obtain  a  series 

which  converges,  since  we  have  supposed  that  |  a^o  |  + 1  ^  |  <  ^-  Hence 
the  array  (12)  may  be  summed  by  rows  or  by  columns.  Taking 
the  sums  of  the  columns,  we  obtain  /(xq  +  h).  Taking  the  sums 
of  the  rows,  the  resulting  series  is  arranged  according  to  powers  of 
A,  and  the  coefficients  of  A,  h\  •  •  •  are  f\x^,  f"(x^/2 ! ,  •  •  •,  respec- 
tively.    Hence  we  may  write 

(14)/(Xo  +  A)=/(xo)  +  ^/Xa;o)  +  --  +  ^^^",^^/<">(a^)  +  -^ 


if  we  assume  that  \h\<R  —  \xq 

This  formula  surely  holds  inside  the  interval  from  x^^  R  +|aPo 
to  ajo  +  ^  —  I  «o  I ,  but  it  may  happen  that  the  series  on  the  right 
converges  in  a  larger  interval.    As  an  example  consider  the  fimction 
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(1 4-  xy^y  wheie  m  is  not  a  positive  integer.  The  development 
according  to  powers  of  x  holds  for  all  values  of  x  between  —  1  and 
+1.  Let  a^  be  a  value  of  x  which  lies  in  that  interval.  Then  we 
may  write 

(l  +  «)-  =  (1  +  a;,  +  a;  -  ajo)"  =  (1+  aJo)'"(l  +  «)", 

where 

a;  —  a^ 

z  =  -z -^* 

We  may  now  develop  (1  +  «)*"  according  to  powers  of  «,  and  this 
new  development  will  hold  whenever  |«|  <  1,  i.e.  for  all  values  of  x 
between  —1  and  1  +  2a?o-  If  ^o  ^8  positive,  the  new  interval  will  be 
larger  than  the  former  interval  (—  1,  + 1).  Hence  the  new  formula 
enables  us  to  calculate  the  values  of  the  function  for  values  of  the 
variable  which  lie  outside  the  original  interval.  Further  investiga- 
tion of  this  remark  leads  to  an  extremely  important  notion,  —  that 
of  analytic  extension.  We  shall  consider  this  subject  in  the  second 
volume. 

Note,  It  is  evident  that  the  theorems  proved  for  series  arranged 
according  to  positive  powers  of  a  variable  x  may  be  extended  immedi- 
ately to  series  arranged  according  to  positive  powers  of  a;  —  a,  or, 
more  generally  still,  to  series  arranged  according  to  positive  powers 
of  any  continuous  function  4>(x)  whatever.  We  need  only  consider 
them  as  composite  functions,  <f>(x)  being  the  auxiliary  function. 
Thus  a  series  arranged  according  to  positive  powers  of  1/x  con- 
verges for  all  values  of  x  which  exceed  a  certain  positive  constant  in 
absolute  value,  and  it  represents  a  continuous  function  of  x  for  all 
such  values  of  the  variable.  The  f  imction  'wo^^-a,  for  example,  may 
be  written  in  the  form  ±  x(l  —  a/x*)^.  The  expression  (1  —  a/x*)^ 
may  be  developed  according  to  powers  of  1/x*  for  all  values  of  x 
which  exceed  Va  in  absolute  value.     This  gives  the  formula 

/^_     _     _la L.?!_  1.2.3'  '(2p~3)    a^ 

a-«      ^-      2  4^.8      ••  2.4.6.  .2p       aj*'»-»*"' 

which  constitutes  a  valid  development  of  Vx*  —  a  whenever  x  >  Va. 
When  X  <  —  Va,  the  same  series  converges  and  represents  tlie  func 
tion  —  Va;*  —  a.    This  formula  may  be  used  advantageously  to  obtain 
a  development  for  the  square  root  of  an  integer  whenever  the  first 
perfect  square  which  exceeds  that  integer  is  known. 
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181.  Dominant  fonctiont.  The  theorems  proved  above  establish  a 
close  analogy  between  polynomials  and  power  series.  Let  (—  r^  +  r) 
be  the  least  of  the  intervals  of  convergence  of  several  given  power 
series  /i («)i /« (aj)i  ••>  fnip^)-  When  |aj|<  r,  each  of  these  series 
converges  absolutely,  and  they  may  be  added  or  multiplied  together 
by  the  ordinary  rules  for  polynomials.  In  general,  any  integral  poly- 
nomial in  /i («),/«(«)>  "ifni^)  °iay  be  developed  in  a  convergent 
power  series  in  the  same  interval. 

For  purposes  of  generalization  we  shall  now  define  certain  expres- 
sions which  will  be  useful  in  what  follows.    Let  /(x)  be  a  power 

series 

f{x)  =  Oo  +  aiX  +  a^x*  +  •  •  •  +  a„a"  H , 

and  let  4>(x)  be  another  power  series  with  positive  coefficients 

^(a;)  =  ao  +  aiX  +  ajOJ*  H h  ar,a^  H 

which  converges  in  a  suitable  interval.  Then  the  function  ^(x)  is 
said  to  dominate  *  the  function  f(x)  if  each  of  the  coefficients  a,  is 
greater  than  the  absolute  value  of  the  corresponding  coefficient  of 

Poincar^  has  proposed  the  notation 

f{x)  <  4>(x) 

to  express  the  relation  which  exists  between  the  two  functions  /(a;) 
and  ^(a?). 

The  utility  of  these  dominant  functions  is  based  upon  the  fol- 
lowing fact,  which  is  an  immediate  consequence  of  the  definition. 
Let  P{(i9i  ai,  •  •  •,  a  J  be  a  polynomial  in  the  first  n  +1  coefficients 
of  f(x)  whose  coefficients  are  all  real  and  positive.  If  the  quanti- 
ties Aq,  Ai,  ••*,  a.  be  replaced  by  the  corresponding  coefficients  of 
^{x\  it  is  clear  that  we  shall  have 

For  instance,  if  the  function  ^{x)  dominates  the  function  f(x\ 
the  series  which  represents  [^(«)]*  will  dominate  [/(«)]•,  and  so 
on.  In  general,  [♦(«)]•  will  dominate  [/(«)]".  Similarly,  if  ^  and 
^1  are  dominant  functions  for  /  and  /i ,  respectively,  the  product  ^^i 
will  dominate  the  product  Jfij  and  so  forth. 

*Thi8  expression  will  be  used  as  a  translation  of  the  phrase  "  0(a;)  est  majorutt 
pour  la  fonctlon  /(z)."  Likewise,  << dominant  functions  "  will  be  us«d  for  "  fbnetioii 
majorantes."  —  Trans. 
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Giyen  a  power  BeriesJXx)  which  converges  in  an  interval  (—  R^  +  B), 
the  problem  of  determining  a  dominant  function  is  of  course  indeter- 
minate. But  it  is  convenient  in  what  follows  to  make  the  domi- 
nant function  as  simple  as  possible.  Let  r  be  any  number  less  than 
R  and  arbitrarily  near  R,  Since  the  given  series  converges  for  xs=r, 
the  absolute  value  of  its  terms  will  have  an  upper  limit,  which  we 
shall  call  if.     Then  we  may  write,  for  any  value  of  n, 


A,t-<M      or       |a.|  =  ^.<^. 


Hence  the  series 


»x  Jfaj"  M 

Af  4- 3f -  +  ...  +  —-•  +...  =  -i2-, 
r  r*  1      2 

r 

whose  general  term  is  M(a!^/f*),  dominates  the  given  function  f(x). 
This  is  the  dominant  function  most  frequently  used.  If  the  series 
f(x)  contains  no  constant  term,  the  function 

M 
M 

r 

may  be  taken  as  a  dominant  function. 

It  is  evident  that  r  may  be  assigned  any  value  less  than  R,  and 
that  M  decreases,  in  general,  with  r.  But  3/  can  never  be  less  than 
Aq.  If  Aq  is  not  zero,  a  number  p  less  than  R  can  always  be  found 
such  that  the  function  Aq/(1  —  x/p)  dominates  the  function  f(x). 
For,  let  the  series 

JIf  +  JIf  -  +  3f  3  +  . . .  +  3f  ~  +  •  •  •, 

where  M>  A^fhesk  first  dominant  function.  If  p  be  a  number  less 
than  rA^/M  and  n  >  1,  we  shall  have 

i«.pi=i«.'-ix(f)"<3f  J  (;)"', 

whence  \a^p*\<A^.   On  the  other  hand,  | a^ |  =  ^^ .    Hence  the  series 

x  x^  xf* 

dominates  the  function  f(x).  We  shall  make  use  of  this  fact  pres- 
ently. More  generally  still,  any  number  whatever  which  is  greater 
than  or  equal  to  Aq  may  be  used  in  place  of  AT. 
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It  may  be  shown  in  a  similar  manner  that  if  ciq  s  0,  the  fonction 


X 


-/* 


is  a  dominant  function,  where  ft  is  any  positive  number  whateyer. 

Note,  The  knowledge  of  a  geometrical  progression  which  dominates  the  fano- 
tion  f{x)  also  enables  us  to  estimate  the  error  made  in  replacing  the  fonction 
f{z)  by  the  sum  of  the  first  n  +  1  terms  of  the  series.  If  the  series  Jf/[1  —  x/r) 
dominates /(x),  it  is  evident  that  the  remainder 

flU+ia?«  +  i  +  flu+ix»+«  +  •  •  • 
of  the  given  series  is  less  in  absolute  value  than  the  corresponding  remainder 

of  the  dominant  series.    It  follows  that  the  error  in  question  will  be  less  than 

0)"' 


M 


1-5 


182.  Substitation  of  one  series  in  another.  Let 

(15)  z  —f(y)  =  Oo  +  «iy  H h  a»y  H 

be  a  series  arranged  according  to  powers  of  a  variable  y  which  con- 
verges whenever  \y\<  R.    Again  let 

(16)  y  =  <l>(x)  =  6o  +  ^1*  H h  *»«*  4-  •  •  • 

be  another  series,  which  converges  in  the  interval  (—  r,  -f  r).  If 
y>  y*>  y*,  •  •  in  the  series  (16)  be  replaced  by  their  developments  in 
series  arranged  according  to  powers  of  x  from  (16),  a  double  series 


(17) 


Oo  +  oi^o     4-   ttf  ^  H h    a.ftj  4- 

+  aibix  4- 2a,  bobiX  4 [- na^i^'^bix  + 

-f-aiAi»*4-    ai(^-f-2fto*i)»*  + 

4- 


is  obtained.  We  shall  now  investigate  the  conditions  under  which 
this  double  series  converges  absolutely.  In  the  first  place,  it  is 
necessary  that  the  series  written  in  the  first  row, 

a^4-aj5o-f  a2^4-"-j 
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should  converge  absolutely,  i.e.  that  1 60 1  should  be  less  than  R,*  This 
condition  is  also  sufficient.  For  if  it  is  satisfied,  the  function  ^(a;) 
will  be  dominated  by  an  expression  of  the  form  m/(l  —  x/p),  where 
m  is  any  positive  number  greater  than  |6o|  <uid  where  p<  r.  We 
may  therefore  suppose  that  m  is  less  than  R,  Let  R*  be  another 
positive  nimiber  which  lies  between  m  and  R.  Then  the  function 
/(j/)  is  dominated  by  an  expression  of  the  form 


1_X  '       R''       R 

R' 


If  ^  be  replaced  by  m/(l  —  x/p)  in  this  last  series,  and  the  powers 
of  y  be  developed  according  to  increasing  powers  of  a;  by  the  binomial 
theorem,  a  new  double  series 


(18) 


^  +  ^©  ^-^   ^(1)"    + 


is  obtained,  each  of  whose  coefficients  is  positive  and  greater  than 
the  absolute  value  of  the  corresponding  coefficients  in  the  array  (17), 
since  each  of  the  coefficients  in  (17)  is  formed  from  the  coefficients 
aQ,  Oi,  a^y  • " ,  bQy  bi,  b^,  " '  hj  means  of  additions  and  multiplications 
only.  The  double  series  (17)  therefore  converges  absolutely  pro- 
vided the  double  series  (18)  converges  absolutely.  If  a;  be  replaced 
by  its  absolute  value  in  the  series  (18),  a  necessary  condition  for  abso- 
lute convergence  is  that  each  of  the  series  formed  of  the  terms  in  any 
one  column  should  converge,  i.e.  that  |2e|  <  p.  If  this  condition  be 
satisfied,  the  sum  of  the  terms  in  the  (n  +  l)th  column  is  equal  to 


M 


[n'{i-  f)\ 


Then  a  further  necessary  condition  is  that  we  should  have 

or 

(18)  l*l<''(l-f.)- 

•  The  case  in  which  the  series  (16)  converges  tory—  H  (see  1 177)  will  be  neglected 
in  what  follows.  —Trans. 
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Since  this  latter  condition  includes  the  former,  |x|  <  p,  it  follows 
that  it  is  a  necessaiy  and  sufficient  condition  for  the  absolute  con- 
yergence  of  the  double  series  (18).  The  double  series  (17)  will 
therefore  conyerge  absolutely  for  yalues  of  x  which  satisfy  the 
inequality  (19)»  It  is  to  be  noticed  that  the  series  ^(x)  conyerges 
for  all  these  yalues  of  x,  and  that  the  corresponding  yalue  of  y  is 
less  than  R'  in  absolute  yalue.    For  the  inequalities 

P 

necessitate  the  inequality  |  ^(x)  |  <  R\  Taking  the  sum  of  the  series 
(17)  by  columns,  we  find 

Oo  -h  ai<l>(x)  -h  at[<^(a;)]*  H h  a»[*(aj)]"  H , 

that  is,  /[^(x)].  On  the  other  hand,  adding  by  rows,  we  obtain  a 
series  arranged  according  to  powers  of  x.     Hence  we  may  write 

(20)         /[<^(«)]  =  Co  +  <H«  +  c,a;«  H h  e^xT  +  '  •  •, 

where  the  coefficients  Cq,  c^,  e,,  •  •  •  are  giyen  by  the  formulsB 

Co  =  flo  +  ^^0  +  ®«^  H ^"  ^n^  +  •  •  •> 

(2Vi  J  ^i  =  ^1*1  +  ^^^1^0  H 1-  wa„4f"*^  +  •  •  •, 

^     ^  *  ci  :±=aii,  +  a,(«  + 2^0*0 +  ••> 

which  are  easily  yerified. 

The  formula  (20)  has  been  established  only  for  yalues  of  x  which 
satisfy  the  inequality  (19),  but  the  latter  merely  giyes  an  under 
limit  of  the  size  of  the  intenral  in  which  the  formula  holds.  It  may 
be  yalid  in  a  much  larger  interyal.  This  raises  a  question  whose 
solution  requires  a  knowledge  of  functions  of  a  complex  yariable. 
We  shall  return  to  it  later. 

Special  cases.  1)  Since  the  number  R^  which  occurs  in  (19)  may 
be  taken  as  near  i2  as  we  please,  the  formula  (20)  holds  wheneyer  x 
satisfies  the  inequality  \x\  <  p(l  —  m/R),  Hence,  if  the  series  (16) 
conyerges  for  any  value  of  i/  whatever,  R  may  be  thought  of  as  infinite, 
p  may  be  taken  as  near  r  as  we  please,  and  the  formula  (20)  applies 
whenever  \x\  <  r,  that  is,  in  the  same  interval  in  which  the  series 
(16)  converges.  In  particular,  if  the  series  (16)  converges  for  all 
values  of  x,  and  (15)  converges  for  all  yalues  of  y,  the  formula  (20) 
is  valid  for  all  values  of  x. 
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2)  When  the  constant  term  b^  of  the  series  (16)  is  zero,  the  func- 
tion <l>(x)  is  dominated  by  an  expression  of  the  form 

m 


'-f 


where  p  <r  and  where  m  is  any  positive  number  whatever.  An 
argument  similar  to  that  used  in  the  general  case  shows  that  the 
formula  (20)  holds  in  this  case  whenever  x  satisfies  the  inequality 


(22)  \x\  <  p 


R 


I 


R'  +  m 


9 


where  i^'  is  as  near  to  i^  as  we  please.  The  corresponding  interval 
of  validity  is  larger  than  that  given  by  the  inequality  (19). 

This  special  case  often  arises  in  practice.  The  inequality 
|6o|  <  /2  is  evidently  satisfied,  and  the  coefficients  c^  depend  upon 
<*oj  «i>  '"}  ^n>  hy  '",  K  only: 

ExampLeB,  1)  Cauchy  gave  a  method  for  obtaining  the  binomial  theorem  from 
the  development  of  log  (1  +  x).    Setting 

y  =  Mlog(l  +  X)  =  m(  J  -  -  +  g- -  - •  •  •), 
we  may  write 

\        /  11.2' 

whence,  snbBtitating  the  first  expansion  In  the  second, 

If  the  right-hand  side  be  arranged  according  to  powers  of  x,  it  is  evident  that 
the  coefficient  of  x"  will  be  a  polynomial  of  degree  n  in  /i,  which  we  shall  call 
Pnin)'  This  polynomial  must  vanish  when  ^  =  0,  1,  2,  •  •  •,  n  —  1,  and  must 
reduce  to  unity  when  ^  =  n.    These  facts  completely  determine  P^  in  the  form 

(28)  p       M(M-l)-(M-n  +  l) 

^    '  1.2.   .11 

2)  Setting  «  =  (1  +  x)i/«,  where  x  lies  between  - 1  and  -f- 1,  we  may  write 

.  =  e,  =  l  +  ?  +  J{L  +  ..., 
where 

X  A      o  n  + 1 
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The  first  expansion  is  TiUd  for  all  Taloes  of  y,  and  the  second  is  valid  whenever 
|x|  <  1.  Hence  the  formula  obtained  by  sabstitating  the  second  ezitansion  in 
the  first  holds  for  any  Talue  of  z  between  —  1  and  +  1.  The  first  two  terms  of 
this  formula  are 


(^)  (1  +  x) 


i  =  «-|(l  +  l+jL  +  ...  +  ^-^  +  ...)  +  ...  =  e-|x  + 


It  follows  that  (1  +  2)>/*  approaches  e  through  values  less  than  e  as  x  approsehai 
zero  through  positive  values. 

183.  Division  of  power  leriet.   Let  us  first  consider  the  Teciprocal 

1 

of  a  power  series  which  begins  with  unity  and  which  converges  in 
the  interval  (—  r,  -h  r).     Setting 

we  may  write 

/(«)  =  j^  =  1- y  +  y«  -  y*  +  ..., 

whence,  substituting  the  first  development  in  the  second,  we  obtain 
an  expansion  for  f(x)  in  power  series^ 

(26)  f(x)  =1  -  6ia:  +  (^  -  *«)«'  +  "  *> 

which  holds  inside  a  certain  interval.  In  a  similar  manner  a  devel- 
opment may  be  obtained  for  the  reciprocal  of  any  power  series 
whose  constant  term  is  different  from  zero. 

Let  us  now  try  to  develop  the  quotient  of  two  conyergent  power 

series 

<l>(x)  _  gp -f  Oiic  +  fh^*  +  '" 
^{x)       b^  +  Kx  -h  6,a5*  H 

If  ^0  is  not  zero,  this  quotient  may  be  written  in  the  form 

ik(x)      ,  «  1 

*(aj)      ^  °  -«      -r      /       j^  +  ftja;  +  ft,a.«^.... 

Then  by  the  case  just  treated  the  left-hand  side  of  this  equation  is  the 
product  of  two  convergent  power  series.  Hence  it  may  be  written 
in  the  form  of  a  power  series  which  converges  near  the  origin : 

Clearing  of  fractions  and  equating  the  coefficients  of  like  powers 
of  «,  we  find  the  formulae 


IX,  §  184]  POWER  SERIES  893 

(27)  a,  =  fto«»  +  *ic,-i  +  •  •  •  4-  *»Coi         n  =  0,  1,  2, .  •, 

from  which  the  coefficients  c^,  Ci,  •••,  c^  may  be  calculated  succes- 
sively. It  will  be  noticed  that  these  coefficients  are  the  same  as 
those  we  should  obtain  by  performing  the  division  indicated  by  the 
ordinary  rule  for  the  division  of  polynomials  arranged  according  to 
increasing  powers  of  x. 

If  bfi  =  0,  the  result  is  different.  Let  us  suppose  for  generality 
that  ^(x)  =  a^^i  (x)y  where  A;  is  a  positive  integer  and  ^i  (x)  is  a 
power  series  whose  constant  term  is  not  zero.     Then  we  may  write 

»(x)  ^  1  (x<l>) 

tlf(x)         05*  ^1  (x) 

and  by  the  above  we  shall  have  also 

It  follows  that  the  given  quotient  is  expressible  in  the  form 

(28)  ig  =  5  +  ^  +  ...  +  ^>4-..  +  .....-h 

where  the  right-hand  side  is  the  sum  of  a  rational  fraction  which 
becomes  infinite  for  a;  =  0  and  a  power  series  which  converges  near 
the  origin. 

Note.  In  order  to  calculate  the  successive  powers  of  a  power  series,  it  is  con- 
venient to  proceed  as  follows.    Assuming  the  Identity 


••> 


(oo  +  aix  H h  a««"  H )»•  =  c©  +  Cix  H h  c«aj"  + 


•  •  •  , 


let  us  take  the  logarithmic  derivative  of  each  side  and  then  clear  of  fractions. 
This  leads  to  the  new  identity 

The  coefficients  of  the  various  powers  of  x  are  easily  calculated.  Equat- 
ing coefficients  of  like  powers,  we  find  a  sequence  of  formulae  from  which 
coi  ctt  •• ',  Cn,  '"  may  be  found  successively  if  Co  be  known.    It  is  evident  that 

184.  Development  of  l/Vl  —  2xx  -f  t*.    Let   us  develop  l/Vl  -  2x«  +  «* 
according  to  powers  of  z.    Setting  y  =  2x2  —  2^  we  shall  have,  when  |  y  |  <  l* 

^  =(l_y)-i  =  l+ly+ll|y«+..., 


Vr^  2         2.4 

or 

(30)  ^  =  1  +  ??ilLi'  +  5(2X2  -  22)2  + 

^    '  V1-2X2  +  22         ^2^8^  '   ^ 
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CollectiDg  the  temii  which  are  divisible  by  the  same  power  of  s,  we  obtsin  sn 
expansion  of  the  form 

(81)  ^  =  =  Po  +  Pi«  +  Pi««  +  .  • .  +  P««»  + . . . , 

Vl-Saw  +  t^ 
where 

Po  =  l,       Pi  =  «,       Pi  =  — - — »        •••, 

and  where,  in  general,  Pn  is  a  polynomial  of  the  nth  degree  in  z.  These  poly- 
nomials may  be  determined  successively  by  means  of  a  recurrent  formula.  Dif- 
ferentiating the  equation  (81)  with  respect  to  z,  we  find 

*""*         =Pi  +  2Pjs  +  -..  +  nP,z"-»  +  ..., 


(1  -  2xz  +  ««)• 
or,  by  the  equation  (81), 

(«  -  2)(Po  +  Pi«  +  •  •  •  +  P««*  +  •  •  •)  =  (1  -  2x«  +  «^(Pi  +  2Pj«  +  •••). 

Equating  the  coefficients  of  «**,  we  obtain  the  desired  recurrent  formula 

(a  + 1) P,+i  =  (2n  +  1)«P,  -  nPn-i . 

This  equation  is  identical  with  the  relation  between  three  consecutive  Legendre 
polynomials  (§  88),  and  moreover  Po  =  Xo ,  Pi  =  Xi ,  Ps  =  Xs .  Hence  P.  =  I* 
for  all  values  of  n^  and  the  formula  (81)  may  be  written 


•  •  •  , 


(82)  :  =H-Xi«+X,2;2  +  ...  +  X,«»-|- 

Vl-2x«-r«* 

where  X^  is  the  Legendre  polynomial  of  the  nth  order 
We  shall  find  later  the  interval  in  which  this  formula  holda 


IL   POWER  SERIES  IN  SEVERAL  VARIABLES 

185.  General  principles.  The  properties  of  power  series  of  a  single 
variable  may  be  extended  easily  to  power  series  in  several  independ- 
ent variables.  Let  us  first  consider  a  double  series  Sa,„„a^y*,  where 
the  integers  m  and  n  vary  from  zero  to  +  oo  and  where  the  coeffi- 
cients a^n  may  have  either  sign.  If  no  element  of  this  series  exceed.^ 
a  certain  positive  constant  in  absolute  value  for  a  set  of  values 
^  ==  ^09  y  =  Voi  ^^^  series  converges  absolutely  for  all  values  ofx  and 
y  which  satisfy  the  inequalities  |a5|  <  |«o|>  |y|  *<  |yo|* 

For,  suppose  that  the  inequality 

M 

<^n.n^in\<M    or     |a^J<,^,„.  ^ 
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is  satisfied  for  all  sets  of  values  of  m  and  n.  Then  the  absolute  value 
of  the  general  element  of  the  double  series  Sa^,a:'"y*  is  less  than  the 
corresponding  element  of  the  double  series  SJf  Ix/xol^ly/yoj".  But 
the  latter  series  converges  whenever  |^|<|2^|9|y|<|yo|»  t^^  ^^8 
sum  is 

M 


i'-m-n 


as  we  see  by  taking  the  sums  of  the  elements  by  columns  and  then 
adding  these  sums. 

Let  r  and  p  be  two  positive  numbers  for  which  the  double  series 
^l^mml^p"  converges,  and  let  R  denote  the  rectangle  formed  by  the 
four  straight  lines  «  =  r,  05  =  —  r,  y  =  p,  y  =  —  p.  For  every  point 
inside  this  rectangle  or  upon  one  of  its  sides  no  element  of  the 
double  series 

(33)  F(a;,y)  =  Sa.,a^y 

exceeds  the  corresponding  element  of  the  series  ^la^.lr^p"  in  abso- 
lute value.  Hence  the  series  (33)  converges  absolutely  and  uni- 
formly inside  of  R,  and  it  therefore  defines  a  continuous  function 
of  the  two  variables  x  and  y  inside  that  region. 

It  may  be  shown,  as  for  series  in  a  single  variable,  that  the 
double  series  obtained  by  any  number  of  term-by-term  differen- 
tiations converges  absolutely  and  uniformly  inside  the  rectangle 
bounded  by  the  lines  a;  =  r  —  c,  a;  =  —  r-fc,  y  =  p  —  e',  y  =  —  p-fc', 
where  c  and  c'  are  any  positive  numbers  less  than  r  and  p,  respec- 
tively. These  series  represent  the  various  partial  derivatives  of 
F(x,  y).  For  example,  the  sum  of  the  series  2ma„,„jc*"~'y"  is  equal 
to  oF/dx,  For  if  the  elements  of  the  two  series  be  arranged  accord- 
ing to  increasing  powers  of  a;,  each  element  of  the  second  series  is 
equal  to  the  derivative  of  the  corresponding  element  of  the  first. 
Likewise,  the  partial  derivative  ^"'+"F/^aj"'^y"  is  equal  to  the  sum 
of  a  double  series  whose  constant  factor  is  a^^l .  2  •  •  •  w^ .  1 . 2  •  •  •  n. 
Hence  the  coefficients  a^,  are  equal  to  the  values  of  the  correspond- 
ing derivatives  of  the  function  F{Xy  y)  at  the  point  a;  =  y  =  0,  except 
for  certain  numerical  factors,  and  the  formula  (33)  may  be  written 
in  the  form 
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It  follows,  incidentaUy,  that  no  function  of  two  variables  can  haioe 
two  dittinct  developments  in  power  series. 

If  the  elements  of  the  double  series  be  collected  according  to 
their  degrees  in  x  and  y,  a  simple  series  is  obtained : 

(36)  F(x,  y)  =  ^  4-  *i  +  *,  +  •••  +  ««  4-  •  ••, 

where  ^,  is  a  homogeneous  polynomial  of  the  nth  degree  in  as  and 
y  which  may  be  written,  symbolically. 


1      /  ^F  ,    aFY"> 


The  preceding  development  therefore  coincides  with  that  given  bj 
Taylor's  series  (§  51). 

Let  (xq,  yo)  be  a  point  inside  the  rectangle  /?,  and  {x^  +  ^^  ^o  +  ^) 
be  a  neighboring  point  such  that  |2Bo|  +  |A|  <  r,  |yo|  +  |^|  <  f>*  ^^ 
for  any  point  inside  the  rectangle  formed  by  the  lines 

a:  =  «o ± [r -  |a;o|],         V^V^^ip-  |yo|]i 

the  function  F(Xj  y)  may  be  developed  in  a  power  series  arranged 
according  to  positive  powers  of  a;  —  Xq  and  y  —  y^: 


For  if  each  element  of  the  double  series 

be  replaced  by  its  development  in  powers  of  h  and  k,  the  new  multi- 
ple series  will  converge  absolutely  under  the  hypotheses.  Arrang- 
ing the  elements  of  this  new  series  according  to  powers  of  h  and  k 
we  obtain  the  formula  (36). 

The  reader  will  be  able  to  show  without  difficulty  that  all  the 
preceding  arguments  and  theorems  hold  without  essential  altera- 
tion for  power  series  in  any  number  of  variables  whatever. 

186.  Dominant  functions.  Given  a  power  series  f(x,  y,  ;s,  •  •  •)  in  n 
variables,  we  shall  say  that  another  series  in  n  variables  ^(x,  y, «,  ** *) 
dominates  the  first  series  if  each  coefficient  of  ^(aj,  y,z,"  •)  is  positive 
and  greater  than  the  absolute  value  of  the  corresponding  coefficient 
of  /(x,  y,  X,  "  •).     The  argument  in  §  185  depends  essentially  upon 
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the  use  of  a  dominant  function.     For  if  the  series  Sla^.a;"^!  con- 
verges for  X  =  r,  y  =  p,  the  fimction 


*(»;.  y)  - 


where  M  is  greater  than  any  coefficient  in  the  series  S|a,„„r*p"|, 
dominates  the  series  Sam.aJ^y".     The  function 

^(x,  y)  = 


is  another  dominant  function.    For  the  coefficient  of  ar*y"  in  ^(«,  y) 
is  equal  to  the  coefficient  of  the  corresponding  term  in  the  expan- 
sion of  M(x/r  +  y/p)"*"*"*,  and  therefore  it  is  at  least  equal  to  the 
coefficient  of  x^t^  in  ^(a;,  y). 
Similarly,  a  triple  series 

/{x,  y,  «)  =  Sa..p«"y«P, 

which  converges  absolutely  for  x=zr,  y  ^  r',  z  =  r",  where  r,  r',  r" 
are  three  positive  numbers,  is  dominated  by  an  expression  of  the 
form 

9i^f  Vi  «)  =  9 

(.-f)(.-5)(.-^) 

and  also  by  any  one  of  the  expressions 

M  M 


i-(f^^^)'  (i-f)['-(M.)] 

If /(x,  y,  z)  contains  no  constant  term,  any  one  of  the  preceding  expres- 
sions diminished  by  M  msiy  be  selected  as  a  dominant  function. 

The  theorem  regarding  the  substitution  of  one  power  series  in 
another  (§  182)  may  be  extended  to  power  series  in  several  variables. 

If  each  of  the  variables  in  a  convergent  power  aeries  in  p  variables 
t/it  y^i  '"}  Vp^^  replaced  by  a  convergent  power  series  in  q  variables 
^ly  ^f  "'9  ^q  which  has  no  constant  term,  the  result  of  the  substitu- 
tion may  be  written  in  the  form  of  a  power  series  arranged  a/icording 
to  powers  of  x^^  x^,  •  •  •,  a:,,  provided  that  the  absolute  value  of  each 
of  these  variables  is  less  than  a  certain  constant. 
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Sinoe  the  proof  of  the  theorem  is  essentially  the  same  for  any 
number  of  variables,  we  shall  restrict  ourselyes  for  definiteness  to 
the  following  particular  case.     Let 

(37)  ny»«)=5«««y"«" 

be  a  power  series  which  converges  whenever  |  y  |  <  r  and  | « |  <  r',  and  let 

iy^hx  +  btx*-] h*»a"H , 

(  «  =  Ciflj -f  c,a;*  H \- e^af -{ 

be  two  series  without  constant  terms  both  of  which  converge  if  the 
absolute  value  of  x  does  not  exceed  p.  If  y  and  z  in  the  series  (37) 
be  replaced  by  their  developments  from  (38),  the  term  in  y^a^  becomes 
a  new  power  series  in  x,  and  the  double  series  (37)  becomes  a  triple 
series,  each  of  whose  coefficients  may  be  calculated  from  the  coefS- 
cients  a^^,  b^,  and  e^  by  means  of  additions  and  multiplications 
only.  It  remains  to  be  shown  that  this  triple  series  converges  abso- 
lutely when  the  absolute  value  of  x  does  not  exceed  a  certain  con- 
stant, from  which  it  would  then  follow  that  the  series  could  be 
arranged  according  to  increasing  powers  of  x.  In  the  first  place, 
the  function  f(y,  z)  is  dominated  by  the  function 

(39)  «(y,«)  = 


and  both  of  the  series  (38)  are  dominated  by  an  expression  of  the  fom 


<«>         7^— ZKfJ 


where  M  and  N  are  two  positive  numbers.  If  y  and  z  in  the  doable 
series  (39)  be  replaced  by  the  function  (40)  and  each  of  the  products 
^^^  be  developed  in  powers  of  x,  each  of  the  coefficients  of  the  result- 
ing triple  series  will  be  positive  and  greater  than  the  absolute  value 
of  the  corresponding  coefficient  in  the  triple  series  found  abova  It 
will  therefore  be  sufficient  to  show  that  this  new  triple  series  con- 
verges for  sufficiently  small  positive  values  of  x.  Now  the  sum  of 
the  terms  which  arise  from  the  expansion  of  any  term  ^«"  of  the 
series  (39)  is 


^\fn  +  « 


M 


r'»   /-^fcy-*-*' 
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which  is  the  general  term  of  the  series  obtained  by  multiplying  the 
two  series 

i:(T)"(Tf|)''   ZO"(rf| 

term  by  term,  except  for  the  constant  factor  M,  Both  of  the  latter 
series  converge  if  x  satisfies  both  of  the  inequalities 

r  r' 

X  K.  p r;>  X  K.  p  —, ti' 

''r-\-  N  '^  r'  -{-  N 

It  follows  that  all  the  series  considered  will  converge  absolutely, 
and  therefore  that  the  original  triple  series  may  be  arranged  accord- 
ing to  positive  powers  of  x,  whenever  the  absolute  value  of  x  is  less 
than  the  smaller  of  the  two  numbers  pr/(r  -f  N)  and  pr'/(r'  -f  N), 

Note.  The  theorem  remains  valid  when  the  series  (38)  contain 
constant  terms  bo  and  Cq,  provided  that  |6o|  <  ^  ^^d  \^o\<  ^''  ^or 
the  expansion  (37)  may  be  replaced  by  a  series  arranged  according 
to  powers  of  y  ^bo  and  «  ~  Cq,  by  f  185,  which  reduces  the  discus- 
sion to  the  case  just  treated. 

in.  IMPLICIT  FUNCTIONS 
ANALYTIC  CURVES  AND  SURFACES 

187.  Implicit  functions  of  a  tingle  variable.  The  existence  of  implicit 
functions  has  already  been  established  (Chapter  II,  {  20  et  ff.)  under 
certain  conditions  regarding  continuity.  When  the  left-hand  sides 
of  the  given  equations  are  power  series,  more  thorough  investigation 
is  possible,  as  we  shall  proceed  to  show. 

Let  F(x,  y)  =  0  be  an  eqtuUion  whose  left-hand  side  can  be  developed 
in  a  convergent  power  series  arranged  according  to  increoMng  powers 
of  X  —  Xq  and  y  —  yot  where  the  constant  term  is  zero  and  the  coeffi- 
cient ofy  —  y^is  different  from  zero.  Then  the  equation  has  one  and 
only  one  root  which  approaches  y^as  x  approa>ches  x^,  and  that  root 
can  be  developed  in  a  power  series  arranged  according  to  powers  of 

For  simplicity  let  us  suppose  that  2;o  =  yo  =  ^>  which  amounts  to 
moving  the  origin  of  co5rdinates.  Transposing  the  term  of  the  first 
degree  in  y,  we  may  write  the  given  equation  in  the  form 

(41)       y  =/(«,  y)  =  ati^x  +  Ojox'  +  a^^xy  +  ao,y*  +   •  •, 
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where  the  terms  not  written  down  are  of  degrees  greater  than  the 
second.  We  shall  first  show  that  this  equation  can  be/ormo^ysat- 
isfied  by  replacing  y  by  a  series  of  the  form 

(42)  y  =  Ci  05-1- c^«* -!-••• -I- c,a^ -!-.•• 

if  the  rules  for  operation  on  convergent  series  be  applied  to  the  series 
on  the  right  For,  making  the  substitution  and  comparing  the  coeffi- 
cients of  Xf  we  find  the  equations 


^  =  «io>        ^  =  «io  +  ^i<a +  «©!<?> 


9 


and,  in  general,  e,  can  be  expressed  in  terms  of  the  preceding  c's 
and  the  coefQlcients  a^^f  where  i  +  k<n,  by  Ineans  of  additions  and 
multiplications  only.     Thus  we  may  write 

where  P,  is  a  polynomial  each  of  whose  coefficients  is  a  positire 
integer.  The  validity  of  the  operations  performed  will  be  estab- 
lished if  we  can  show  that  the  series  (42)  determined  in  this  waj 
converges  for  all  sufficiently  small  values  of  x.  We  shall  do  this  bj 
means  of  a  device  which  is  frequently  used.  Its  conception  is  due 
to  Cauchy,  and  it  is  based  essentially  upon  the  idea  of  dominant 
functions.     Let 

<^(x,y)=S6.,a5-y 

be  a  function  which  dominates  the  function /(a;,  y),  where  b^Q  =  ^^j  =  0 
and  where  b^^  is  positive  and  at  least  equal  to  \a^^\.  Let  us  then 
consider  the  auxiliary  equation 

(410  Y=^(x,Y)=:^b^,x-Y- 

and  try  to  find  a  solution  of  this  equation  of  the  form 

(42')  r  =  Ciic  -f  CiX*  +  '"  +  C^Tf" H . 

The  values  of  the  coefficients  Ci,  Cg,  •  •  •  can  be  determined  as  above, 
and  are 

and  in  general 

(43')  C.  =  P.(V^2o,--,W- 

It  is  evident  from  a  comparison  of  the  formulae  (43)  and  (43') 
that  |c„|  <  C„,  since  each  of  the  coefficients  of  the  polynomial  P,  is 
positive  and  |a,„„|^i«„.     Hence  the  series  (42)  surely  converges 
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whenever  the  series  (42^)  converges.     Now  we  may  select  for  the 
dominant  function  ^(x^  Y)  the  function 


*<->-(Ti#:^-''-''- 


P 


where  M,  r,  and  p  are  three  positive  numbers.     Then  the  auxiliary 
equation  (41 ')  becomes,  after  clearing  of  fractions, 

r 
This  equation  has  a  root  which  vanishes  for  a;  =  0,  namely: 


Y _        P'  P' -v  /i_lH£±JQ 


r 


The  quantity  under  the  radical  may  be  written  in  the  form 


where 


'^ = '•(7T2FJ 

Hence  the  root  Y  may  be  written 


y ^ 


2{p  +  M) 


[-(-!)*(-;)"'] 


It  follows  that  this  root  Y  may  be  developed  in  a  series  which  con- 
verges in  the  interval  (—  a,  +  a),  and  this  development  must  coin- 
cide with  that  which  we  should  obtain  by  direct  substitution,  that 
is,  with  (42').  Accordingly  the  series  (42)  converges,  a  fortiori,  in 
the  interval  (—  a,  '\-  a).  This  is,  however,  merely  a  lower  limit  of 
the  true  interval  of  convergence  of  the  series  (42),  which  may  be 
very  much  larger. 

It  is  evident  from  the  manner  in  which  the  coefficients  c„  were 
determined  that  the  sum  of  the  series  (42)  satisfies  the  equation  (41). 
Let  us  write  the  equation  F(Xy  y)  in  the  form  y  — /(x,  y)  =  0,  and 
let  y  =  P(x)  be  the  root  just  found.  Then  if  P{x)  -f  «  be  substi- 
tuted for  y  in  F(x,  y),  and  the  result  be  arranged  according  to 
powers  of  x  and  «,  each  term  must  be  divisible  by  z,  since  the  whole 
expression  vanishes  when  «  =  0  f or  any  value  of  x.  We  shall  have 
then  F[xy  P(x)  -f  «]  =  »Q(x,  z),  where  Q(x,  z)  is  a  po^ct  ^^tS^^  yclx 
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and  X.  Finally,  if  2;  be  replaced  by  y  —  P(x)  in  Q(x,  z),  we  obtain 
the  identity 

where  the  constant  term  of  Qi  must  be  unity,  since  the  coefficient 
of  y  on  the  left-hand  side  is  imity.     Hence  we  may  write 

(44)  F(x,  y)  =  [y  -  P(«)](l  +  ««?  +  j9y  +  •  •  •)• 

This  decomposition  of  F(Xf  y)  into  a  product  of  two  factors  is  due 
to  Weierstrass.  It  exhibits  the  root  y  =  P(x),  and  sdso  shows  that 
there  is  no  other  root  of  the  equation  F(x,  y)  =  0  which  vanishes 
with  X,  since  the  second  factor  does  not  approach  zero  with  x  and  y. 

Note.  The  preceding  method  for  determining  the  coefficients  c^  is 
essentially  the  same  as  that  given  in  §  46.  But  it  is  now  evident 
that  the  series  obtained  by  carrying  on  the  process  indefinitely  is 
convergent. 

188.  The  general  theorem.  Let  us  now  consider  a  system  otp  equa- 
tions lap  +  q  variables. 


(45) 


9 


where  each  of  the  functions  Fi ,  Ft,  •  •  •,  F^  vanishes  when  x<  =  y^  =  0, 
and  is  developable  in  power  series  near  that  point.  We  shall  further 
suppose  that  the  Jacobian  D(Fi,  F,,  •••,  F^)/Z)(yi,  y,,  "',y^  dots 
not  vanish  for  the  set  of  values  considered.  Under  these  conditions 
there  exists  one  and  only  one  system  of  solutions  of  the  eqtuUions  (45) 
of  the  form 

where  ^1,  ^,  •  •  *,  ^^  are  power  series  in  Xij  x^,  -",  x^  which  vanish 
when  Xi  =  Xi  =  • "  =  Xq  =  0, 

In  order  to  simplify  the  notation,  we  shall  restrict  ourselves  to 
the  case  of  two  equations  between  two  dependent  variables  u  and  r 
and  three  independent  variables  x,  y,  and  z : 

i  Fi  =  au  -{- bv   -\- ex  -{- dy  -{- ez  -\ =  0, 

"^     ^  (  F,  =  a't* -f  ^'v -f  c'a  H- rf'y -f  e'«  H =  0. 

Since  the  determinant  ab'  —  ba'  is  not  zero,  by  hypothesis,  the  two 
equations  (46)  may  be  replaced  by  two  equations  of  the  form 
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<*')       !:: 


where  the  left-hand  sides  contain  no  constant  terms  and  no  terms 
of  the  first  degree  in  u  and  v.  It  is  easy  to  show,  as  aboTe,  that 
these  equations  may  be  satisfied  formaUy  by  replacing  u  and  v  by 
power  series  in  x^  y^  and  z : 

(48)  u  =  Sc<„a!V«'>         V  =  ScaiajV*** 

where  the  coefficients  c^^^i  ^^^  ^In  ^^7  ^  calculated  from  a^p^  and 
^wmpv  ^  means  of  additions  and  multiplications  only.  In  order  to 
show  that  these  series  converge,  we  need  merely  compare  them  with 
the  analogous  expansions  obtained  by  solving  the  two  auxiliary 
equations 

^.v... —     "     ..  ... -i,(n.i^J:), 


(,_£±^)(,_£±Z) 


^here  M,  r,  and  p  are  positive  numbers  whose  meaning  has  been 
explained  above.  These  two  auxiliary  equations  reduce  to  a  single 
equation  of  the  second  degree 

2p -i- 4M  ^  2p -i- 4Af  .      x-k-yJtz        ' 

r 

which  has  a  single  root  which  vanishes  for  x  =  y  =  «  =  0,  namely: 


^"■4(p  +  2lf)  ""4(^  +  230 

r 


5^  /E^^ 

-2M>iy^     x  +  y  +  z' 


where  a  =  r  [p/(p  +  4Af  )]•. 

This  root  may  be  developed  in  a  convergent  power  series  when- 
ever the  absolute  values  of  x,  y,  and  z  are  all  less  than  or  equal  to 
a/3.     Hence  the  series  (48)  converges  under  the  same  conditions. 

Let  ui  and  Vi  be  the  solutions  of  (47)  which  are  developable  in 
series.  If  we  set  u^Ui-^-u*,  v  =  Vi  +  v'  in  (47)  and  arrange  the 
result  according  to  powers  of  x,  y,  z,  u\  v\  each  of  the  terms  must 
be  divisible  by  v!  or  by  v\  Hence,  returning  to  the  original  variar 
bles  Xy  y,  z,  u,  v,  the  given  equations  may  be  written  in  the  form 

(u  -  ui)f  +  (v  -  vi)*^  =  0, 


<"'      \t- 


<*i)/i+(«'-Vi)*i  =  0, 
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where  /,  ^,  /i,  ^i  are  power  series  in  x,  y,  Zy  Uy  and  v.  In  this 
form  the  solutions  u  =  ii|,  v  =  vi  are  exhibited.  It  is  evident  also 
that  no  other  solutions  of  (47')  exist  which  vanish  for  x  =  i/  =  z  =  0. 
For  any  other  set  of  solutions  must  cause  y<^i  —  ^/^  to  vanish, 
and  a  comparison  of  (47)  with  (47 ')  shows  that  the  constant  tem 
is  unity  in  both  /  and  ^i,  whereas  the  constant  term  is  zero  in 
both/i  and  ^;  hence  the  condition  /^  —  ^/^  =  0  cannot  be  met  by 
replacing  u  and  v  by  functions  which  vanish  when  a;  =  y  =  «  =  0. 

It9.  Lacnaft*!  fonrabu  Let  us  oonaider  the  equation 

(49)  ir  =  o  +  «*(y), 

where  #(y)  is  a  function  which  is  developable  in  a  power  series  in  y  —  a, 

H3f)  =  #(«)  +  (y  -  «)#»  +  ^^~^#"(a)  +  •  •  •, 

which  converges  whenever  y  —  a  does  not  exceed  a  certain  number.  By  the 
general  theorem  of  §  187,  this  equation  has  one  and  only  one  root  which 
approaches  a  as  x  approaches  zero,  and  this  root  is  represented  for  sufficiently 
small  values  of  x  by  a  convergent  power  series 

y  =  a  +  aix  +  OfX'  +  •  *  *. 

In  general,  if  /{y)  Ib  a  function  which  is  developable  according  to  poeitife 
powers  of  y  —  a,  an  expansion  otf{y)  according  to  powers  of  x  may  be  obtained 
by  replacing  y  by  the  development  just  found, 

(60)  f{y)  =f{a)-\-AiX  +  Aitx^  +  •  •  •+  -4,x»  +  .  • ., 

and  this  expansion  holds  for  all  values  of  x  between  certain  limits. 
The  purpose  of  Lagrange*8  formula  is  to  determine  the  coefficients 

Ai,  A%y  •  •  •,  Am  •  •  • 

in  terms  of  a.  It  will  be  noticed  that  this  problem  does  not  differ  essentially 
from  the  general  problem.  The  coefficient  An  is  equal  to  the  nth  derivatiye  of 
f{y)  for  y  =  0,  except  for  a  constant  factor  n!,  where  y  is  defined  by  (49);  aod 
this  derivative  can  be  calculated  by  the  usual  rules.  The  calculation  appears  to 
be  very  complicated,  but  it  may  be  substantially  shortened  by  applying  the  fol- 
lowing remarks  of  Laplace  (cf.  Ex.  8,  Chapter  II).  The  partial  derivatives  of 
the  function  y  defined  by  (40),  with  respect  to  the  variables  x  and  a,  are  giTen 
by  the  formuls 

[1  -  X4,'{v)]  1^  =  HV) .        [1  -  **'(»)]  ^  =  1 , 
oz  da 

whence  we  find  immediately 

/R1\  ^^         ^t    \^^ 

(51)  Sr=*<''>8j' 

where  u  =f{y).    On  the  other  hand,  it  is  easy  to  show  that  the  formola 
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is  identically  satisfied,  where  F{y)  is  an  arbitrary  function  of  y.    For  either 
side  becomes 


da  dz  dadz 

on  performing  the  indicated  differentiations.     We  shall  now  prove  the  formula 


Sx» 


aa-iL^'^'   da  J 


for  any  value  of  n.    It  holds,  by  (61),  for  n  =  1.    In  order  to  prove  it  in  gen- 
eral, let  us  assume  that  it  holds  for  a  certain  number  n.    Then  we  shall  have 


ax" 


But  we  also  have,  from  (51)  and  (61^, 

whence  the  preceding  formula  reduces  to  the  form 

a»+iu     a«  r., ._ . .au" 


a»» 


^U  a*     r     ,    x.a.1^tt1 


which  shows  that  the  formula  in  question  holds  for  all  values  of  n. 

Now  if  we  set  a;  =  0,  y  reduces  to  a,  u  to  /(a),  and  the  nth  derivative  of  u 
with  respect  to  x  is  given  by  the  formula 


ax»/o"  da"-i 


Wa)-r{a)] . 


Hence  the  development  of  f{y)  by  Taylor*8  series  becomes 


(52) 


This  is  the  noted  formula  due  to  Lagrange.  It  gives  an  expression  for  the 
root  y  which  approaches  zero  as  x  approaches  zero.  We  shall  find  later  the 
limits  between  which  this  formula  is  applicable. 

Note.  It  follows  from  the  general  theorem  that  the  root  y,  considered  as  a 
function  of  x  and  a,  may  be  represented  as  a  double  series  arranged  according 
to  powers  of  x  and  a.  This  series  can  be  obtained  by  replacing  each  of  the 
coefficients  An  by  its  development  in  powers  of  a.  Hence  the  series  (52)  may 
be  differentiated  term  by  term  with  respect  to  a. 

Examples.   1)  The  equation 

(68)  y  =  a  +  |(y2'^l) 
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has  one  looi  which  w  eqiuJ  to  a  when  x  =  0.    Lagrmge's  lormnla  glfei  tht 
foUowing  deTelopment  for  that  root : 


(M) 


^x\"  *-M«^-i>* 


+ 


1.8*--ii\8/  d«^-» 

On  the  other  hand,  the  equation  (68)  may  be  aolved  directly,  and  ita  lootiin 

y  =  l±- Vl-8ax  +  j^. 
^       X       X 

The  root  which  is  equal  to  a  when  x  =  0  is  that  giren  1^  taking  the  sign  •-. 
Differentiating  both  sides  of  (54)  with  respect  to  a,  we  obtain  a  formnla  wliieh 
differs  from  the  formula  (82)  of  §  184  only  in  notation. 

2)  Kepler*8  equation  for  the  eccentric  anomaly  «,* 

(56)  ii  =  a  +  e8in«, 

which  occurs  in  Astronomy,  has  a  root«  which  isequal  to  a  for  e=0.  Lagiai^*! 
formula  gives  the  development  of  this  root  near  e  =  0  in  the  form 

(50)   >  =  a-fesina+-^;^(8in«a)  +  ....f      f       ^'HtAn^ _^ 

1.2  oa  1.2>>*ii       du^-^ 

Laplace  was  the  first  to  show,  by  a  profound  procew  of  roaaonlng,  that  thii 
series  conyerges  whenever  e  is  lees  than  the  limit  0.082748  •  • 

190.  InrersioB.   Let  us  consider  a  series  of  the  form 

(57)  y  =  aix  +  OisC*  H \-  a,x»  +  •  •  •, 

where  ai  is  different  from  zero  and  where  the  interval  of  oonvergmce  is(—  r,  +  r). 
If  y  be  taken  as  the  independent  variable  and  x  be  thouf^t  of  as  a  function  of  y, 
by  the  general  theorem  of  §  187  the  equation  (67)  has  one  and  only  one  rootiHiidi 
approaches  zero  with  y,  and  this  root  can  be  developed  in  a  power  series  in  y: 

(58)  X  =  ^iV  +  6sy»  +  bgy*  +  •  •  •  +  6by  +  •  • .. 

The  coefficients  6i ,  6s«  ^«  * **  may  be  determined  successively  hj xephMdng x in 
(57)  by  this  expansion  and  then  equating  the  coefficients  of  like  powers  of  y. 
The  values  thus  found  are 

.        1  ,  Hi  2at-aiflt 

&i  =  — »        ^=-Zs»        ^= Zs » 

tti  dj  (ii 

The  value  of  the  coefficient  5  of  the  general  term  may  be  obtained  from 
Lagrange^s  formula.     For,  setting 

fix)  =  fli  +  cnx  +  . . .  +  a,x"-»  +  • .  •, 
the  equation  (57)  may  be  written  in  the  form 

1 

x  =  y 1 

%{x) 

•  See  p.  218,  Ex.  19;  and  7.iwvr,  £\em«id«  of  TKeoreCtco/  JfedUmtcf,  2d  ed. 
p,  356,  — Trahs. 
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and  the  development  of  the  root  of  this  equation  which  approaches  zero  with  y 
is  given  by  Lagrange^s  formula  in  the  form 


i_  + . . .  +      y*       d*-'  /  1  Y 

f(0)  1.2-..n  dx"-iVf(»)/o 

where  the  subscript  0  indicates  that  we  are  to  set  a;  =  0  after  performing  the 
indicated  differentiations. 

The  problem  just  treated  has  sometimes  been  called  the  reoenion  of  9erie9. 


191.  Analytic  fonctions.  In  the  future  we  shall  say  that  a  func- 
tion of  any  number  of  variables  x,  y^  z,  >"  is  analytic  if  it  can  be 
developed,  for  values  of  the  variables  near  the  point  ^9  yo9  ^09  '"> 
in  a  power  series  arranged  according  to  increasing  powers  of 
X  —  x^y  y  —  yof  «  —  «o>  •  •  *  which  converges  for  sufficiently  small 
values  of  the  differences  x  —  Xq,---.  The  values  which  Xq,  y^^ x^,  - " 
may  take  on  may  be  restricted  by  certain  conditions,  but  we  shall 
not  go  into  the  matter  further  here.  The  developments  of  the  pres- 
ent chapter  make  clear  that  such  functions  are,  so  to  speak,  inter- 
related. Given  one  or  more  analytic  functions,  the  operations  of 
integration  and  differentiation,  the  algebraic  operations  of  multipli- 
cation, division,  substitution,  etc.,  lead  to  new  analytic  functions. 
Likewise,  the  solution  of  equations  whose  left-hand  member  is  ana- 
lytic leads  to  analytic  functions.  Since  the  very  simplest  functions, 
such  as  polynomials,  the  exponential  function,  the  trigonometric 
functions,  etc.,  are  analytic,  it  is  easy  to  see  why  the  first  functions 
studied  by  mathematicians  were  analytic.  These  functions  are  still 
predominant  in  the  theory  of  functions  of  a  complex  variable  and  in 
the  study  of  differential  equations.  Nevertheless,  despite  the  f under 
mental  importance  of  analytic  functions,  it  must  not  be  forgotten 
that  they  actually  constitute  merely  a  very  particular  group  among 
the  whole  assemblage  of  continuous  functions.* 

192.  Plane  carves.  Let  us  consider  an  arc^lB  of  a  plane  curve. 
We  shall  say  that  the  curve  is  analytic  along  the  arc  AB  H  the 
coordinates  of  any  point  M  which  lies  in  the  neighborhood  of  any 
fixed  point  Mq  of  that  arc  can  be  developed  in  power  series  arranged 
according  to  powers  of  a  parameter  t  —  t^y 

x  =  il>(t)  =  Xo  +  ai(t-t^)-\-ai(t-toy-\-"'  +  a^(t'-toy+"', 
which  converge  for  sufficiently  small  values  of  ^  —  ^q. 


(a:  =  6(0  = 


*  In  the  second  volume  an  example  of  a  non-analytic  function  will  be  given,  all  of 
whose  derivatives  exist  throughout  an  interval  (a,  b). 
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A  point  Mo  will  be  called  an  ordinary  paint  if  in  the  neighbor- 
hood of  that  point  one  of  the  differences  y  —  yo9  ^  —  ^  can  be 
represented  as  a  convergent  power  series  in  powers  of  the  other. 
If,  for  example,  y  —  j/o  c<^  ^  developed  in  a  power  series  in 

(60)  y  -  yo  =  «i(*  -  «o)  +  «i (*  -  «b)*  H >-«»(»—«•)"  +  •••» 

for  all  values  of  x  between  x^^  h  and  a^g  +  ^  the  point  (o^,  ^i)  is 
an  ordinary  point.  It  is  easy  to  replace  the  equation  (60)  by  two 
equations  of  the  form  (59),  for  we  need  only  set 

(61)  ^«  =  ^o  +  ^-'o, 

<y  =  yo  +  ci(^-^„)+--hc,(«-g"  +  ---. 

If  Oi  is  different  from  zero,  which  is  the  case  in  general,  the  equft* 
tion  (60)  may  be  solved  for  a;  —  «9  in  a  power  series  in  y  —  y©  ^^^ 
is  valid  whenever  y  —  j/o^^  sufficiently  small.  In  this  case  each  of 
the  differences  x  —  Xq,  y  —  y^  ^^^  ^  represented  as  a  convergent 
power  series  in  powers  of  the  other.  This  ceases  to  be  true  if  ^  is 
zero,  that  is  to  say,  if  the  tangent  to  the  curve  is  parallel  to  the 
X  axis.  In  that  case,  as  we  shall  see  presently,  x  —  x^  m&j  be  devel- 
oped  in  a  series  arranged  according  to  fractional  powers  of  y  —  y^- 
It  is  evident  also  that  at  a  point  where  the  tangent  is  parallel  to 
the  y  axis  x  —  Xf^  can  be  developed  in  power  series  in  y  —  yo,  but 
y  —  yo  cannot  be  developed  in  power  series  in  a;  —  a:©. 

If  the  coordinates  (ar,  y)  of  a  point  on  the  curve  are  given  by  the 
equations  (59)  near  a  point  3/^,  that  point  is  an  ordinary  point  if 
at  least  one  of  the  coefficients  a^,  bi  is  different  from  zero.*  If  «i 
is  not  zero,  for  example,  the  first  equation  can  be  solved  for  t-t^ 
in  powers  of  x  —  a-g,  and  the  second  equation  becomes  an  expansion 
of  y  —  y©  ^^  powers  of  a;  —  a^o  when  this  solution  is  substituted  for 

t  Cq, 

The  appearance  of  a  curve  at  an  ordinary  point  is  either  the  cus- 
tomary appearance  or  else  that  of  a  point  of  inflection.  Any  point 
which  is  not  an  ordinary  point  is  called  a  singular  point.  If  ^ 
the  points  of  an  arc  of  an  analytic  curve  are  ordinary  points,  the 
arc  is  said  to  be  regular. 


*  This  condition  is  sufficient,  but  not  necessary.  However,  the  equations  of  any 
curve,  near  an  ordinary  iwint  Afo.  »«ay  always  be  written  in  such  a  way  that  ai  and 
6i  do  not  both  vanish,  by  a  suitable  choice  of  the  parameter.  For  this  is  actaally 
accomplished  in  equations  (61).    See  also  qecond  footnote,  p.  409.— Tkakb. 
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If  each  of  the  coefficients  Oi  and  ^i  is  zero,  but  a,,  for  example, 
is  different  from  zero,  the  first  of  equations  (59)  may  be  written  in 
the  form  (x  —  j^)*  =  (^  —  <o)[^  +  ^t(f  —  ^o) H ]S  where  the  right- 
hand  member  is  developable  according  to  powers  of  ^  —  ^q.  Hence 
^  —  ^0  is  developable  in  powers  of  (05  —  a;^)*,  and  if  ^  —  ^0  in  the 
second  equation  of  (59)  be  replaced  by  that  development,  we  obtain 
a  development  for  y  —  y^iVL  powers  of  {x  —  ajj)*: 

y  -  yo  =  Ci(a;  —  a5o)+  Ct{x  —  a:o)*+  ^t (x  -  x^^-\ . 

In  this  case  the  point  (x^,  y^  is  usually  a  cusp  of  the  first  kind.* 

The  argument  just  given  is  general.  If  the  development  of 
x  —  x^m  powers  of  ^  —  ^0  begins  with  a  term  of  degree  n,  y  —  y^ 
can  be  developed  according  to  powers  of  (2;  —  Xq),  The  appearance 
of  a  curve  given  by  the  equation  (59)  near  a  point  (xq,  yo)  is  of 
one  of  four  types :  a  point  with  none  of  these  peculiarities,  a  point 
of  inflection,  a  cusp  of  the  first  kind,  or  a  cusp  of  the  second  kind.* 

193.  Skew  carves.  A  skew  curve  is  said  to  be  analytic  along  an  are 
ABif  the  coordinates  x,  y,z  ot  &  variable  point  M  can  be  developed 
in  power  series  arranged  according  to  powers  of  a  parameter  t  —  t^ 


fx  =  Xo  +  ai(t-tQ)-\ ^-  a,(^  —  <o)*  H > 

(62)         j  y  =  yo  +  *i  (^  -  ^)  H-  •  •  •  +  *»  (^  -  «o)"  +  •  •  • , 

in  the  neighborhood  of  any  fixed  point  Mq  of  the  arc.  A  point 
Mff  is  said  to  be  an  ordinary  point  if  two  of  the  three  differences 
a  —  aro,  y  —  yo>  «  —  «o  can  be  developed  in  power  series  arranged 
according  to  powers  of  the  third. 

It  can  be  shown,  as  in  the  preceding  paragraph,  that  the  point 
^0  will  surely  be  an  ordinary  point  if  not  all  three  of  the  coefficients 
^i9  ^i>  <;i. vanish.  Hence  the  value  of  the  parameter  t  for  a  singular 
point  must  satisfy  the  equations  f 

^  =  0,        ^  =  0,        —  =  0. 
dt  dt  dt 

, 

*  For  a  cusp  of  the  first  kind  the  tangent  lies  between  the  two  branches.    For  a 

cusp  of  the  second  kind  both  branches  lie  on  the  same  side  of  the  tangent.    The 

point  is  an  ordinary  point,  of  course,  if  the  coefficients  of  the  fractional  powers 

happen  to  be  all  zeros.— -Trans. 

t  These  conditions  are  not  sufficient  to  make  the  point  Mq  ,  which  corresponds  to 

a  valne  Iq  of  the  parameter,  a  singular  point  when  a  point  M  of  the  curve  near  Mq 

corresponds  tQ  several  values  of  t  which  approach  ^  as  3f  approaches  Mq.    Such  is 

the  case,  for  example,  at  the  origin  on  the  curve  defined  by  the  equations  z=  fi. 
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Let  x^,  i/q,  «o  ^  ^^^  coordinates  of  a  point  JH^  on  a  akew  curve  r 
whose  equations  are  given  in  the  form 

(63)  F(x,y,«)=0,        /^i(«,y,»)  =  0, 

where  the  'unctions  F  and  /\  are  power  series  in  a;  —  a:^,  y  —  y,, «  —  «^. 
The  poir  J/q  will  surely  be  an  ordinary  point  if  not  all  three  of 
the  functional  determinants 

D(x,  y)  '  2>(y,  z)  '  D(z,  x) 

vanish  simultaneously  at  the  point  x  =  Xq,  y^y^^  z=sz^.  For  if 
the  determinant  D(F,  Fi)/D(x,  y),  for  example,  does  not  vanish  at 
Mq,  the  equations  (63)  can  be  solved,  by  §  188,  for  x  —  x^  and  y-y^ 
as  power  series  in  x-^Xq, 

194.  Surfaces.  A  surface  S  will  be  said  to  be  analytic  throughout 
a  certain  region  if  the  co5rdinates  x,  y^  x  of  any  variable  point  M 
can  be  expressed  as  double  power  series  in  terms  of  two  variable 
parameters  t  —  t^  and  u  —  u^ 

r  aj  —  ajo  =  aio(^  —  ^o)  +  «»i(w  —  «o)  H f 

(64)  J  y  -  yo  =  b,o(t  -  ^o)  +  *oi(«*  -  «o)  +  •' ', 
U-  »o  =  <^io(^  — *o)+  Coi(t«  — tto)H , 

in  the  neighborhood  of  any  fixed  point  Mq  of  that  region,  wheie 
the  three  series  con  verge  for  sufficiently  small  values  of  t  —t^  and 
u  —  ttQ.  A  point  Mq  of  the  surface  will  be  said  to  be  an  ordinary 
point  if  one  of  the  three  differences  x  —  x^,  t/  —  t/of  ^'—  ^o  <^^  ^ 
expressed  as  a  power  series  in  terms  of  the  other  two.  Every  point 
Mq  for  which  not  all  three  of  the  determinants 

^(y>  ^)        ^(^,  a?)        ^(g,  y) 

D(ty  u)'        D(t,  u)'         D(t,  u) 

vanish  simultaneously  is  surely  an  ordinary  point.  If,  for  exam- 
ple, the  first  of  these  determinants  does  not  vanish,  the  last  two  of 
h  the  equations  (64)  can  be  solved  for  t  —  t^  and  t^  —  t^^,  and  the  first 
equation  becomes  an  expansion  of  x  —  x^  in  terms  of  y  —  y^  and 
z  —  Xq  upon  replacing  t  —  to  and  w  —  -Mq  by  these  values. 

Let  the  surface  S  be  given  by  means  of  an  unsolved  equation 
F(xy  y,  z)  =  0,  and  let  Xq^  y^,  Zq  be  the  coordinates  of  a  point  M^ 
of  the  surface.     If  the  function  F(x,  y,  z)  is  a  power  series  in 

^  ~  ^0)  2/  —  yo)  *  ■"  ^o>  8""^  if  ^^^  8ill  three  of  tlie  partial  derivatives 
dF/dxQ,  dF/dy^y  dF/dz^  vanish  simultaneously,  the  point  3/^  is  surely 
an  ordinary  point,  by  §  188. 
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Note,  The  definition  of  an  ordinary  point  on  a  curve  or  on  a  sur- 
face is  independent  of  the  choice  of  axes.  For,  let  itfo  (a^,  yo>  ^)  ^  ba 
ordinary  point  on  a  surface  5.  Then  the  codrdinates  of  any  neigh- 
boring point  can*  be  written  in  the  form  (64),  where  not  all  three  of 
the  determinants  Z>(y,  «)/D(«,  w),  D(«,  x)/D(t,  m),  D(s;  A/I>(t,  u) 
vanish  simultaneously  for  t^t^,  u  =  Uq,  Let  us  now  selewt  any  new 
axes  whatever  and  let 

Z  =  a,a;  +  Ay  +  y,«  +  Sg 

be  the  transformation  which  carries  x,  y,  z  into  the  new  codrdinates 
X,  Yy  Zy  where  the  determinant  A  =  D(X,  y,  Z)/D{Xy  y,  x)  is  differ- 
ent from  zero.  Replacing  Xj  y,  z  by  their  developments  in  series 
(64),  we  obtain  three  analogous  developments  for  XyYyZ\  and  we 

cannot  have 

D{X,  Y)  ^  D(Y,  Z)  ^  D(Z,  X)^^ 

D(t,  u)         D(ty  u)        D(ty  u) 

ioit  =  t^y  ti  =  i£o,  since  the  transformation  can  be  written  in  the  form 

X  =  A^X '\- B^Y '\-  CiZ  -\-Diy 
y  =  A^X  -\-B^Y-\-C^Z  +  Z)„ 

and  the  three  functional  determinants  involving  Xy  Y,  Z  cannot 
vanish  simultaneously  unless  the  three  involving  x^  y,  z  also  vanish 
simultaneously. 

IV.   TRIGONOMETRIC  SERIES       MISCELLANEOUS  SERIES 

195.  Calculation  of  the  coefficients.  The  series  which  we  shall  study 
in  this  section  are  entirely  different  from  those  studied  above. 
Trigonometric  series  appear  to  have  been  first  studied  by  D.  Ber- 
noulli, in  connection  with  the  problem  of  the  stretched  string.  The 
process  for  determining  the  coefficients,  which  we  are  about  to  give, 
is  due  to  Euler. 

Let  f(x)  be  a  function  defined  in  the  interval  (a,  h).  We  shall 
first  suppose  that  a  and  h  have  the  values  —  ir  and  +  tt,  respec- 
tively, which  is  always  allowable,  since  the  substitution 

r  —  ^'"'0;  —  (tf  4-  ^)  TT 
X  —  , 

0  —  a 

tm  I 1 1 M-^  — ■  III  ■  — ^ — ^^ 

*  See  footnote,  p.  406.  —Trans. 
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reduces  any  case  to  the  preceding.     Then  if  the  equation 

(66) /(ac)  =  "^  +  (oi  cos  05 -f  ii  sin  ac)  +  •  •  •  +  (a,^cos  wwc -I- d.sin  umb)  +  •  •  • 

holds  for  all  values  of  x  between  —  w  and  +  tt,  where  the  coefificients 
<hf<h9^i9"'t  ^mf  ^m>"'  ^^^  unknown  constants,  the  following  deyice 
enables  us  to  determine  those  constants.  We  shall  first  write  down 
for  reference  the  following  formulae,  which  were  established  above, 
for  positive  integral  values  of  m  and  n : 

j       sin  tnx  (2x  =:  0 ; 


(66) 


X 


+  » 

COS  mx  dx  =  0,  if  ffi  ^  0; 


COS  mx  cos  nx  dx 


T"*" '  cos  (m  —  n)X'\-  cos  (m  +  n)x  .        /v    .i.      ^ 
=  1        ^^ ^ — ^ ^^ = — ^dx  =  Ot  if  mi^n'i 


r   '     ,        ,              r    '  1  +  cos 2mx  J  ..       ,^. 

I       Q08'mxdx=        I ax      =7r,  if  m^U; 


+  » 

sin  mx  sin  nx  dx 


^J-'cos(m-n)x^cos(m  +  n)a.^^^    .^^^^. 


r          a       ^              f"*"    l-co82ma--  ..        ... 

I       sm'  TTWJ  dx  =        I        r oic      =  tt,  if  m  ^  U, 


sin  TTto;  cos  nx  dx 


/"*"*  sin  (m  +  n)a;  +  sin  (m  —  n)x  ,   __ 

Integrating  both  sides  of  (66)  between  the  limits  —  v  and  +  ff> 
the  right-hand  side  being  integrated  term  by  term,  we  find 

f(x)  dx  =  -^\  dx  —  TTtto, 

which  gives  the  value  of  a^.    Performing  the  same  operations  upon 
the  equation  (65)  after  having  multiplied  both  sides  either  by  cos  na 
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or  by  sin  mx,  the  only  term  on  the  right  whose  integral  between  —  ir 
and  +  TT  is  different  from  zero  is  the  one  in  cos'  mx  or  in  sin'  nix. 
Hence  we  find  the  formulae 

f(x)  cos  mx  dx  =  Tra^,  /      f(x)  sin  mx  dx  =  irh^y 

respectively.  The  values  of  the  coefficients  may  be  assembled  as 
follows : 


(67) 


{     1  T""'  1  r 

(h  —  "]      f(j^)  ^^f         <*«  =  "/      /(^)  cos  ma  da, 

1  r^' 

^^  =  —   I      /(a)  sin  ma  rfa. 


The  preceding  calculation  is  merely  formal,  and  therefore  tenta- 
tive. For  we  have  assumed  that  the  function  f(x)  can  be  developed 
in  the  form  (65),  and  that  that  development  converges  uniformly 
between  the  limits  —  ir  and  +  v.  Since  there  is  nothing  to  prove, 
a  prioriy  that  these  assumptions  are  justifiable,  it  is  essentiid  that 
we  investigate  whether  the  series  thus  obtained  converges  or  not. 
Replacing  the  coefficients  a^  and  bi  by  their  values  from  (67)  and 
simplifying,  the  sum  of  the  first  (m  +  1)  terms  is  seen  to  be 

8^+1  =  —  I     f(a)\  -+cos(«-ar)+cos2(a— a5)H hcosm(a— a;)  Ida. 

But  by  a  well-known  trigonometric  formula  we  have 

.    2m +1 
1  sin      ^      a 

-T  4-  cos  a  -f  cos  2a  -{ h  cos  ma  =  > 

2sm- 
whence 

.    2m±l  .  ^ 

28m -g— 
or,  setting  a  =  x  +  2y, 

s 

The  whole  question  is  reduced  to  that  of  finding  the  limit  of  this 
sum  as  the  integer  m  increases  indefinitely.  In  order  to  study  this 
question,  we  shall  assume  that  the  function  f(x)  satisfies  the  fol- 
lowing conditions : 
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1)  The  function  y)[a!;)  shall  be  in  general  continuous  between  -ir 
and  4-  ir,  except  for  a  finite  number  of  values  of  x,  for  which  its  value 
may  change  suddenly  in  the  following  manner.  Let  c  be  a  number 
between  —  ir  and  +  v.  For  any  value  of  c  a  number  h  can  be  found 
such  that  f(x)  is  continuous  between  e  ^  h  and  e  and  also  between 
c  and  6  +  A.  As  c  approaches  zero,  f(c  4-  c)  approaches  a  limit  which 
we  shall  call  f(c  +  0).  Likewise,  f(e  —  c)  approaches  a  limit  which 
we  shall  call  f(c  —  0)  as  c  approaches  zero.  If  the  function  f{x) 
is  continuous  for  x  =  Cy  we  shall  have/(c)  =/(<?-+- 0)=/(c—0).  If 
f(c  4-  0)  =^  /(c  —  0),f(x)  is  discontinuous  for  a;  =  c,  and  we  shall  agree 
to  take  the  arithmetic  mean  of  these  values  [/(c  +  0)  4-/(c  —  0)]/2 
for  f(c).  It  is  evident  that  this  definition  of /(e)  holds  also  at  points 
where  f(x)  is  continuous.  We  shall  further  suppose  that  f(—  or  -f  c) 
and  f(w  —  c)  approach  limits,  which  we  shall  call  /(—  tt  +  0)  and 
JXyr  —  0),  respectively,  as  c  approaches  zero  through  positive  values. 
The  curve  whose  equation  is  y  =f{x)  must  be  similar  to  that  of 
Fig.  11  on  page  160,  if  there  are  any  discontinuities.  We  have 
already  seen  that  the  function  f(x)  is  integrable  in  the  interval  from 
—  TT  to  4-  TT,  and  it  is  evident  that  the  same  is  true  for  the  product 
off(x)  by  any  function  which  is  continuous  in  the  same  interval. 

2)  It  shall  be  possible  to  divide  the  interval  (—  w,  4-  ir)  into  a 
finite  number  of  subintervals  in  such  a  way  that /(a;)  is  a  monoton- 
ically  increasing  or  a  monotonically  decreasing  function  in  each  of 
the  subintervals. 

For  brevity  we  shall  say  that  the  function  f(x)  satisfies  DiriekU^s 
conditions  in  the  interval  (—  'tt,  4-  tt).  It  is  clear  that  a  function 
which  is  continuous  in  the  interval  {—  ir,  4-  ir)  and  which  has  a 
finite  number  of  maxima  and  minima  in  that  interval,  satisfies 
Dirichlet's  conditions. 

196.  The  integral  j^^  f  (z)  [sin  nz/sin  z]  dz.  The  expression  obtained 
for  S^^i  leads  us  to  seek  the  limit  of  the  definite  integral 

r>(x)  5^  dx 

Jo  sin  a: 

as  n  becomes  infinite.  The  first  rigorous  discussion  of  this  ques- 
tion was  given  by  Lejeune-Dirichlet.*  The  method  which  we  shall 
employ  is  essentially  the  same  as  that  given  by  Bonnet. t 

•  Crelle'8  Journal,  Vol.  IV,  1829. 

fM^tnoires  dea  %avanU  <JtrangcT8  p\iVA\4*  v**xY  k<s»A4vfi\&  <iA  B^l^qae,  Vol.  XXIIL 
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Let  us  first  consider  the  integral 

Jr%k 
f     . ,  .  sin  nx  , 
0  * 

where  A  is  a  positive  number  less  than  w,  and  ^x)  is  a  function 
which  satisfies  Dirichlef  s  conditions  in  the  interval  (0,  h).  If  ^(x) 
is  a  constant  C,  it  is  easy  to  find  the  limit  of  J.  For,  setting  y  =  nx, 
we  may  write 


j%      y 


and  the  limit  of  /  as  n  becomes  infinite  is  Cirl2,  by  (39),  §  176. 

Next  suppose  that  ^(x)  is  a  positive  monotonically  decreasing 
function  in  the  interval  (0,  K),  The  integrand  changes  sign  for 
all  values  of  x  of  the  form  A^^r/n.     Hence  J  may  be  written 

J=  II,- Ux  +  u«-u«  +  --  +  (-l)*ti» +  •••  +  (- ir^ti^,    0<d<l, 
where 


X 


km  X 


and  where  the  upper  limit  A  is  supposed  to  lie  between  mir/n  and 
(m.  +  l)ir/n.  Each  of  the  integrals  Uj^  is  less  than  the  preceding. 
For,  if  we  set  noj  =  A^TT  +  y  in  Wjt,  we  find 


-.-/■♦c^)^*' 


and  it  is  evident,  by  the  hypotheses  regarding  ^(o;),  that  this  inte- 
gral decreases  as  the  subscript  k  increases.  Hence  we  shall  have 
the  equations 

/  =  Mo  -  (Wi  -  W,)  -  (t4,  -  W4) , 

/  =  Mo  —  Ml  4-  (m,  —  U,)  4.  (M4  —  ttj)  H , 

which  show  that  J  lies  between  Mq  and  u^  —  Mj.  It  follows  that  J  is 
a  positive  number  less  than  Mq,  that  is  to  say,  less  than  the  integral 


X 


^(x) dx, 

0  « 


But  this  integral  is  itself  less  than  the  integral 

*(+ 0)  P  ^  <fa  =  .^(+ 0)  r^ij^  rfy  =  ^♦(+ 0), 
where  A  denotes  the  value  of  the  definite  integral  f^[(^s^T^y)/y\dy. 
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The  same  argument  shows  that  the  definite  int^;ral 


r  ^/  X  sinnog 


dx, 


where  e  is  any  positive  number  less  than  h,  approaches  zero  as  n 
becomes  infinite.  If  e  lies  between  (»  —  l)^/n  and  itr/ny  it  can  be 
shown  as  above  that  the  absolute  value  of  J*  is  less  than 


<» 


jTV*)- 


smna; 


X 


dx 


+ 


^(«)  !HLi!f  Ox 


X 


and  hence,  a  fortiori,  less  than 


M 

6 


{?-) 


* 


+ 


(?) 


w      2ir  ^(c) 


%ir 


Hence  the  integral  approaches  zero  as  n  becomes  infinite.* 

This  method  gives  us  no  information  if  e  =  0.  In  order  to  dis- 
cover the  limit  of  the  integral  J,  let  c  be  a  number  between  0 
and  hf  such  that  ^(x)  is  continuous  from  0  to  c,  and  let  us  set 
^(x)  =  ^(c)  +  ^(x).  Then  ^(x)  is  positive  and  decreases  in  the 
interval  (0,  c)  from  the  value  ^(+  0)  —  ^(e)  when  x  =  0  to  the 
value  zero  when  a;  =  e.     If  we  write  J  in  the  form 


!1 


smno; 


sm  noB 


and  then  subtract  (ir/2)^{+  0),  we  find 
IT  . ,     ^^      ...  I     /    smno; 


<te  +  jf  ♦(a;)  - 


smnx 


(2a5 


05 


(70) 


^-2<K+0) 


-<4X- 


*  «*«- !]+?[*(«) -*(+«)] 


smno; 


05 


(2x. 


In  order  to  prove  that  J  approaches  the  limit  (ir/2)  ^(+  0),  it  will 
be  sufficient  to  show  that  a  number  m  exists  such  that  the  absolute 


*  This  result  may  be  obtained  even  more  simply  by  the  use  of  the  second  theorem 
of  the  mean  for  integrals  (§75).  Since  the  function  0(x)  is  a  decreasing  function, 
that  formula  gives 

f*      .sinne,       0(c)  f*  .        ^       10(c), 
J    ^(*)~V~  c  J    8inna;da:  =  - ^(cosnc-coen^, 

and  the  right-hand  membex  «y\^«ii\.Y9  «<sivxo«f:3b»^iKtn« 
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value  of  each  of  the  terms  on  the  right  is  less  than  a  preassigned 
positive  number  c/4  when  n  is  greater  than  m.  By  the  remark 
made  above,  the  absolute  value  of  the  integral 

J    K^)^^^^ 

is  less  than  A  ^+  0)  =  A  [<^(4-  0)  —  ♦(<?)].  Since  ^(x)  approaches 
<^(+  0)  as  a;  approaches  zero,  c  may  be  taken  so  near  to  zero  that 
A  [*(+  0)  -  *(<?)]  and  ('»r/2)[<^(-h  0)  -  ^(c)]  are  both  less  than  c/4. 
The  number  c  having  been  chosen  in  this  way,  the  other  two  terms 
on  the  right-hand  side  of  equation  (70)  both  approach  zero  as  n 
becomes  infinite.  Hence  n  may  be  chosen  so  large  that  the  abso- 
lute value  of  either  of  them  is  less  than  c/4.     It  follows  that 

(71)  lim/  =  f  *(+0). 

We  shall  now  proceed  to  remove  the  various  restrictions  which 
have  been  placed  upon  ^(x)  in  the  preceding  argument.  If  ^(x)  is 
a  monotonically  decreasing  function,  but  is  not  always  positive,  the 
function  ^{x)  =  ^(x)  +  C  is  a  positive  monotonically  decreasing  func- 
tion from  0  to  A  if  the  constant  C  be  suitably  chosen.  Then  the 
formula  (71)  applies  to  ^(x).    Moreover  we  may  write 

X*  ^ ,  .  sin  nx  ,         T* . ,  .  sin  nx  ,        ^  T*  sin  nx  , 
*(x)— ^rfx=j^   ^(x)^^dx^Cj^     -^dx, 

and  the  right-hand  side  approaches  the  limit  (ir/2)^(j\-  0)  —  (ir/2)C^ 
that  is,  {ir/2)  ^(+  0). 

If  ^(x)  is  a  monotonically  increasing  function  from  0  to  A,  ~  ^(x) 
is  a  monotonically  decreasing  function,  and  we  shall  have 

Jr*         sinnx  T*  ^  sinnx  ^ 

I    *(x)  -— ;—  dx  =  -  \    -  ^(x)  — —  dx. 
0  X  ^Q  X 

Hence  the  integral  approaches  (^/2)^(4-  0)  in  this  case  also. 

Finally,  suppose  that  ^(x)  is  any  function  which  satisfies  Dirich- 
let's  conditions  in  the  interval  (0,  h).  Then  the  interval  (0,  h) 
may  be  divided  into  a  finite  number  of  subintervals  (0,  a),  (a,  6), 
(by  <?),*",  (I)  h)y  in  each  of  which  <^(x)  is  a  monotonically  increasing 
or  decreasing  function.  The  integral  from  0  to  a  approaches  the  limit 
(w/2)^(4-  0).    Each  of  the  other  integrals,  which  are  of  the  type 

„       r\.  ^  sin  nx  ^ 
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approaches  zero.  For  if  ^(x)  is  a  monotonically  increasing  function, 
for  instance,  from  a  to  6,  an  auxiliary  function  ^(x)  can  be  formed 
in  an  infinite  variety  of  ways,  which  increases  monotonically  from 
0  to  6,  is  continuous  from  0  to  a,  and  coincides  with  ^(x)  from  a  to  6. 
Then  each  of  the  integrals 

^{x)^^^dx,        J^  il,(x)^^^dx 

approaches  ^(+0)  as  n  becomes  infinite.  Hence  their  difference, 
which  is  precisely  H,  approaches  zero.  It  follows  that  the  formula 
(71)  holds  for  any  function  ^(x)  which  satisfies  Dirichlet's  condi- 
tions in  the  interval  (0,  h). 

Let  us  now  consider  the  integral 

(72)  i=£f^^)^dx,        0<h<ir, 

where  f(x)  is  a  positive  monotonically  increasing  function  from 
0  to  h.     This  integral  may  be  written 


r   r^/  V     05   n  sinnoB  , 


and  the  function  ^(x)  =  f(x)  x/sin  a;  is  a  positive  monotonically 
increasing  function  from  0  to  h.  Since /(+  0)  =  ^(+  0),  it  follows 
that 

(73)  lim/  =  f/(4-0). 


This  formula  therefore  holds  if  f(x)  is  a  positive  monotonically 
increasing  function  from  0  to  A.  It  can  be  shown  by  successive 
steps,  as  above,  that  the  restrictions  upon  f(x)  can  all  be  remoyed, 
and  that  the  formula  holds  for  any  function  /(x)  which  satisfies 
Dirichlet's  conditions  in  the  interval  (0,  h), 

197.  Fourier  series.  A  trigonometric  series  whose  coefficients  are 
given  by  the  formulae  (67)  is  usually  called  a  Fourier  series.  Indeed 
it  was  Fourier  who  first  stated  the  theorem  that  any  function  arbi- 
trarily defined  in  an  interval  of  length  2'ir  may  be  represented  by  a 
series  of  that  type.  By  an  arbitrary  function  Fourier  understood 
a  function  which  could  be  represented  graphically  by  several  ciu^ 
vilinear  arcs  of  curves  which  are  usually  regarded  as  distinct  curves. 
We  shall  render  this  rather  vague  notion  precise  by  restricting  our 
discussion  to  functions  which  satisfy  Dirichlet's  conditions. 
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In  order  to  show  that  a  function  of  this  kind  can  be  represented 
by  a  Fourier  series  in  the  interval  (—  tt,  4-  ir),  we  must  find  the 
limit  of  the  integral  (68)  as  m  becomes  infinite.  Let  us  divide 
this  integral  into  two  integrals  whose  limits  of  integration  are 
0  and  (tt  —  a;)/2,  and  —  (w  +  x)/2  and  0,  respectively,  and  let  us 
make  the  substitution  yss^zin  the  second  of  these  integrals. 
Then  the  formula  (68)  becomes 


«■— X 


1    r  '  ^     .  o  vBmY2m+l)y  . 
wjp      •'^  ^^         siny  ^ 


w4-i 


-U"^— '^^^^J^-- 


When  X  lies  between  —  ir  and  +  w,  (w  —  x)/2  and  (ir  +  x)/2  both 
lie  between  0  and  w.  Hence  by  the  last  article  the  right-hand 
side  of  the  preceding  formula  approaches 

as  m  becomes  infinite.  It  follows  that  the  series  (65)  converges  and 
that  its  sum  is /(a;)  for  every  value  of  x  between  ~  ir  and  +  ir. 

Let  us  now  suppose  that  x  is  equal  to  one  of  the  limits  of  the 
interval,  —  w  for  example.    Then  S^^^  may  be  written  in  the  form 

^•+1  =  -   /   A-'^  +  ^y) — ^  .         '^  dy 


1    r'^/  .  o  vSin(2m-fl)y  . 

=  -  /   /(-ir  +  2y) — ^  ,         ^-^dy 
irJo  '^^  "'         smy  ^ 


"^  smy  ^ 

f 

The  first  int^^^  on  the  right  approaches  the  limit /(—  w  +  0)/2. 
Setting  y  s=  TT  —  «  in  the  second  integral,  it  takes  the  form 


ijr',,_^,»r-±ii.., 


which  approaches /(ir  —  0)/2.  Hence  the  sum  of  the  trigonometric 
series  is  [/(w  —  0)  +/(—  ir  +  0)]  /2  when  aj  =  —  w.  It  is  evident 
that  the  sum  of  the  series  is  the  same  when  x  =  +  ir. 

If,  instead  of  laying  off  x  as  a  length  along  a  straight  line,  we 
lay  it  off  as  the  length  of  an  arc  of  a  unit  circle,  counting  in  the 
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positive  direction  from  the  point  of  intersection  of  the  circle  with 
the  positive  direction  of  some  initial  diameter,  the  sum  of  the  series 
at  any  point  whatever  will  be  the  arithmetic  mean  of  the  two  limits 
approached  by  the  sum  of  the  series  as  each  of  the  variable  points 
m'  and  m",  taken  on  the  circumference  on  opposite  sides  of  m, 
approaches  m.  If  the  two  limits  /(—  tt  +  0)  and  f(ir  —  0)  are 
different,  the  point  of  the  circumference  on  the  negative  direction 
of  the  initial  line  will  be  a  point  of  discontinuity. 

In  conclusion,  everi/  function  which  is  defined  in  the  interval 
(—  TT,  4-  ^)  o,nd  which  satisfies  Dirichlefs  conditions  in  that  inter- 
val may  he  represented  by  a  Fourier  series  in  the  same  interval. 

More  generally,  let  f(x)  be  a  function  which  is  defined  in  an 
interval  (a,  a  +  2'ir)  of  length  2wy  and  which  satisfies  Dirichlef s 
conditions  in  that  interval.  It  is  evident  that  there  exists  one  and 
only  one  function  F(x)  which  has  the  period  2ir  and  coincides  with 
f{x)  in  the  interval  (a,  a  4-  27r).  This  function  is  represented,  for 
all  values  of  x,  by  the  sum  of  a  trigonometric  series  whose  coeffi- 
cients a„  and  h^  are  given  by  the  formulae  (67): 

1  r"^'  1  r^' 

a^  =  -  j       F(x)  cos mx dx,         6^  =  -  I       f(x)  smm^xdx. 

The  coefficient  a^,  for  example,  may  be  written  in  the  form 

If  1   /•'-'*' 

a^  =  —  \        Fix)  cos TiKB (foj  +  —  I  F(x)  oosmxdxy 

where  a  is  supposed  to  lie  between  2hw  —  ir  and  2Aw  +  it.  Since 
F{x)  has  the  period  27r  and  coincides  with  f(x)  in  the  interval 
(a,  a  +  27r),  this  value  may  be  rewritten  in  the  form 

a«  =  —    I  f{x)  COS  mx  dx  -{-  j         f(x)  cos  mx  dx 

=  —     I  f(x)  COS  71MB  dx. 

Similarly,  we  should  find 

(76)  K  =  ~  j        f(x)  sin  m>xdx. 

Whenever  a  function  f{x)  is  defined  in  any  interval  of  length  2ir, 
the  preceding  formulae  enable  us  to  calculate  the  coefficients  of  its 
development  in  a  Fourier  series  without  reducing  the  given  interval 
to  the  interval  (—  tt,  -\-  iry 


(74) 
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19t.  Ezamplet.  1)  Let  us  find  a  Fourier  series  whose  sum  is  —  1  for 
—  jr  <  z  <  0,  and  +1  for  0  <  x  <  +  )r.    The  formule  (67)  give  the  values 

1     /.O  1    /•» 

00  =  :^  f  -dx  +  ^  r  dx  =  0, 

It  J-w  ^  •fo 

1     /••  1     /•"■ 

Oat  =  —  I     — co8mxdz  +  —  I    C06mzdx  =  0, 

-         1    /••                J        I    r'' .         J       2 -cosmjr  —  cos(— mjr) 
\,  =  —  I     —  sin mzdx  +  —  I    8mmxdx= ^ '-» 

ft  J-w  ft  Jo  mtt 

If  m  is  even,  6m  is  zero.  If  m  is  odd,  b„  is  4/mir.  Multiplying  all  the  coeffi- 
cients by  ir/4,  we  see  that  the  sum  of  the  series 

/7A\  sinx      mnSx  .  sin(2m+l)x  . 

(7o)  y  =  — - —  +  — r  •  •  •  +  — r r  •  •  • 

^    '  1  3  2m +1 

is  —  jt/4  for  —  jr  <  X  <  0,  and  +  it/4  for  0  <  x  <  it.  The  point  x  =  0  is  a  point 
of  discontinuity,  and  the  sum  of  the  series  is  zero  when  x  =  0,  as  it  should  be. 
Kore  generally  the  sum  of  the  series  (76)  is  it/4  when  sin  x  is  positiye,  -  it/i 
when  sin  x  is  negative,  and  zero  when  sin  x  =  0. 

The  curve  represented  by  the  equation  (76)  is  composed  of  an  infinite  number 
of  segments  of  length  it  of  the  straight  lines  y  =  ±  it/4  and  an  infinite  num- 
ber of  isolated  points  (y  =  0,  x  =  kit)  on  the  x  axis. 

2)  The  coefficients  of  the  Fourier  development  of  x  in  the  interval  from  0  to 
2ir  are 

1    /•'» 
ao=  —  I     xdx  =  2«, 

1    /•«»  ,  rxsinmx-l*'.     1     f «»  .  •       ^ 

am  =  —  I     xcosmxdx=        -\ ^  I      smTnxax  =  0, 

It  Jo  L     "i^     Jo        "Ia  •'O 

1    /•*•  J  rxco8mx^^^^  .     1     /•»»  ,  2 

6m=-l      xsinmxdx  =  —    +  —  I      cos  mxdx  = . 

It  Jo  L    "^^     Jo       "i^  Jo  "i 

Hence  the  formula 

X  _  TT  _  sin  X  _  sin  2x  __  sin  3x  _ 
^    '  2"2         i  2  3 

is  valid  for  all  values  of  x  between  0  and  2it.  If  we  set  y  equal  to  the  series  on 
the  right,  the  resulting  equation  represents  a  curve  composed  of  an  infinite  num- 
ber of  segments  of  straight  lines  parallel  to  y  =  x/2  and  an  infinite  number  of 
isolated  points. 

Note.  If  the  function  f(x)  defined  in  the  interval  (—  )r,  +  ft)  ia  even,  that  is 
to  say,  if /(—  x)  =/(x),  each  of  the  coefficients  &m  is  zero,  since  it  is  evident  that 

r   /(x)sinmxdx  =  —  r /(x)sinmx(Zx. 

J-w  •'O 

Similarly,  if  f{x)  is  an  odd  function,  that  is,  if  /(—  x)  =  — /(x),  each  of  the 
coeffioienti  Om  is  zero,  including  oq.    A  function  /(x)  which  is  defined  only  in 
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the  interyftl  Irom  0  to  «  may  be  defined  in  the  interval  from  —  ir  to  0  by  either 

of  the  eqoationa 

/(-x)=/(a;)       or       /(- x)  =  -/(x)  * 

if  we  choose  to  do  so.    Hence  the  glyen  function  f{x)  may  be  represented  either 
by  a  series  of  cosines  or  by  a  series  of  sines,  in  the  interval  from  0  to  ]r. 

199.  Expansion  of  a  continotfos  fnnctkm.  Weierstrass'  theocenoi.  Let /(x)^ be  a 
fanction  which  is  defined  and  continuous  in  the  interval  (a,  6).  The  following 
remarkable  theorem  was  discovered  by  Weierstrass :  Oiven  any  prea»»ignei  pon- 
tive  number  c,  a  polynomial  P(x)  can  alvoaya  he  found  such  that  the  diffemot 
/(x)  -  P(x)  t«  less  than  c  in  absolute  value  for  all  values  of  x  in  the  interval  (a,  h). 

Among  the  many  proofs  of  this  theorem,  that  due  to  Lebes^e  is  one  of  the 
simplest.*  Let  us  first  consider  a  special  function  }ff(x)  which  is  continuous  in 
the  interval  (—  1,  +  1)  and  which  is  defined  as  follows :  V'(z)  =  0  f or  —  1  <x<0, 
f  (x)  =  2kx  for  0  <  X  <  1,  where  ik  is  a  given  constant.  Then  iff{x)  =  (x  +  |x|)i:. 
Moreover  for  —  1  <  x  <  +  1  we  shall  have 


|x|=Vl-(l-x<), 

and  for  the  same  values  of  x  the  radical  can  be  developed  in  a  uniformly  c<m- 
vergent  series  arranged  according  to  powers  of  (1  —  x^.  It  follows  that  |x|,  and 
hence  also  ^(x),  may  be  represented  to  any  desired  degree  of  approximation  in 
the  intei^ral  (— 1,  +l)bya  polynomial. 

Let  us  now  consider  any  function  whatever,  /(x),  which  is  continuous  in 
the  interval  (a.  6),  and  let  us  divide  that  interval  into  a  suite  of  subintervale 
(oo,  ai),  (ai  ,02),-.,  (a,-i ,  a,),  ^here  a  =  ao<ai<aj<..-<  0,-1  <  a,  =  6, 
in  such  a  way  that  the  oscillation  of  f(x)  in  any  one  of  the  subintervals  is  lees 
than  c/2.  Let  L  be  the  broken  line  formed  by  connecting  the  points  of  the 
curve  y  =/(x)  whose  abscissae  are  ooi  ^i ,  02,  •  •  -,  6.  The  ordinate  of  any  point 
on  X  is  evidently  a  continuous  function  0(x),  and  the  difference  f(x)  —  ^x)  is 
less  than  c/2  in  absolute  value.  For  in  the  interval  (a^-i,  a^t),  for  example, 
we  shall  have 

f(x)  -  0(x)  =  [Ax)  -/(a^-i)] (!-<?)  +  [/(x)  -f{a^)]e, 

where  x  —  a^t-i  =  0(a^  —  a^-i).  Since  the  factor  0  is  positive  and  less  thtn 
unity,  the  absolute  value  of  the  difference/  —  <p  is  less  than  c(l  —  ^  +  0)/2  =  c/2. 
The  function  0(x)  can  be  split  up  into  a  sum  of  n  functions  of  the  same  type  w 
V'(x).  For,  let  -4o,  -4i,  .42,  •  •  • ,  -4„  be  the  successive  vertices  of  L.  Then  0(1) 
is  equal  to  the  continuous  function  ^1  (x)  which  is  represented  throughout  the 
interval  (a,  6)  by  the  straight  line  AqAi  extended,  plus  a  function  0i(x)  which 
is  represented  by  a  broken  line  A(tAi  "Am  whose  first  side  AqAi  lies  on  the 
X  axis  and  whose  other  sides  are  readily  constructed  from  the  sides  of  L.  Again, 
the  function  <pi  {x)  is  equal  to  the  sum  of  two  functions  ^2  and  ^,  where  ^s  is 
zero  between  ao  and  ai ,  and  is  represented  by  the  straight  line  A1A2  extended 
between  ai  and  6,  while  02  is  represented  by  a  broken  line  A(,'A{'A3'  •  •  An  whose 
first  three  vertices  lie  on  the  x  axis.  Fuially,  we  shall  obtain  the  equation 
0  =  ^1  +  ^2  +  •  •  •  +  ^fi  1  where  ^,-  is  a  continuous  function  which  vanishes 
between  oo  and  a,_i  and  which  is  represented  by  a  segment  of  a  straight  line 


*  Bulletin  den  sciences  math^matiques,  p.  278,  1898. 
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between  a<-i  and  h.  If  we  then  mak^  the  substitution  JT  =  mx  +  1^  where  m 
and  n  are  suitably  chosen  numbers,  the  function  V'iCx)  may  be  defined  in  the 
intenral  (—1,  + 1)  by  the  equation 

and  hence  it  can  be  represented  by  a  polynomial  with  any  desired  degree  of 
approximation.  Siuce  each  of  the  functions  fi(x)  can  be  represented  in  the 
interval  (a,  fr)  by  a  polynomial  with  an  error  less  than  ^n,  it  is  evident  that  the 
sum  of  these  polynomials  will  differ  from/(2)  by  less  than  c. 

It  follows  from  the  preceding  theorem  that  any  function  f{x)  which  is  eowtin- 
turns  in  an  interval  (a,  b)  may  he  represented  by  an  infinite  series  qf  polynomials 
which cowoerges uniformly inthat intervaL  For, let ci, cs, •  •  •, c, •  •  •  be asequence 
of  positive  numbers,  each  of  which  is  less  than  the  preceding,  where  c.  approaches 
zero  as  n  becomes  infinite.  By  the  preceding  theorem,  corresponding  to  each  of 
the  c*s  a  polynomial  P»(z)  can  be  found  such  that  the  difference  f(x)  —  Pi{x)  is 
less  than  cj  in  absolute  value  throughout  the  interval  (a,  b).    Then  the  series 

Pi(x)  +  [Pf  («)  -  Pi(x)]  +  . . .  +  [P.(x)  -  P«-.i(x)]  +  •  • . 

converges,  and  its  sum  iB/(x)  for  any  value  of  x  inside  the  interval  (a,  6).  For 
the  sum  of  the  first  n  terms  is  equal  to  Pn  (x),  and  the  difference  /(x)  —  8n ,  which 
is  leas  than  c.,  approaches  zero  as  n  becomes  iufinite.  Moreover  the  series  con- 
verges uniformly,  since  the  absolute  value  of  the  difference  /(x)  —  8n  will  be  less 
than  any  preassigned  positive  number  for  all  values  of  n  which  exceed  a  certain 
fixed  integer  N^  when  x  has  any  value  whatever  between  a  and  b. 

SOO.  A  contiBaoos  foaction  without  a  derivative.  We  shall  conclude  this  chapter 
by  giving  an  example  due  to  Weierstrass  of  a  continuous  function  which  does 
not  possess  a  derivative  for  any  value  of  the  variable  whatever.  Let  6  be  a  posi- 
tive constant  less  than  unity  and  let  a  be  an  odd  integer.  Then  the  function 
F{x)  defined  by  the  convergent  infinite  series 


(78)  F{x)  =  V  6«»  cos  («?•  lex) 


is  continuous  for  all  values  of  x,  since  the  series  converges  uniformly  in  any 
interval  whatever.  If  the  product  ab  is  less  than  unity,  the  same  statements 
hold  for  the  series  obtained  by  term-by-term  differentiation.  Hence  the  func- 
tion F{x)  possesses  a  derivative  which  is  itself  a  continuous  function.  We  shall 
now  show  that  the  state  of  affairs  is  essentially  different  if  the  product  ab  exceeds 
a  certain  limit. 

In  the  first  place,  setting 

m-l 

5«  =  -  2j  6-{co8  [o»jr(x  +  h)]  -  cos (o» irx)} , 

HMO 

B«  =  -  2^  6"{co8[o»jr(x  +  h)]  -  co8(o«jr«)}, 


we  may  write 


Kvfll 


(79)  ?!E±Rzm^a^  +  B,. 
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On  the  other  handf  it  is  easy  to  show,  by  applying  the  law  of  the  mean  to  the 
fonction  coB(a^]rz),  that  the  difference  cos  [(V*ir{x  +  A)]  —  cos(aP*irx)  is  less  than 
ira"  I A I  in  abeolnte  value.    Hence  the  absolute  value  otSm^  less  than 


»«o 


ab-1 


and  consequently  also  less  than  fr{ab)^/(ab  - 1),  if  a&  >  1.  Let  us  try  to  find  a 
lower  limit  of  the  absolute  value  of  Rm  when  h  is  assigned  a  particular  value. 
We  shall  always  have 

where  Om  is  an  integer  and  {«,  lies  between  —  1/2  and  +  1/2.     If  we  set 

am 

where  Cm  is  equal  to  ±  1,  it  is  evident  that  the  sign  of  A  is  the  same  as  that  of 
Cm  t  and  that  the  absolute  vaUe  of  h  is  less  than  3/2a"*.  Having  chosen  A  in  this 
way,  we  shall  have 

a"3r(x  +  A)  =  a"-"»a'»  3r(a;  +  A)  =  (i^-"jr(a«  +  e«) . 

Since  a  is  odd  and  e«i  =  ±  1,  the  product  a*-^{am  +  ««)  is  even  or  odd  with 
am  +  If  and  hence 

cos[a»3r(x  +  A)]  =  (-  l)««+i. 
Moreover  we  shall  have 

coB(a*irx)  =  cos(a»-'"a'»»x)  =  cos[a»-"»7r(a«  +  {«,)] 
=  cos  (a"-*"  am  jr)  cos  (a*-"»  {«, ») , 

or,  since  a»  "•"•««  is  even  or  odd  with  a^, 

cos  (a"  ;rx)  =  ( —  !)*•  cos  (a"-"*  {«  ») . 

It  follows  that  we  may  write 

■f  00 

Rm  =  ^—^ 5j6»[l+  cos((i—-Ujr)]. 

Since  every  term  of  the  series  is  positive,  its  sum  is  greater  than  the  first  term,  and 
consequently  it  is  greater  than  6"*  since  (m  lies  between  —  1/2  and  +  1/2.    Hence 

or,  since  |A|<3/2a>', 

If  a  and  b  satisfy  the  inequality 
(80)  a6>l  +  — . 

we  shall  have 


whence,  by  (79), 

F(x  + A)-  F{z) 


2  ,  ,,        Ttlab)"^ 

a6  -  1  -  ?? 
>  |«»|-|S„|  >  ?(a6)«— j-yl.. 
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As  m  becomes  infinite  the  expression  on  the  extreme  right  increases  indefinitely, 
while  the  absolute  value  of  h  approaches  zero.  Consequently,  no  matter  how 
small  c  be  chosen,  an  increment  h  can  be  found  which  is  less  than  c  in  abso- 
lute yalue,  and  for  which  the  absolute  value  of  [F{x  +  A)  —  F{x)']/h  exceeds  any 
preassigned  number  whatever.  It  follows  that  if  a  and  h  satisfy  the  relation  (80), 
the  function  F{x)  possesses  no  deriyatiye  for  any  yalue  of  x  whatever. 

SXSRCI8B8 

1.  Apply  Lagrange*s  formula  to  derive  a  development  in  powers  of  z  of  that 
root  of  the  equation  y*  =  ay  +  z  which  is  equal  to  a  when  x  =  0. 

2.  Solve  the  similar  problem  for  the  equation  y  —  a-\-  xy*+ '  =  0.  Apply  the 
result  to  the  quadratic  equation  a  —  hx  -\-  ex*  =  0.  Develop  in  powers  of  e  that 
root  of  the  quadratic  which  approaches  a/b  as  c  approaches  zero. 

3.  Derive  the  formula 


4.  Show  that  the  formula 

X  X 


VTTx      l  +  aj 
holds  whenever  x  is  greater  than  —  1/2. 

6.  Show  that  the  equation 


1  /   X   Y  .  hi  /   ^   Y 
2V1  +  X/       2.4\l  +  x/ 


1  2x      . 

2  l  +  x2      2 


L  /    2x  Y  .      1.8    /   2x  Y 
.  4  Vl  +  x«/       2 .  4 .  6  VI  +  xa/ 


holds  for  values  of  x  less  than  1  in  absolute  value.    What  is  the  sum  of  the  series 
when  I X I  >  1  ? 

6.  Derive  the  formula 

^         '         o«L       a  +  »         1.2     \o  +  x/  1.2.8        \a  +  x/  J 

7.  Show  that  the  branches  of  the  function  sin  mx  and  cos  mz  which  reduce 
to  0  and  1,  respectively,  when  sinx  =  0  are  developable  in  series  according  to 
powers  of  sin  x : 

r.  ma-1   ,  ,     .  (m«-l)(m«-9)  ,  .  T 

=  m    sm  X  — sin'x  +  ^ ^^ ^  sin*x » 

L  1.2.3  1.2.8.4.5  J 

m*  m^  (m^  —  4) 

cos  mx  =  1 sin*x  +  — ^ sin*x  —  • . . . 

1.2  1.2.8.4 

[Make  use  of  the  differential  equation 

which  is  satisfied  by  u  =  cos  mx  and  by  u  =  sin  tux,  where  y  =  sin  x.] 

8.  From  the  preceding  formulae  deduce  developments  for  the  functions 

cos  (n  arc  cos  x),        sin  (n  arc  cos  x). 


smrnx 


CHAPTER  X 

PLANS  CURVES 

The  Gurves  and  surfaioes  treated  in  Analytic  Geometry,  properly 
speaking,  are  analytic  curves  and  surfaces.  However,  the  geomet- 
rical concepts  which  we  are  about  to  consider  involve  only  the  exists 
ence  of  a  certain  number  of  successive  derivatives.  Thus  the  curre 
whose  equation  is  y  =f(x)  possesses  a  tangent  if  the  function  f{x) 
has  a  derivative  /'(a?) ;  it  has  a  radius  of  curvature  if  f*{x)  has  a 
derivative  /"(a) ;  and  so  forth. 

I.  ENVELOPES 

SOL  Determination  of  envelopea.  Given  a  plane  curve  C  whose 
equation 

(1)  A^y  y,  a)  =  0 

involves  an  arbitrary  parameter  a,  the  form  and  the  position  of  the 
curve  will  vary  with  a.  If  each  of  the  positions  of  the  curve  C  is 
tangent  to  a  fixed  curve  E,  the  curve  E  is  called  the  envelope  of  the 
curves  C,  and  the  curves  C  are  said  to  be  enveloped  by  E,  The 
problem  before  us  is  to  establish  the  existence  (or  non-existence)  of 
an  envelope  for  a  given  family  of  curves  C,  and  to  determine  that 
envelope  when  it  does  exist. 

Assuming  that  an  envelope  E  exists,  let  (x,  y)  be  the  point  of  tan* 
gency  of  E  with  that  one  of  the  curves  C  which  corresponds  to  a  cer- 
tain value  a  of  the  parameter.  The  quantities  x  and  y  are  unknown 
functions  of  the  parameter  a  which  satisfy  the  equation  (1).  In 
order  to  determine  these  functions,  let  us  express  the  fact  that  the 
tangents  to  the  two  curves  E  and  C  coincide  for  all  values  of  «• 
Let  &c  and  hy  be  two  quantities  proportional  to  the  direction  cosines 
of  the  tangent  to  the  curve  C,  and  let  dx/da  and  dy/da  be  the 
derivatives  of  the  unknown  functions  x  =  <^(a),  y  =  ^(a).  Then  a 
necessary  condition  for  tangency  is 

dx      dy 
^.  da      da 
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On  the  other  hand,  since  a  in  equation  (1)  has  a  constant  value  for 
the  particular  curve  C  considered,  we  shall  have 

(3)  K*' + If  ^ = «' 

which  determines  the  tangent  to  C.  Again,  the  two  unknown  func- 
tions X  =  ^(a),  y  =  ^(a)  satisfy  the  equation 

yi^x,  y,  a)  =  0, 
also,  where  a  is  now  the  independent  variable.    Hence 

^  '  dx  da      dy  da      da        * 

or,  combining  the  equations  (2),  (3),  and  (4)| 

The  unknown  functions  x  =  ^(a),  y  =  ^(a)  are  solutions  of  this  equa- 
tion and  the  equation  (1).  Hence  the  equation  of  the  envelope,  in 
case  an  envelope  exists,  is  to  be  found  by  eliminating  the  parameter  a 
between  the  equations  f=0,  df/da  =  0. 

Let  R(x,  y)  =  Ohe  the  equation  obtained  by  eliminating  a  between 
(1)  and  (5),  and  let  us  try  to  determine  whether  or  not  this  equation 
represents  an  envelope  of  the  given  curves.  Let  C©  be  the  particu- 
lar curve  which  corresponds  to  a  value  Oq  of  the  parameter,  and  let 
i^o}  t/o)  ^  ^^  coordinates  of  the  point  Mq  of  intersection  of  the 
two  curves 

(6)  f(x,  y,  ao)  =  0,         ^  =  0. 

The  equations  (1)  and  (5)  have,  in  general,  solutions  of  the  form 
x  =  ^(a),  y  =  ^(a),  which  reduce  to  Xq  and  yQ,  respectively,  for 
a  =  ^„.     Hence  for  a  =  a^  we  shall  have 

cxq  \da/o      (?yo  \da/o 

This  equation  taken  in  connection  with  the  equation  (3)  shows 
that  the  tangent  to  the  curve  Cq  coincides  with  the  tangent  to  the 
curve  described  by  the  point  (x,  y),  at  least  unless  df/dx  and  df/dy 
are  both  zero,  that  is,  unless  the  point  Mq  is  a  singular  point  for  the 
curve  Cq.  It  follows  that  the  equation  R(xy  y)  =  0  represents  either 
the  envelope  of  the  curves  C  or  else  the  locus  of  singular  points  on 
these  curves. 
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This  result  may  be  supplemented.  If  each  of  the  curves  C  has 
one  or  more  singular  points,  the  locus  of  such  points  is  surely  apart 
of  the  curve  R(x,  y)  =  0.  Suppose,  for  example,  that  the  point  (2, y) 
is  such  a  singular  point.  Then  x  and  y  are  functions  of  a  which 
satisfy  the  three  equations 

and  hence  also  the  equation  df/da  =  0.  It  follows  that  a;  and  y 
satisfy  the  equation  R(x,  y)  =  0  obtained  by  eliminating  a  between 
the  two  equations  /  =  0  and  df/da  =  0.  In  the  general  case  the 
curve  R(x,  y)  =  0  is  composed  of  two  analytically  distinct  parts, 
one  of  which  is  the  true  envelope,  while  the  other  is  the  locus  of 
the  singular  points. 

Example.   Let  us  consider  the  family  of  curves 

M  y,  a)  =  y*  -  y'  +  (a;  -  a)*  =  0 . 

The  elimination  of  a  between  this  equation  and  the  derived  equation 

g  =  -2(x-a)  =  0 

gives  y*  —  y*  =  0,  which  represents  the  three  straight  lines  y  =  0, 
y=H-l,  y=  —  1.  The  given  family  of  curves  may  be  generated 
by  a  translation  of  the  curve  y*  —  y^  +  x^  =  0  along  the  x  axis. 
This  curve  has  a  double  point  at  the  origin,  and  it  is  tangent  to 
each  of  the  straight  lines  y  =  ±1  at  the  points  where  it  cuts  the 
y  axis.  Hence  the  straight  line  y  =  0  is  the  locus  of  double  points, 
whereas  the  two  straight  lines  y  =  ±1  constitute  the  real  envelope. 

202.  If  the  curves  C  have  an  envelope  E,  any  point  of  the  envelope 
is  the  limiting  position  of  the  point  of  intersection  of  two  curves  of 
the  family  for  which  the  values  of  the  parameter  differ  by  an  infinv 
tesimaL     For,  let 

(7)  f(x,  y,  a)  =  0,        f(x,  y,a  +  h)  =  0 

be  the  equations  of  two  neighboring  curves  of  the  family.  The 
equations  (7),  which  determine  the  points  of  intersection  of  the  two 
curves,  may  evidently  be  replaced  by  the  equivalent  system 
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the  second  of  which  reduces  to  d//da  =  0  as  A  approaches  zero,  that 
is,  as  the  second  of  the  two  curves  approaches  the  first.  This  prop- 
erty is  fairly  evident  geometrically.  In  Fig.  37,  a,  for  instance,  the 
point  of  intersection  N  of  the  two  neighboring  curves  C  and  C 
approaches  the  point  of  tangency  Af  as  C  approaches  the  curve  C 


5? 


Fio.  37,  a 


Fio.  37,  b 


as  its  limiting  position.  Likewise,  in  Fig.  37,  by  where  the  given 
curves  (1)  are  supposed  to  have  double  points,  the  point  of  intersec- 
tion of  two  neighboring  curves  C  and  C  approaches  the  point  where 
C  cuts  the  envelope  as  C  approaches  C. 

The  remark  just  made  explains  why  the  locus  of  singular  points 
is  found  along  with  the  envelope.  For,  suppose  that  /(a;,  y,  a)  is  a 
polynomial  of  degree  m  in  a.  For  any  point  Afo(2i;ot  ^o)  chosen  at 
random  in  the  plane  the  equation 

(8)  A^oy  yo>  a)  =  0 

will  have,  in  general,  m  distinct  roots.  Through  such  a  point  there 
pass,  in  general,  m  different  curves  of  the  given  family.  But  if  the 
point  Mq  lies  on  the  curve  R(x,  y)  =  0,  the  equations 


/(a^o»  y^j  a)  =  0. 


da 


=  0 


are  satisfied  simultaneously,  and  the  equation  (8)  has  a  double  root. 
The  equation  72  (a;,  y)  =  0  may  therefore  be  said  to  represent  the 
locus  of  those  points  in  the  plane  for  which  two  of  the  curves  of 
the  given  family  which  pass  through  it  have  merged  into  a  single 
one.  The  figures  37,  a,  and  37,  h,  show  clearly  the  manner  in  which 
two  of  the  curves  through  a  given  point  merge  into  a  single  one  as 
that  point  approaches  a  point  of  the  curve  R(Xy  y)  =  0,  whether  on 
the  true  envelope  or  on  a  locus  of  double  points. 
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Note,  It  often  becomes  necessary  to  find  the  envelope  of  a  family 
of  curves 

(9)  F(x,  y,  a,  ft)  =  0 

whose  equation  involves  two  variable  parameters  a  and  h^  which 
themselves  satisfy  a  relation  of  the  form  ^(a,  b)  =  0.  This  case 
does  not  differ  essentially  from  the  preceding  general  case,  howeyer, 
for  b  may  be  thought  of  as  a  function  of  a  defined  by  the  equation 
^  =  0.  By  the  rule  obtained  above,  we  should  join  with  the  given 
equation  the  equation  obtained  by  equating  to  zero  the  derivatiye 
of  its  left-hand  member  with  respect  to  a : 

da       db  da 

But  from  the  relation  ^(a,  ft)  =  0  we  have  also 

dif>      d^  db ^ 

da       db  da 

whence,  eliminating  dh/da,  we  obtain  the  equation 

^^^^  da  db       db   da      ^' 

which,  together  with  the  equations  F  =  0  and  ^  =  0,  determine  the 
required  envelope.  The  parameters  a  and  ft  may  be  eliminated 
between  these  three  equations  if  desired. 

808.  Enyelope  of  a  straight  line.  As  an  example  let  Us  consider  the  equation 
of  a  straight  line  D  in  normal  form 

(11)  X  cos  a:  -f  y  sin  a:  —  f{a)  =  0, 

where  the  variable  parameter  is  the  angle  a.  Differentiating  the  left-hand  side 
with  respect  to  this  parameter,  we  find  as  the  second  equation 

(12)  —  X  sin  or  +  y  cos  a  —f{a)  =  0. 

These  two  equations  (11)  and  (12)  determine  the  point  of  intersection  of  any 
one  of  the  family  (11)  with  the  envelope  E  in  the  form 

(  X  =  f{a)  cos  a  -  f{a)  sin  a , 
^    '  (y  =f(a)  sin  a +r{a)coaa. 

It  is  easy  to  show  that  the  tangent  to  the  envelope  E  which  is  described  by  this 
point  (x,  y)  is  precisely  the  line  D.     For  from  the  equations  (13)  we  find 

., ..  (  dx  =  -  [f{a)  +r(a)]  sin  a  da, 

^    '  I  dy  =     [f(a)  +  /"(a)]  cos  a  da, 

whence  dy/dz  =  —  cot  a ,  which  is  precisely  the  slope  of  the  line  D. 
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Moreover,  if  8  denote  the  length  of  the  arc  of  the  envelope  from  any  fixed 
point  upon  it,  we  have,  from  (14), 


whence 


d8  =  Vdafl  +  dy«  =  ±  [/(cr)  +/"(a)]da'. 
»  =  ±[//(ar)da+/'(a)]. 


Hence  the  envelope  will  he  a  curve  which  is  easily  rectifiahle  if  we  merely  chooee 
for /(a)  the  derivative  of  a  known  function.* 

As  an  example  let  us  set /(a)  =  I  sin  a  cos  a.  Taking  y  =  0  and  x  =  0  suc- 
cessively in  the  equation  (11),  we  find  (Fig.  88)  OA  =  2  sin  a,  0B=  I  cob  a, 
respectively ;  hence  AB  =  I.  The  required 
curve  is  therefore  the  envelope  of  a  straight 
line  of  constant  length  2,  whose  extremities 
always  lie  on  the  two  axes.  The  formula 
(13)  give  in  this  case 

xrrtsin'a,        y  =  Zco8*a, 

and  the  equation  of  the  envelope  is 


(!)-©-■• 


which  represents  a  hypocycloid  with  four 
cusps,  of  the  form  indicated  in  the  figure.  yiq,  38 

As  a  varies  from  0  to  9r/2,  the  point  of  con- 
tact describes  the  aro  DC.    Hence  the  length  of  the  aro,  counted  from  D,  is 

8=  f  32sinacosada  =  —  sin'a. 
Jo  2 

XiCt  J  be  the  fourth  vertex  of  the  rectangle  determined  by  OA  and  OB,  and  li 
the  foot  of  the  perpendicular  let  fall  from  I  upon  AB,  Then,  from  the  tri- 
angles AMI  and  APM^  we  find,  successively, 

^3f  =  Oleosa  =  2  cos'a,        AP  =  AMsina  =  lcot^aBiaa, 

Hence  OP  =  OA  —  AP  =  I  sin' a,  and  the  point  2£  is  the  point  of  tangency  of 
the  line  AB  with  the  envelope.     Moreover 

BM=l'-AM=zlBin*a; 

hence  the  length  of  the  aro  DM  =  SBM/2. 


*  Each  of  the  quantities  which  occur  in  the  formula  for  «,  B=f{a)  •^ff{a)  da, 
has  a  geometrical  meaning :  a  is  the  angle  between  the  x  axis  and  the  perpmdicular 
ON  let  fall  upon  the  variable  line  from  the  origin ;  /{a)  is  the  distance  ON  from  the 
origin  to  the  variable  line;  and  /^{cx)  is,  except  for  sign,  the  distance  MN  from 
the  point  if  where  the  variable  line  touches  its  envelope  to  the  foot  N  of  the  perpen- 
dicular let  fall  upon  the  line  from  the  origin.  The  formula  for  •  is  often  called 
Legendre'8  formvUa. 
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flfa 


tkaiwi^of 


pointiiriMnft 
oftti 


(16)  (*-«)*+ (F-»)*-^  =  0, 

where  «.  ft,  uidp  are  fnactkam  of  m  TBiiaUe  iMfiinwrffr L 
circle  of  thk  funUy  tooches  the  envelope  m  the  points  of 
eiicle  and  the  stnight  line 

(16)  (x-«)«'  +  (F-^*'  +  ^  =  0. 

TUi  ftraight  line  is  perpendicular  to  the  tangent  MT  to  the  coire  C  deKiibed 
bj  the  center  (a,  6)  of  the  Tariable  dicle  (15),  and  iti  dirtinre  from  the  esntern 

pdp/dM,  where  »  denotes  the  leigdicf 
the  aic  of  the  curwe  C  imiuml  tnm 
some  fixed  point.  Conaeqoently,  if  the 
line  (16)  meets  the  arde  In  the  two 
points  If  and  JT,  the  chord  mr  k 
bimcted  bj  the  tangent  MT  at  t«^ 
anf^es.  It  follows  that  the  envelope 
consirts  of  two  parts,  which  are,  in 
general,  birancliesof  the  sameaDalytie 
curve.  Let  as  now  ronaider  avfwil 
special  cases. 

1)  If  piscoBstant,  theehordofooo- 
tact  yir  redncea  to  the  normal  PF  to 
the  carve  C,  and  the  envelope  is  oom- 
poeed  of  the  two  parallel  corves  Ci  and 
Ci  which  are  obtained  by  laying  off  the  constant  distance  p  along  the  mmnal, 
on  either  side  of  the  carve  C. 

2)  If  p  =  «  +  JT,  we  have  pdp/ds  =  p,  and  the  chord  NIT  redooes  to  the  tan- 
gent to  the  circle  at  the  point  Q.  The  two  portions  of  the  envelope  are  meiged 
into  a  single  curve  r,  whose  normals  are  tangents  to  the  curve  C  Hie  curre  C 
is  called  the  evotute  of  r,  and,  conversely,  r  is  called  an  iaeoliffe  of  C  (see  §  SO0). 
Jidp>d8,  the  straight  line  (10)  no  longer  cuts  the  drele,  and  the  envdope  ii 
imaginary. 

Secondary  cauttics.  Let  us  suppose  that 
the  radius  of  the  variable  circle  is  propor> 
tional  to  the  distance  from  the  center  to  a 
fixed  point  0.  Taking  the  fixed  point  O  as 
the  origin  of  codrdinates,  the  equation  of  the 
circle  becomes 


Fio.  39 


(X  -  a)«  +  (y  -  6)«  =  *«(a«  +  ft^), 

where  Ic  is  a  constant  factor,  and  the  equation 
of  the  chord  of  contact  is 

(X  -  a)ar  +  (y  -  6)6'  +  k*{aar  +  660  =  0. 

If  3  and  y  denote  the  distances  from  the 

center  of  the  circle  to  the  chord  of  contact  and  to  the  parallel  to  it  through  tbe 
origin,  respectively,  the  preceding  equation  shows  that  i  =  A<^.  Let  P  be  a 
point  on  the  radius  MO  ^¥\^.  40^  such  that  MP  =  lc*lf  0,  and  let  C  be  the 


Fig.  40 


I 


X,  §  t«i]  CURVATURE  483 

locus  of  the  center.  Then  the  equation  jost  found  shows  that  the  chord  of  con- 
tact IB  the  perpendicular  let  fall  from  P  upon  the  tangent  to  C  at  the  center  M. 
Iiet  us  suppose  that  k  is  less  than  unity,  and  let  E  denote  that  branch  of  the 
envelope  which  lies  on  the  same  side  of  the  tangent  MT  as  does  the  point  0. 
I/et  i  and  r,  respectively,  denote  the  two  angles  which  the  two  lines  MO  and 
MN  make  with  the  normal  MI  to  the  curve  C.    Then  we  shall  have 

««t-^^  -inr-^'^  8ini_3/g^J«fQ_l 

sin  t  =:  1  sin  T  ^  ■  •  -  ■■         := =: ^  --  • 

Mq  MN         siiir      Mp      MP      k 

Now  let  us  imagine  that  the  point  0  is  a  source  of  light,  and  that  the  curve  C 
separates  a  certain  homogeneous  medium  in  which  O  lies  from  another  medium 
whose  index  of  refraction  with  respect  to  the  first  is  l/k.  After  refraction  the 
incident  ray  OM  will  be  turned  into  a  refracted  ray  MR,  which,  by  the  law  of 
refraction,  is  the  extension  of  the  line  NM.  Hence  all  the  refracted  rays  MR 
are  normal  to  the  envelope,  which  is  called  the  secondary  caustic  of  refraction. 
The  troe  caustic,  that  is,  the  envelope  of  the  refracted  rays,  is  the  evolute  of  the 
secondary  caustic. 

The  second  branch  E'  of  the  envelope  evidently  has  no  physical  meaning; 
it  would  correspond  to  a  negative  index  of  refraction.  If  we  set  I;  =  1,  the 
envelope  E  reduces  to  the  single  point  0,  while  the  portion  E^  becomes  the  locus 
of  the  points  situated  symmetrically  with  O  with  respect  to  the  tangents  to  C. 
This  portion  of  the  envelope  is  also  the  secondary  caustic  of  r^ection  for  inci- 
dent rays  reflected  from  C  which  issue  from  the  fixed  point  0.  It  may  be  shown 
in  a  manner  similar  to  the  above  that  if  a  circle  be  described  about  each  point  of 
C  with  a  radius  proportional  to  the  distance  from  its  center  to  a  fixed  straight 
line,  the  envelope  of  the  family  will  be  a  secondary  caustic  with  respect  to  a 
system  of  parallel  rays. 

n.  CURVATURE 

205.  Radias  of  caryature.  The  first  idea  of  curvature  is  that  the 
Curvature  of  one  curve  is  greater  than  that  of  another  if  it  recedes 
Oiore  rapidly  from  its  tangent.  In  order  to  render  this  somewhat 
Vague  idea  precise,  let  us  first  consider  the  case  of  a  circle.  Its 
curvature  increases  as  its  radius  diminishes;  it  is  therefore  quite 
Natural  to  select  as  the  measure  of  its  curvature  the  simplest  func- 
tion of  the  radius  which  increases  as  the  radius  diminishes,  that 
is,  the  reciprocal  1/R  of  the  radius.  Let  i4J3  be  an  arc  of  a  circle 
of  radius  R  which  subtends  an  angle  o)  at  the  center.  The  angle 
between  the  tangents  at  the  extremities  of  the  arc  AB  i&  also  o),  and 
the  length  of  the  arc  is  «  =  Rta,  Hence  the  measure  of  the  curva- 
ture of  the  circle  is  «/«.  This  last  definition  may  be  extended  to 
an  arc  of  any  curve.  Let  ^  J?  be  an  arc  of  a  plane  curve  without  a 
point  of  inflection,  and  cd  the  angle  between  the  tangents  at  the 
extremities  of  the  arc,  the  directions  of  the  tangents  being  taken 
in  the  same  sense  according  to  some  rule,  —  the  direction  from  A 
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toward  B,  for  instance.     Then  the  quotient  w/arc  A  Bis  called 
average  curvature  of  the  arc  .^B.     As  the  point  B  approaches  the 
point  A  this  quotient  in  general  approaches  a  limit,  which  is  called 

the  curvature  at  the  point  A.  The 
radius  of  curvature  at  the  point  A  is 
defined  to  be  the  radius  of  the  ciicle 
which  would  have  the  same  currattue 
which  the  given  curve  has  at  the  point 
A)  it  is  therefore  equal  to  the  recipro- 
cal of  the  curvature.  Let  «  he  the 
length  of  the  arc  of  the  given  curve 
measured  from  some  fixed  point,  and 
a  the  angle  between  the  tangent  and 
some  fixed  direction,  —  the  x  axis,  for  example.  Hien  it  is  clear 
that  the  average  curvature  of  the  arc  AB  \a  equal  to  the  absolute 
value  of  the  quotient  Aa/A« ;  hence  the  radius  of  curvature  is  giren 
by  the  formula 

R  =  ±  lim -— =  ± -r— 
Aa         da 

Let  us  suppose  the  equation  of  the  given  curve  to  be  solved  for  y 
in  the  form  y  =f(x).    Then  we  shall  have 

a  =  arc  tan  y',         da  =  ^      y^>        ds  =  Vl-f  y'*iir, 

'      if 

and  hence 

y 

Since  the  radius  of  curvature  is  essentially  positive,  the  sign  i 
indicates  that  we  are  to  take  the  absolute  value  of  the  expression 
on  the  right.  If  a  length  equal  to  the  radius  of  curvature  be  laid 
off  from  A  upon  the  normal  to  the  given  curve  on  the  side  towaid 
which  the  curve  is  concave,  the  extremity  /  is  called  the  center  of 
curvature.  The  circle  described  about  /  as  center  with  R  as  radius 
is  called  the  circle  of  curvature.  The  coordinates  (x^,  y©)  of  the 
center  of  curvature  satisfy  the  two  equations 

(x.-x)  +  (y,-y)y'  =  0,         (x,  -  x)«  +  (y,  -  y)«=  ii±^, 

which  express  the  fact  that  the  point  lies  on  the  normal  at  a  dia- 
tanoe  R  from  A.    From  these  equations  we  find,  on  eliminating  Xii 
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In  order  to  tell  which  sign  should  be  taken,  let  us  note  that  if  y"  is 
positive,  as  in  Fig.  41,  yi  —  y  must  be  positive ;  hence  the  positive 
sign  should  be  taken  in  this  case.  If  y"  is  negative,  yi  —  y  is  nega- 
tive, and  the  positive  sign  should  be  taken  in  this  case  also.  The 
coordinates  of  the  center  of  curvature  are  therefore  given  by  the 
formulae 

(18)       yi - y  =    yii   '      ^i"-«=-y— pi — 

When  the  coordinates  of  a  point  (x,  y)  of  the  variable  curve  are 
given  as  functions  of  a  variable  parameter  t,  we  have,  by  §  33, 

,      dri  „      dx  d^y  —  dy  d^x 

and  the  formulae  (17)  and  (18)  become 


dx  d^y  —  dy  d!^x 


^  dx  d^y  —  dy  d^x  *^^      ^      dx  d^y  —  dy  d^x 


At  a  point  of  inflection  y"  =  0,  and  the  radius  of  curvature  is 
infinite.  At  a  cusp  of  the  first  kind  y  can  be  developed  according 
to  powers  of  a*/'  in  a  series  which  begins  with  a  term  in  x ;  hence 
y'  has  a  finite  value,  but  y"  is  infinite,  and  therefore  the  radius  of 
curvature  is  zero. 

Note,  When  the  coordinates  are  expressed  as  functions  of  the  arc  «  of  the 
curve, 

x  =  0(«),       y  =  ^(»), 

the  functions  0  and  ^  satisfy  the  relation 

since  da^  +  dj/^  =  ds^,  and  hence  they  also  satisfy  the  relation 

Solving  these  equations  for  0^  and  ^',  we  find 


where  c  =:  d:  1,  and  the  formula  for  the  radius  of  curvature  takes  on  the  espe- 
cially elegant  form 
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206.  Eiroliim.  The  center  of  cnrratare  at  anj  point  is  the  limit- 
ing position  of  the  point  of  intersection  of  the  normal  at  that  point 
irith  a  second  normal  which  aqpproaches  the  first  one  as  its  limitiiig 
position.     For  the  equation  of  the  normal  is 

where  A'  and  Y  are  the  nmning  oodrdinates.  In  order  to  find  the 
limiting  position  of  the  point  of  intersection  of  this  normal  with 
another  which  approaches  it,  we  must  solTe  this  equation  sirndta- 
neously  with  the  equation  obtained  by  equating  the  deriyative  of  the 
left-hand  side  with  respect  to  the  Tariable  parameter  x,  Le. 

The  value  of  Y  found  from  this  equation  is  precisely  the  ordinate 
of  the  center  of  curvature,  which  proves  the  proposition.  It  follows 
that  the  locus  of  the  center  of  curvature  is  the  envelope  of  the 
normals  of  the  given  curve,  ie.  its  evoluie. 

Before  entering  upon  a  more  precise  discussion  of  the  relations 
between  a  given  curve  and  its  evolute,  we  shall  explain  certain  con- 
ventions. Counting  the  length  of  the  arc  of  the  given  curve  in  a 
definite  sense  from  a  fixed  point  as  origin,  and  denoting  by  a  the 
angle  between  the  positive  direction  of  the  x  axis  and  the  direction 
of  the  tangent  which  corresponds  to  increasing  values  of  the  arc, 
we  shall  have  tan  a  =  ±y'f  and  therefore 

,1  ,dx 

cos  a  =±  — ,  =  ±  -r- 

Vl  4-  y'"         ^ 

On  the  right  the  sign  +  should  be  taken,  for  if  x  and  s  increase 
simultaneously,  the  angle  a  is  acute,  whereas  if  one  of  the  varia- 
bles x  and  8  increases  as  the  other  decreases,  the  angle  a  is  obtose 
(f  81).  Likewise,  if  p  denote  the  angle  between  the  y  axis  and  the 
tangent,  cos  fi  =  dy/ds.     The  two  formulae  may  then  be  written 

dx  .  dy 

C08a  =  -r->  sinar  =  -r-> 

ds  ds 

where  the  angle  a  is  counted  as  in  Trigonometry. 

On  the  other  hand,  if  there  be  no  point  of  inflection  upon  the 
given  arc,  the  positive  sense  on  the  curve  may  be  chosen  in  such  a 
way  that  s  and  a  increase  simultaneously,  in  which  case  R  =  <i»/<^ 
all  along  the  arc.  Then  it  is  easily  seen  by  examining  the  two 
possible  cases  m  an  ac\>\xa\  ^^t^  W!l^\>  t\!i^  direction  of  the  segment 
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starting  at  the  point  of  the  curve  and  going  to  the  center  of  curva- 
ture makes  an  angle  ai  =  a  +  7r/2  with  the  x  axis.  The  coordinates 
{S^\  J  yi)  of  t^6  center  of  curvature  are  therefore  given  by  the  f ormulsB 

Xx  =  x-\-  R  cos  (a  +  —  j  =  a;  —  i?  sin  a, 

yi  =  y  +  i2  sin/a  +  — j  =  y  +  i2  cos  or, 

whence  we  find 

dx^  =  cos  ads  —  R  cos  ada  —  sin  a  dR  =  —  sin  a  dR, 
dyi  =  sin  ads  —  R  sin  a  rfa  +  cos  adR  =z      cos  a  dR . 

In  the  first  place^  these  f  ormulse  show  that  dy^/dxi  =  —  cot  a,  which 
proves  that  the  tangent  to  the  evolute  is  the  normal  to  the  given 
curve,  as  we  have  already  seen.     Moreover 

<&;  =  rfajf  +  rfyf  =  dR*, 

or  d8i=s±  dR,  Let  us  suppose  for  definiteness  that  the  radius 
of  curvature  constantly  increases  as  we  proceed  along  the  curve  C 
(Fig.  42)  from  Mi  to  3/,,  and  let  us  choose  the  positive  sense  of 
motion  upon  the  evolute  (D)  in  such  a  way 
that  the  arc  «i  of  (D)  increases  simultane- 
ously with  R,  Then  the  preceding  formula 
becomes  dsi  =  dR,  whence  Si  =  R  +  C,  It 
follows  that  the  arc  /i/j  =  R2  —  Ri,  and  we 
see  that  the  length  of  any  arc  of  the  evolute 
is  equal  to  the  differeiice  between  the  two 
radii  of  curvature  of  the  curve  C  which  cor-  ^  ^ 
respond  to  the  extremities  of  that  arc. 

This  property  enables  us  to  construct  the 
involute  C  mechanically  if  the  evolute  (D)  be 
given.  If  a  string  be  attached  to  (X>)  at  an 
arbitrary  point  A  and  rolled  around  (D)  to  /j,  thence  following  the 
tangent  to  3f,,  the  point  M^  will  describe  the  involute  C  as  the 
string,  now  held  taut,  is  wound  further  on  round  (JD).  This  con- 
struction may  be  stated  as  follows :  On  each  of  the  tangents  IM  of 
the  evolute  lay  off  a  distance  IM  =  I,  where  Z  -f-  «  =  const.,  s  being 
the  length  of  the  arc  ^/  of  the  evolute.  Assigning  various  values 
to  the  constant  in  question,  an  infinite  number  of  involutes  may  be 
drawn,  all  of  which  are  obtainable  from  any  one  of  them  by  laying 
off  constant  lengths  along  the  normals. 
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All  of  theM  prapeitiea  nuLj  be  deduced  bom  the  general  formnU 
t<a  the  diSeiential  of  the  length  of  a  itiught  lisa  Begment  (f  82) 

dl  =  —  dviCOBti  —  dir,co8  m,. 
If  the  segment  is  tangent  to  the  ourre  described  hy  one  of  iti 
extremitiea  and  normal  to  that  described  b;  the  other,  we  may  wt 
H,  =  TT,  •»,  =  ir/2,  and  the  formula  becomes  lU  —  Ar,  =  0.  If  ths 
straight  line  is  normal  to  one  of  the  two  oorres  and  t  ia  consttnt, 
(U  =  0,  cos  W|  =  0,  and  therefore  oos  ■,  =  0. 

The  theorem  stated  above  reguding  the  arc  of  the  erolute  dependB 
eBsentiall;  upon  the  assumption  that  the  radius  of  cuiratuie  caa- 
stantly  increases  (or  decreases)  along  the  vhole  are  considered.  If 
this  condition  is  not  satisfied,  the  statement  of  the  theorem  mnit 
be  altered.  In  the  first  place,  if  the  radius  of  curratuie  is  a  mui- 
mum  or  a  minimum  at  any  point,  i^A  =  0  at  that  point,  and  henoe 
dxi  =^  dt/i  =  0.  Such  a  point  is  a  cusp  on 
the  evolute.  If,  for  example,  the  rsdiu 
of  curratuie  is  a  maximum  at  the  point  if 
(Fig.  43),  we  shall  hare 

arc //i  =  /Af -/,«■„ 
arc//,  =  /Jlf-/,itf„ 
whence 

arc/,7/»  =  2IM—  /,JIf,  -  /,Jf,. 
rio.«  Hence  the  difference  /iJlf,  -  /,Af,  ia  eqwl 

to  the  differenee  between  the  two  arcs  //,  and  //,  and  not  their  sum. 
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fixed  line  *s  tbe  X  sziasnd  locale  the  origin  at  a  point  where  the  potntehounoi 
the  clrole  lies  in  the  z  axis.  When  the  circle  has  rolled  to  the  point  I  (Fi|^  U) 
(he  point  od  the  clrcumleKUce  which  was  at  0  hu  come  into  the  poaiiion  '• 
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where  the  circular  arc  IM  is  equal  to  the  segment  OL  Let  us  take  the  angle  ^ 
between  the  radii  CM  and  CI  as  the  variable  parameter.  Then  the  coordinates 
of  the  point  li  are 

«=  01- IP  =  B0-B sin 0,       y  =  JfP  =  IC+  CQ  =  £-£cos0, 

where  P  and  Q  are  the  projections  of  M  on  the  two  lines  01  and  IT,  respec- 
tively. It  is  easy  to  show  that  these  formulse  hold  for  any  value  of  the  angle  0. 
In  one  complete  revolution  the  point  whose  path  is  sought  describes  the  arq 
0B0\ .  If  the  motion  be  continued  indefinitely,  we  obtain  an  infinite  number 
of  arcs  congruent  to  this  one.    From  the  preceding  formulsB  we  find 

x  =  £(0-sin0),        dx  =  i2(l-cos0)d0,        d^x^iSsin^d^, 
y  =  £(l-cos0),        dy  =  i2sin0d0,  d^y  =  i2co8  0d0*, 

and  the  slope  of  the  tangent  is  seen  to  be 

dy        sin^  ^0 

-i  = 21—  =  cot-, 

dx      1  —  cos  0  2 

which  shows  that  the  tangent  at  3f  is  the  straight  line  3f  T,  since  the  angle 
MTC  =  0/2,  the  triangle  MTC  being  isosceles.  Hence  the  normal  at  3f  is  the 
straight  line  MI  through  the  point  of  tangency  /  of  the  fixed  straight  line  with 
the  moving  circle.    For  the  length  of  the  arc  of  the  cycloid  we  find 

difi  =  12Sd0>[sinS0  +  (1  -  CO80)S]  =  412Ssins|d0S      or      d<  =  2i2 sin  ^ d0 , 

if  the  arc  be  counted  in  the  sense  in  which  it  increases  with  0.  Hence,  counting 
the  arc  from  the  point  0  as  origin,  we  shall  have 


=  4ijA-cos^Y 


Setting  0  =:  29r,  we  find  that  the  length  of  one  whole  section  0B0\  is  8H.    The 
length  of  the  arc  0MB  from  the  origin  to  the  maximum  B  is  therefore  4i2,  and 
the  length  of  the  arc  BM  (Fig.  44)  is  4H  cos  0/2.    From  the  triangle  MTC  the 
length  of  the  segment  MT  is  2fi  cos  0/2 ;  hence  arc  BM  =  2MT. 
Again,  the  area  up  to  the  ordinate  through  M  is 


A=:  r  ydx=  f  i2>(l-2cos0  +  co6>0)d0 
Jo  Jo 

or 

Hence  the  area  bounded  by  the  whole  arc  OBOi  and  the  base  OOi  is  SitB^,  that 
is,  three  times  the  area  of  the  generating  circle.     (Galileo.) 

The  formula  for  the  radius  of  curvature  of  a  plane  curve  gives  for  the  cycloid 

8B«sin«^d0« 

p= 1 =  4i?sin|. 

2.B«sina^d0» 
2 
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On  the  other  hand,  from  th«  triangle  JfC/,  JTI  =  SB  sin  ^/2.  Hence  p  =  2Jiri, 
and  the  center  of  curvature  maj  be  f oond  hy  extending  the  atraight  line  UI 
peat  I  by  ita  own  length.  Thia  fact  enaUea  na  to  determine  the  evolate  easily. 
For,  conaido'  the  circle  which  ia  aymmetrical  to  the  generating  ciicle  with 
req)eet  to  the  point  I.  Then  the  point  M'  wliere  the  line  MI  cata  this  second 
drole  ia  evidently  the  center  of  corratare,  aince  M'l  =  ML    Bat  we  have 

arc  T'M  =  rB  -  are  IJf '  =  rfi  -  arc  Jif  =  r£  -  01, 
or 

aror'jr  =  oji-oj  =  Jir=  r'jr. 

Hence  the  point  M'  describee  a  cycloid  which  ia  oongroent  to  the  first  one,  the 
cusp  being  at  R  and  the  maTimnm  at  O.  Aa  the  p(^t  M  describes  the  arc 
BOi ,  the  point  M'  describes  a  aecond  are  B'Oi  which  ia  qrmmetrical  to  the  aic 
OB'  already  deacribed,  with  reqwct  to  BB'. 


tot.  Cataaaiy.  The  catenary  ia  the  plane  curve  whoae  equation  with  reject 
to  a  anitably  choaen  set  of  rectangular  azea  ia 

(21)  •^  =  i('^'*'*"^' 

Its  appearance  is  indicated  by  the  are  MAM'  in  the  figure  (Elg.  46). 


From  (21)  we  find 


Fig.  45 


If  ^  denote  the  angle  which  the  tangent  TM  makes  with  the  x  axis,  the  fonnuU 
for  /  gives 


.    ^      e*-e  • 


COe^  rr 


e^  +  e" 


The  radius  of  curvature  is  given  by  the  formula 

y"  a* 

But,  in  the  triangle  MPN,  MP  =  If^Tcos  ^ ;  hence 

MP       i/> 
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[t  foUowB  that  the  radius  of  curratare  of  the  catenary  is  equal  to  the  length  of 
Lhe  normal  MN.    The  evolute  may  be  found  without  difficulty  from  this  fact 
The  length  of  the  arc  AM  of  the  catenary  is  given  by  the  formula 


■S'^^'-W--^- 


or  «  =  y  sin  ^.  If  a  perpendicular  Pm  be  dropped  from  P  (Fig.  46)  upon  the 
tangent  Jf  7,  we  find,  from  the  triangle  PMm, 

I£fn  =  I£PBin<^=z8, 

Hence  the  arc  AM  is  equal  to  the  distance  Mm. 

809.  Tractrix.  The  curve  described  by  the  pohit  m  (Fig.  45)  is  called  the 
tractriz.  It  is  an  involnte  of  the  catenary  and  has  a  cusp  at  the  point  A,  The 
length  of  the  tangent  to  the  tractrix  is  the  distance  mP.  But,  in  the  triangle 
MPm,  mP  =  y  cos 0  =  a ;  hence  the  length  mP  measured  along  the  tangent  to 
the  tractrix  from  the  point  of  tangency  to  the  x  axis  is  constant  and  equal  to  a. 
The  tractrix  is  the  only  curve  which  has  this  property. 

Moreover,  in  the  triangle  if  7P,  Mm  x  mT=  a*.  Hence  the  product  of  the 
radius  of  curvature  and  the  normal  is  a  constant  for  the  tractrix.  This  property 
is  shared,  however,  by  an  infinite  number  of  other  plane  curves. 

The  codrdinates  (Xi,  yi)  of  the  point  m  are  given  by  the  formuln 

*       _« 
e«  —  e  « 
Xx  =  x~scos0  =  x  —  a  , 

e«  +  e~« 

.    ^          2a 
yi  =  y-«sm0  =  -- , 

e«  +  e  « 
or,  setting  e'/'*  =  tan  ^/2,  the  equations  of  the  tractrix  are 

(22)  xi  =  ocos^  +  olog/tan-j,        yi  =  asin9. 

As  the  parameter  $  varies  from  ;r/2  to  9r,  the  point  {xi ,  yi)  describes  the  arc 
Amn,  approaching  the  x  axis  as  asymptote.  As  $  varies  from  r/2  to  0,  the 
point  (zi,  yi)  describes  the  arc  Am'n%  symmetrical  to  the  first  with  respect  to 
the  y  axis.  The  arcs  Amn  and  Am'n'  correspond,  respectively,  to  the  aics  AM 
and  AM'  of  the  catenary. 

210.  Intrinsic  equation.  Let  us  try  to  determine  the  equation  of  a  plane 
curve  when  the  radius  of  curvature  R  is  given  as  a  function  of  the  arc  a, 
R  =  0(s).  Let  a  be  the  angle  between  the  tangent  and  the  x  axis ;  then 
Rs±  ds/da,  and  therefore 

,         ids,d8 

R  0(«) 

A  first  integration  gives 
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of  the  eoire  and  think 

V^otf  if  we  fini  oon- 
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afcBB.  TbcM  iMt  ianBolK  define  simply  m  tiaDsfonni- 
to  m  Bcv  MS  a(  uas.  If  the  iiegtiie  pga  be  idected,  tlie  cunre  obtained 
M  ijMiiiiiiiT  «>  tbe  csrve  C  vitb  mpeci  to  the  X  axis.  A  plane  corfe  is 
ibiiifiif  eoaKpMMbT  dctomaed,  in  ao  far  aa  iu  iarm  is  conoenied,  if  its  ladios 
of  csmsan  be  kaovn  as  m  foBction  ci  the  are.  The  equation  £  =  ^«)  ii 
eaDed  the  taCnaac  ejafllim  of  the  cnrwe.  More  genenUy,  if  m  relation  between 
any  two  of  the  qnantitim  B,  s.  and  a  be  gnen,  the  carve  is  completely  deter- 
mined in  form,  and  the  i  usirnksii  for  the  coQtdittates  of  any  point  upon  it 
msy  be  obtnined  by  sinqite  qnadiatnres. 

For  fTsmple.  if  S  be  known  as  m  fonctian  d  ct^  R  =/[a),  we  fint  find 

dt=/(a>da.  and  then 

dz  =  comaJ{a)da, 

dif=  sina/[a)da, 

whence  z  snd  y  may  be  foond  bj  qnadzatores.  If  12  is  m  constant,  for  instaiiee, 
them  f onnoliB  gire 

z^z^-k-  Btma^       y  =  y«  — Bcosor, 

and  the  reqoired  cnrre  is  a  drele  of  radios  B.  This  result  is  otherwise  evident 
from  the  consideration  of  the  erolnte  of  the  required  curve,  which  must  rednce 
to  a  single  point,  since  the  length  of  its  are  is  identically  zero. 

As  another  example  let  ns  try  to  find  m  plane  carve  whose  radios  of  corn- 
tare  is  proportional  to  the  reciprocal  of  the  are,  R  =  a*/s.    The  formnls 


2as 

and  then 


cos — -oi,        y=  I    sill — i». 


Although  these  integrals  cannot  be  eyaloated  in  explicit  form,  it  is  easy  to 
an  idea  of  the  appearance  of  the  curve.  As  s  increases  from  0  to  +  oo,  x  and  y 
each  pass  through  an  infinite  number  of  maxima  and  minima,  and  they  approach 
the  same  finite  limit.  Hence  the  curve  has  a  spiral  form  and  approaches 
asymptotically  a  ceiladn  povnx.  oiv  x\kft  \vci«  'y-=  z. 
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m.  CONTACT  OF  PLANE  CURVES 

211.  Order  of  contact  Let  C  and  C  be  two  plane  curves  which 
are  tangent  at  some  point  A.  To  every  point  m  on  C  let  us  assign, 
according  to  any  arbitrary  law  whatever,  a  point  m'  on  C,  the  only 
requirement  being  that  the  point  m' 
should  approach  A  with  m.  Taking 
the  arc^m  —  or,  what  amounts  to 
the  same  thing,  the  chord  Am  —  as 
the  principal  infinitesimal,  let  us  first 
investigate  what  law  of  correspond- 
ence will  make  the  order  of  the  infin- 
itesimal mm^  with  respect  to  ^Im  as 
large  as  possible.  Let  the  two  curves 
be  referred  to  a  system  of  rectangular 
or  oblique  cartesian  coordinates,  the  axis  ofy  not  being  parallel  to  the 
common  tangent  A  T,     Let 

(C)  Y=F(x) 

be  the  equations  of  the  two  curves,  respectively,  and  let  (x^,  y^  be 
the  coordinates  of  the  point  A,  Then  the  coordinates  of  m  will 
1^  [*o  +  K  /(^o  H-  ^)],  and  those  of  m'  will  be  [x^  +  A;,  F(xq  +  A;)], 
where  A;  is  a  function  of  h  which  defines  the  correspondence  between 
the  two  curves  and  which  approaches  zero  with  h. 

The  principal  infinitesimal  Am  may  be  replaced  by  A  =  op,  for 
the  ratio  ap/Am  approaches  a  finite  limit  different  from  zero  as  the 
point  m  approaches  the  point  A .  Let  us  now  suppose  that  mm^  is 
an  infinitesimal  of  order  r  -f- 1  with  respect  to  A,  for  a  certain 
method  of  correspondence.  Then  mm^  is  of  order  2r  4-2.  If  ^ 
denote  the  angle  between  the  axes,  we  shall  have 


mm'*  =  [F(a:o  4-  k)  -f(x^  ^h)-\-(k-h)  cos  Bf  +  (A:  -  A)«  sin«  6 ; 

hence  each  of  the  differences  k  —  h  and  F(xq  +  k)  —/(x^  4-  h)  must 
be  an  infinitesimal  of  order  not  less  than  r  +  1>  that  is, 

k  =  h  +  ah-''\         F(Xo  4-  k)  -f{x^  4-  A)  =  ph-^\ 

where  a  and  p  are  functions  of  h  which  approach  finite  limits  as  h 

approaches  zero.     The  second  of  these  formulae  may  be  written  in 

the  form 

F{x^  4-  A  4-  aA'-+»)  -f{x^  4-  A)  =  ph^^^. 
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If  the  expression  F(x^  +  A  +  aA''+*)  be  deyeloped  in  powers  of  a, 
the  terms  which  contain  a  form  an  infinitesimal  of  order  not  less 
than  r  +  1.     Hence  the  difference 

is  an  infinitesimal  whose  order  is  not  less  than  r  4- 1  and  may  exceed 
r  +  1.  But  this  difference  A  is  equal  to  the  distance  mn  between 
the  two  points  in  which  the  curves  C  and  C  are  cut  by  a  paralld 
to  the  y  axis  through  m.  Since  the  order  of  the  infinitesimal  mm' 
is  increased  or  else  unaltered  by  replacing  m'  by  n,  it  follows  that 
the  distance  between  two  corresponding  poitvts  on  the  two  curves  is  an 
infinitesimal  of  the  greatest  possible  order  if  the  two  corresponding 
points  altoays  lie  on  a  parallel  to  the  y  axis.  If  this  greatest  possi- 
ble order  is  r  +  1,  the  two  curves  are  said  to  have  eonta^  of  order  r 
at  the  point  A. 

Notes.  This  definition  gives  rise  to  several  remarks.  The  y  axis 
was  any  line  whatever  not  parallel  to  the  tangent  A  T,  Henoe,  in 
order  to  find  the  order  of  contact,  corresponding  points  on  the  two 
curves  may  be  defined  to  be  those  in  which  the  curves  are  cut  by 
lines  parallel  to  any  fixed  line  D  which  is  not  parallel  to  the  tan- 
gent at  their  common  point.  The  preceding  argument  shows  that 
the  order  of  the  infinitesimal  obtained  is  independent  of  the  direc- 
tion oi  Dy  —  a  conclusion  which  is  easily  verified.  Let  mn  and  mm' 
be  any  two  lines  through  a  point  m  of  the  curve  C  which  are  not 
parallel  to  the  common  tangent  (Fig.  46).    Then,  from  the  triangle 


mm^nj 


mm'      sin  mnm' 


mn       sin  mm' n 


As  the  point  m  approaches  the  point  A,  the  angles  mnm'  and  mm'n 
approach  limits  neither  of  which  is  zero  or  w,  since  the  chord  m'n 
approaches  the  tangent  AT,  Hence  mm'/mn  approaches  a  finite 
limit  different  from  zero,  and  mm'  is  an  infinitesimal  of  the  same 
order  as  mn.  The  same  reasoning  shows  that  mm'  cannot  be  of 
higher  order  than  mn,  no  matter  what  construction  of  this  kind  is 
used  to  determine  m'  from  m,  for  the  numerator  sin  mnm'  always 
approaches  a  finite  limit  different  from  zero. 

The  principal  infinitesimal  used  above  was  the  arc  Am  or  the 
chord  Am.  We  should  obtain  the  same  results  by  taking  the  arc 
An  of  the  curve  C  for  the  principal  infinitesimal,  since  Am  andi» 
are  infinitesimals  oi  t\ie  aaxae  oi^et. 
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If  two  curves  C  and  C  have  a  contact  of  order  r,  the  points  m' 
on  C  may  be  assigned  to  the  points  m  on  C  in  an  infinite  number 
of  ways  which  will  make  mwi'  an  infinitesimal  of  order  r  -h  1,  —  for 
that  purpose  it  is  sufficient  to  set  k  =  h  -\-  ah''^^,  where  «^r  and 
where  or  is  a  function  of  h  which  remains  finite  for  h  =  0.  On  the 
other  hand,  if  «  <  r,  the  order  of  mm'  cannot  exceed  5  +  1- 

212.  Analytic  method.  It  follows  from  the  preceding  section  that 
the  order  of  contact  of  two  curves  C  and  C  is  given  by  evaluating 
the  order  of  the  infinitesimal 

y-  y  =  F(aro  +  h)  -/(Xo  +  h) 

with  respect  to  h.  Since  the  two  curves  are  tangent  at  A, 
P(Xo)  =/(a5o)  *Dd  F'(Xff)  =/'(aro).  It  may  happen  that  others  of  the 
derivatives  are  equal  at  the  same  point,  and  we  shall  suppose  for 
the  sake  of  generality  that  this  is  true  of  the  first  n  derivatives : 

but  that  the  next  derivatives  F<" +  "(«,)  and/<"+"(aro)  are  unequal. 
Applying  Taylor's  series  to  each  of  the  functions  F(x)  and  f(x),  we 
find 

Y=F(x,)  +  jF'(x,)  +  ..- 

y  =  /(»«.) +  J/W  +  -- 

or,  subtracting, 

(24)  Y-y  =  i,2-^-'(n+l)  [^"^"('^>  "/^'^'H'^.)  +  «-«']. 

where  c  and  c'  are  infinitesimals.  It  follows  thcU  the  order  of  contact 
of  two  curves  is  eqiuil  to  the  order  n  of  the  highest  derivatives  of  F(x) 
arid  fix)  which  are  equal  for  x  ==  Xq. 

The  conditions  (23),  which  are  due  to  Lagrange,  are  the  necessary 
and  sufficient  conditions  that  x  =  Xq  should  be  a  multiple  root  of 
order  n  -|-  1  of  the  equation  F(x)  =  f(x).  But  the  roots  of  this 
equation  are  the  abscissse  of  the  points  of  intersection  of  the  two 
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Carres  C  and  C ;  hence  it  may  be  said  that  two  curves  which  have 
contact  of  order  it  hare  it  +  1  eoineident  points  of  intersection. 

The  equation  (24)  shows  that  Y  —  y  changes  sign  with  A  if  n  is 
even,  and  that  it  does  not  if  n  is  odd.  Hence  curves  which  have 
eontact  of  odd  order  do  noi  cross,  but  curves  which  have  contact  of 
even  order  do  cross  at  their  point  of  tangency.  It  is  easy  to  see  why 
this  should  be  true.  Let  us  consider  for  definiteness  a  curve  C 
which  cuts  another  curre  C  in  three  points  near  the  point  A,  If 
the  curve  C  be  deformed  continuously  in  such  a  way  that  each  of 
the  three  points  of  intersection  approaches  A,  the  limiting  position 
of  C  has  contact  of  the  second  order  with  C,  and  a  figure  shows  that 
the  two  curves  cross  at  the  point  A,  This  argument  is  evidently 
g^eral. 

If  the  equations  of  the  two  curves  are  not  solved  with  respect  to 
Y  and  y,  which  is  the  case  in  general,  the  ordinary  rules  for  the 
calculation  of  the  derivatives  in  question  enable  us  to  write  down 
the  necessary  conditions  that  the  curves  should  have  contact  of 
order  n.  The  problem  is  therefore  free  from  any  particular  diffi- 
culties. We  shall  examine  only  a  few  special  cases  which  arise 
frequently.  First  let  us  suppose  that  the  equations  of  each  of  the 
curves  are  given  in  terms  of  an  auxiliary  variable 

and  that  ^(to)  =  ^(^o)  smd  ^'(^o)  =  ^'(^o)>  ^6*  ^^^^  ^^  curves  are  tan- 
gent at  a  point  A  whose  coordinates  are  /(<o)»  ♦(^o)-  Vf(Q  **  ^^ 
zero,  as  we  shall  suppose,  the  common  tangent  is  not  parallel  to  the 
y  axis,  and  we  may  obtain  the  points  of  the  two  curves  which  have 
the  same  abscissae  by  setting  u  =  t.  On  the  other  hand,  x  —  a^  is  of 
the  first  order  with  respect  to  ^  —  ^o>  sii^d  we  are  led  to  evaluate  the 
order  of  ^(t)  —  ^(t)  with  respect  to  ^  —  ^o*  ^  order  that  the  two 
curves  have  at  least  contact  of  order  n,  it  is  necessary  and  sufficient 
that  we  should  have 

(25)     ^(fo)  =  «W,       ^W  =  «W,       •••,       ^"^  W  =  ♦^"X<«)» 

and  the  order  of  contact  will  not  exceed  n  if  the  next  derivatives 
^"  +  ^^(^0)  and  <^^''+^>(^o)  are  unequal. 

Again,  consider  the  case  where  the  curve  C  is  represented  by  the 
two  equations 

(26)  ^  =  m^      y  =  Mt), 


X.  §  212] 


CONTACT      OSCULATION 


447 


and  the  curve  C  by  the  single  equation  F(Xy  y)  =  0.  This  case  may 
be  reduced  to  the  preceding  by  replacing  x  in  F^x,  y)  by  f{t)  and 
considering  the  implicit  function  y  =  ^(t)  defined  by  the  equation 

(27)  i='[/(0,*(0]  =  0. 

Then  the  curve  C  is  also  represented  by  two  equations  of  the  form 


(28) 


X  =/(«),        y  =  iKO- 


/'(«)  +  |^f(0  =  o. 


In  order  that  the  curves  C  and  C  should  have  contact  of  order  n  at 
a  point  A  which  corresponds  to  a  value  t^  of  the  parameter,  it  is 
necessary  that  the  conditions  (25)  should  be  satisfied.  But  the 
successive  derivatives  of  the  implicit  function  ^(f)  are  given  by  the 
equations 

(dF^ 

dx 

r29^      -!  d^F  dF  dF 

y 

Hence  necessary  conditions  for  contact  of  order  n  will  be  obtained 
by  inserting  in  these  equations  the  relations 

t^t,,x  =f(t,l  ^(t,)  =  4^(to),  ^'(g  =  ♦W,  •  •  •,  ^•>(^o)  =  ♦^•>(<o). 
The  resulting  conditions  may  be  expressed  as  follows : 
Let 

F(0=n/(0,*(0]; 

then  the  two  given  curves  will  have  at  least  contact  of  order  n  if  and 
only  if 

(30)  F(fo)  =  0,         P(g  =  0,         ...,         F->(<o)  =  0. 

The  roots  of  the  equation  F(t)  =  0  are  the  values  of  t  which  cor- 
respond to  points  of  intersection  of  the  two  given  curves.  Hence 
the  preceding  conditions  amount  to  saying  that  f  =  ^o  is  a  multiple 
root  of  order  n,  i.e.  that  the  two  curves  have  n  +  1  coincident  points 
of  intersection. 
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313.  OtcnUtiiig  cunrM.  Given  a  fixed  carre  C  and  another  curye 
C  which  depends  upon  n  +  1  parameters  a,  6,  c,  •  •  •,  /, 

(31)  F(a:,y,  a,  *,«,..,  Z)  =  ^> 

it  is  possible  in  general  to  choose  these  n  +  1  parameters  in  such  a 
way  that  C*  and  C  shall  have  contact  of  order  n  at  any  preassigned 
point  of  C.  For,  let  C  be  given  by  the  equations  x  =f(t),  y  =  ^). 
Then  the  conditions  that  the  curves  C  and  C  should  have  contact 
of  order  n  at  the  point  where  t^t^  are  given  by  the  equations  (30), 
where 

If  <;  be  given,  these  n  +1  equations  determine  in  general  the  n  +1 
parameters  a,  b,  e,  -••,  L  The  curve  C*  obtained  in  this  way  » 
called  an  osculating  curve  to  the  curve  C. 

Let  us  apply  this  theory  to  the  simpler  classes  of  curves.  Tbe 
equation  of  a  straight  line  y  =  oo;  +  6  depends  upon  the  two  param- 
eters a  and  b ;  the  corresponding  osculating  straight  lines  will  hare 
contact  of  the  first  order.  If  y  =^f(x)  is  the  equation  of  the  curve  C, 
the  parameters  a  and  b  must  satisfy  the  two  equations 

f(Xo)  ==ax^  +  b,        /'(aJo)  =  a; 

hence  the  osculating  line  is  the  ordinary  tangent^  as  we  should 
expect 

The  equation  of  a  circle 

(32)  (a;-a)«+(y-5)»-/2»  =  0 

depends  upon  the  three  parameters  a,  b,  and  R ;  hence  the  cone- 
sponding  osculating  circles  will  have  contact  of  the  second  order. 
Let  y  =f(x)  be  the  equation  of  the  given  curve  C ;  we  shall  obtain 
the  correct  values  of  a,  b,  and  R  by  requiring  that  the  circle  should 
meet  this  curve  in  three  coincident  points.  This  gives,  besides  the 
equation  (32),  the  two  equations 

(33)  X  -  a  +  (y  -  6)  y  =  0 ,        1  +  y*  +  (y  -  6) y"  =  0. 

The  values  of  a  and  b  found  from  the  equations  (33)  are  precisely 
the  co5rdinates  of  the  center  of  curvature  (§  205) ;  hence  the  oscur 
lating  circle  coincides  tvith  the  circle  of  curvature.  Since  the  con- 
tact is  in  general  of  order  two,  we  may  conclude  that  in  general  the 
circle  of  curvature  of  a  plane  curve  crosses  the  curve  at  their  pokU 
of  tanyeney. 
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All  the  above  results  might  have  been  foreseen  a  priori.  For, 
since  the  codrdinates  of  the  center  of  currature  depend  only  on 
Xy  y,  y\  and  }f\  any  two  curves  which  have  contact  of  the  second 
order  have  the  same  center  of  curvature.  But  the  center  of  curva- 
ture of  the  osculating  circle  is  evidently  the  center  of  that  circle 
itself;  hence  the  circle  of  curvature  must  coincide  with  the  oscu- 
lating circle.  On  the  other  hand,  let  us  consider  two  circles  of 
curvature  near  each  other.  The  difference  between  their  radii, 
which  is  equal  to  the  arc  of  the  evolute  between  the  two  centers, 
is  greater  than  the  distance  between  the  centers;  hence  one  of 
the  two  circles  must  lie  wholly  inside  the  other,  which  could  not 
happen  if  both  of  them  lay  wholly  on  one  side  of  the  curve  C  in 
the  neighborhood  of  the  point  of  contact.  It  follows  that  they 
cross  the  curve  C. 

There  are,  however,  on  any  plane  curve,  in  general,  certain  points 
at  which  the  osculating  circle  does  not  cross  the  curve ;  this  excep- 
tion to  tlie  rule  is,  in  fact,  typical.  Given  a  curve  C  which  depends 
upon  n -f- 1  parameters,  we  may  add  to  the  n-\-\  equations  (30) the 
new  equation 

provided  that  we  regard  t^  as  one  of  the  unknown  quantities  and 
determine  it  at  the  same  time  that  we  determine  the  parameters 
a,  b,  e,  '"f  I,  It  follows  that  there  are,  in  general,  on  any  plane 
curve  C,  a  certain  number  of  points  at  which  the  order  of  con- 
tact with  the  osculating  curve  C  is  n  -f-1.  For  example,  there  are 
usually  points  at  which  the  tangent  has  contact  of  the  second  order ; 
these  are  the  points  of  inflection,  for  which  y"  =  0.  In  order  to  find 
the  points  at  which  the  osculating  circle  has  contact  of  the  third 
order,  the  last  of  equations  (33)  must  be  differentiated  again,  which 
gives 

3yy'  +  (y-6)y'"  =  0, 
or  finally,  eliminating  y  —  b, 
(34)  (l+y'*)y"-3yy'»  =  0. 

The  points  which  satisfy  this  last  condition  are  those  for  which 
dR/dx  =  0,  i.e.  those  at  which  the  radius  of  curvature  is  a  maxi- 
mum or  a  minimum.  On  the  ellipse,  for  example,  these  points  are 
the  vertices ;  on  the  cycloid  they  are  the  points  at  which  the  tan- 
gent is  parallel  to  the  base. 
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214.  Oacolating  canres  as  limiting  curves.  It  is  evident  that  an 
osculating  curve  may  be  thought  of  as  the  limiting  position  of  a 
curve  C  which  meets  the  fixed  curve  C  in  »  + 1  points  near  a  fixed 
point  A  of  C,  which  is  the  limiting  position  of  each  of  the  points 
of  intersection.  Let  us  consider  for  definiteness  a  family  of 
curves  which  depends  upon  three  parameters  a,  h^  and  e,  and  let 
'o  +  ^1  >  ^0  +  ^«>  ^^^  ^0  +  ^»  be  three  values  of  t  near  t^.  The  curve 
C  which  meets  the  curve  C  in  the  three  corresponding  points  is 
given  by  the  three  equations 

(35)  F(#o  +  ^i)  =  0,         F(fo  +  ^)  =  0,         F(fo  +  A,)  =  0. 

Subtracting  the  first  of  these  equations  from  each  of  the  others  and 
applying  the  law  of  the  mean  to  each  of  the  differences  obtained, 
we  find  the  equivalent  system 

(36)  F(^o  +  AO  =  0,         F'(^o  +  A:i)  =  0,         F'(fo4-A:s)  =  0, 

where  kx  lies  between  h^  and  A,,  and  k^  between  h^  and  A,.  Again, 
subtracting  the  second  of  these  equations  from  the  third  and  apply- 
ing the  law  of  the  mean,  we  find  a  third  system  equivalent  to  either 
of  the  preceding, 

(37)  F(^o  +  ^)  =  0,         F'(^o  +  ^i)  =  0,         F"(^o  +  y  =  0, 

where  Ix  lies  between  kx  and  k^.  As  Ai,  A,,  and  h^  all  approach 
zero,  kx^  k^,  and  Ix  also  all  approach  zero,  and  the  preceding  equar 
tions  become,  in  the  limit, 

F(g  =  0,         F'(g  =  0,         P'(<o)  =  0, 

which  are  the  very  equations  which  determine  the  osculating  curve. 
The  same  argument  applies  for  any  number  of  parameters  whatever. 
Indeed,  we  might  define  the  osculating  curve  to  be  the  limiting 
position  of  a  curve  C  which  is  tangent  to  C  at  ^  points  and  cuts  C 
at  q  other  points,  where  2p  +  ?  =  ^  +  l)a8  all  these  p  +  q  points 
approach  coincidence. 

For  instance,  the  osculating  circle  is  the  limiting  position  of  & 
circle  which  cuts  the  given  curve  C  in  three  neighboring  points.  I* 
is  also  the  limiting  position  of  a  circle  which  is  tangent  to  C  and 
which  cuts  C  at  another  point  whose  distance  from  the  point  of 
tangency  is  infinitesimal.  Let  us  consider  for  a  moment  the  latter 
property,  which  is  easily  verified. 

Let  us  take  the  given  point  on  C  as  the  origin,  the  tangeut  at 
that  point  as  the  x  axis,  and  the  direction  of  the  normal  toward  the 
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center  of  curvature  as  the  positive  direction  of  the  y  axis.     At  the 
origin,  y'  =  0.     Hence  R  =  1/y",  and  therefore,  by  Taylor's  series, 


y="^(^+*)' 


where  c  approaches  zero  with  x.  It  fol- 
lows that  R  is  the  limit  of  the  expres- 
sion  «V(2y)  =  "oPH^MP)  as  the  point 
M  approaches  the  origin.  On  the  other 
hand,  let  Rx  be  the  radius  of  the  circle 
Cx  which  is  tangent  to  the  x  axis  at  the 
origin  and  which  passes  through  M, 
Then  we  shall  have 


Fig.  47 


OP*  =  Mm  =  MP(2Ri  -  MP) , 


or 


OP 
2MP 


=  n.-^' 


hence  the  limit  of  the  radius  Ri  is  really  equal  to  the  radius  of 
curvature  R, 


EXERCISES 

1.  Apply  the  general  f ormulsB  to  find  the  evolute  of  an  ellipse ;  of  an  hyper- 
bola; of  a  parabola. 

2.  Show  that  the  radios  of  curvature  of  a  conic  is  proportional  to  the  cube 
of  the  segment  of  the  normal  between  its  points  of  intersection  with  the  curve 
and  with  an  axis  of  symmetry. 

3.  Show  that  the  radius  of  curvature  of  the  parabola  is  equal  to  twice  the 
segment  of  the  normal  between  the  curve  and  the  directrix. 

4.  Let  F  and  F'  be  the  foci  of  an  ellipse,  M  a  point  on  the  ellipse,  MN  the 
normal  at  that  point,  and  N  the  point  of  intersection  of  that  normal  and  the 
major  axis  of  the  ellipse.  Erect  a  perpendicular  NK  to  MN  at  N^  meeting  MF 
at  IT.  At  JT  erect  a  perpendicular  KO  to  MF,  meeting  MN  at  O.  Show  that 
O  is  the  center  of  curvature  of  the  ellipse  at  the  point  M. 

6.  For  the  extremities  of  the  major  axis  the  preceding  construction  becomes 
illusory.  Let  AOA*  be  the  major  axis  and  BCfB  the  minor  axis  of  the  ellipse. 
On  the  segments  OA  and  OB  construct  the  rectangle  OA  EB.  From  E  let  fall 
a  perpendicular  on  AB,  meeting  the  major  and  minor  axes  at  C  and  D,  respec- 
tively. Show  that  C  and  D  are  the  centers  of  curvature  of  the  ellipse  for  the 
points  A  and  J3,  respectively. 

6i.  Show  that  the  evolute  of  the  spiral  p  =  ae^  is  a  spiral  congruent  to  the 
given  q>iral. 
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7.  The  path  of  any  point  on  the  circumference  of  a  circle  which  rolls  with- 
out slipping  along  another  (fixed)  circle  is  called  an  epicycloid  or  an  hypoq/dM. 
Show  that  the  evolute  of  any  such  curve  is  another  curve  of  the  same  kind. 

8.  Let  j4  J3  be  an  arc  of  a  curve  upon  which  there  are  no  singnlar  points  and 
no  points  of  inflection.  At  each  point  m  of  this  arc  lay  off  from  the  point  m 
along  the  normal  at  m  a  given  constant  length  I  in  each  direction.  Let  mi  and 
mt  be  the  extremities  of  these  segments.  As  the  point  m  describes  the  arc  AB, 
the  points  mi  and  m^  will  describe  two  corresponding  arcs  AiBi  and  ils^s- 
Derive  the  formula  Si  =  S  —  1$.  8^  =  S  +  10,  where  S,  Si,  and  Sj  are  the 
lengths  of  the  arcs  AB,  ^i  ^i ,  and  A^  Bz ,  respectively,  and  where  0  is  the  angle 
between  the  normals  at  the  points  A  and  B.  It  is  supposed  that  the  arc  ili^ 
lies  on  the  same  side  ot  ABva  the  evolute,  and  that  it  does  not  meet  the  evolute. 

[Licence,  Paris,  July,  1879.] 

9.  Determine  a  curve  such  that  the  radius  of  curvatures  p  at  any  point  U 
and  the  length  of  the  arc  s  =  AM  measured  from  any  fixed  point  A  on  the  cune 
satisfy  the  equation  cm  =  p^  +  cr^*  where  a  is  a  given  constant  length. 

{Licence,  Paris,  July,  1883.] 

10.  Let  C  be  a  given  curve  of  the  third  degree  which  has  a  double  point 
at  O.  A  right  angle  MON  revolves  about  the  point  O,  meeting  the  curve  C  in 
two  variable  points  Af  and  N.  Determine  the  envelope  of  the  straight  line  U^- 
in  particular,  solve  the  problem  for  each  of  the  curves  Xy^  =  2c*  and  x*  +  y*  =  ^> 

[Licence,  Bordeaux,  July,  1885.] 

11.  Find  the  points  at  which  the  curve  represented  by  the  equations 

X  =  a  (nu  —  sin  w) ,  y  =  a(n  —  cos  ta) 

has  contact  of  higher  order  than  the  second  with  the  osculating  circle. 

[Licence,  Grenoble,  July,  1885.] 

12.  Let  m,  mi ,  and  m%  be  three  neighboring  points  on  a  plane  curve.  Find 
the  limit  approached  by  the  radius  of  the  circle  circumscribed  about  the  triangto 
formed  by  the  tangents  at  these  three  points  as  the  points  approach  coincidence. 

13.  If  the  evolute  of  a  plane  curve  without  points  of  inflection  is  a  dortd 
curve,  the  total  length  of  the  evolute  is  equal  to  twice  the  difference  between  the 
sum  of  the  maximum  radii  of  curvature  and  the  sum  of  the  minimum  radii  of 
curvature  of  the  given  curve. 

14.  At  each  point  of  a  curve  lay  off  a  constant  segment  at  a  constant  angle 
with  the  normal.  Show  that  the  locus  of  the  extremity  of  this  segment  is  * 
curve  whose  normal  passes  through  the  center  of  curvature  of  the  given  cox^ 

15.  Let  r  be  the  length  of  the  radius  vector  from  a  fixed  pole  to  any  point  of 
a  plane  curve,  and  p  the  perpendicular  distance  from  the  pole  to  the  tangeot 
Derive  the  formula  B  =  ±  rdr/dp,  where  B  is  the  radius  of  curvature. 

16.  Show  that  the  locus  of  the  foci  of  the  parabolas  which  have  contact  of 
the  second  order  with  a  given  curve  at  a  fixed  point  is  a  circle. 

17.  Find  the  locus  of  the  centers  of  the  ellipses  whose  axes  have  a  fixed  direc- 
tion, and  which  have  contact  of  the  second  order  at  a  fixed  point  with  a  fi^ 
curve. 


CHAPTER  XI 

SK£W  CURVES 

I.  OSCULATING  PLANE 

215.  Definitioii  and  equation.  Let  MT  be  the  tangent  at  a  point  M 
of  a  given  skew  curve  F.  A  plane  through  MT  and  a  point  Af'  of 
r  near  M  in  general  approaches  a  limiting  position  as  the  point  Af ' 
approaches  the  point  M,  If  it  does,  the  limiting  position  of  the 
plane  is  called  the  osculating  plane  to  the  curve  F  at  the  point  3/. 
We  shall  proceed  to  find  its  equation. 

Let 

(1)  aj=/(0,      y  =  «(0,      «  =  ^0 

be  the  equations  of  the  curve  F  in  terms  of  a  parameter  t,  and  let  t 
and  f  +  A  be  the  values  of  t  which  correspond  to  the  points  M  and 
M\  respectively.     Then  the  equation  of  the  plane  MTM^  is 

A(X  -  «)  +  B(y -  y)  +  C(Z  -  «)  =  0, 

where  the  coefficients  A^  By  and  C  must  satisfy  the  two  relations 

(2)  Af(t)  +  J5<^'(0  +  C'^'(0  =  0, 

(3)  ^[/(^+A)-/(0]  +  5[«(<+A)-«(0]  +  C[^(^+A)-^(0]  =  0. 

Expanding  f(t  +  A),  4^(t  +  h)  and  ^(t  +  A)  by  Taylor's  series,  the 
equation  (3)  becomes 

Aiter  multiplying  by  h,  let  us  subtract  from  this  equation  the  equa- 
tion  (2),  and  then  divide  both  sides  of  the  resulting  equation  by 
U*/2.     Doing  so,  we  find  a  system  equivalent  to  (2)  and  (3)  : 

^here  ci,  cs,  and  cg  approach  zero  with  A.  In  the  limit  as  A 
approaches  zero  the  second  of  these  equations  becomes 

(4)  AfXt)  +  Br(t)  +  cr(t)  =  0. 
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Hence  the  equation  of  the  osculating  plane  is 

(5)  A(X  -  x)  +  B(Y-fj)  +  C(Z  -  «)  =  0, 

where  A,  By  and  C  satisfy  the  relations 

CAdx   ^-Bdy   -^  C dz   =0, 
^  ^  (Ad*x-^Bd^y  +  Cd^z  =  0. 

The  coefficients  A,  B,  and  C  may  be  eliminated  from  (5)  and  (6), 
and  the  equation  of  the  osculating  plane  may  be  written  in  the  form 


X  —  x    Y  —  y    Z  —  z 
dx  dy  dz 

d^x         d^y         d^z 


=  0. 


Among  the  planes  which  pass  through  the  tangent,  the  osculating 
plane  is  the  one  which  the  curve  lies  nearest  near  the  point  of  tan- 
gency.  To  show  this,  let  us  consider  any  other  plane  through  the 
tangent,  and  let  F{t)  be  the  function  obtained  by  substituting 
f{t  +  /i),  4>(t  +  A),  ^{t  +  h)  for  X,  y,  Z,  respectively,  in  the  left-hand 
side  of  the  equation  (5),  which  we  shall  now  assume  to  be  the  equa- 
tion of  the  new  tangent  plane.     Then  we  shall  have 

where  -q  approaches  zero  with  A.  The  distance  from  any  second 
point  M'  of  r  near  M  to  this  plane  is  therefore  an  infinitesimal  of 
the  second  order;  and,  since  F(t)  has  the  same  sign  for  all  sufficiently 
small  values  of  A,  it  is  clear  that  the  given  curve  lies  wholly  on  one 
side  of  the  tangent  plane  considered,  near  the  point  of  tangency. 

These  results  do  not  hold  for  the  osculating  plane,  however.  For 
that  plane,  A/"  -f  jB<^"  -|-  Ci/r"  =  0 ;  hence  the  expansions  for  the 
coordinates  of  a  point  of  F  must  be  carried  to  terms  of  the  third 
order.     Doing  so,  we  find 

p.,x_      ^'      (Ad^x-\-Bd^y  +  Cd*z        \ 

^(^>  - 17273  V d^ ■*■  V' 

It  follows  that  the  distance  from  a  point  of  T  to  the  osculating 
plane  is  an  infinitesimal  of  the  third  order;  and,  since  F(t)  changes 
sign  with  A,  it  is  clear  that  a  skew  curve  crosses  its  osculating  flfi^ 
at  their  common  point.     These  characteristics  distinguish  the  oficv 
iating  plane  sharply  iiom  the  other  tangent  planes. 
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216.  Stationary  oscillating  plane.  The  results  just  obtained  axe  not 
Talid  if  the  coefficients  A,  B,  C  of  the  osculating  plane  satisfy  the 
relation 

(7)  i4  d»a;  +  Bd*y  +  Cd^z  =  0. 

If  this  relation  is  satisfied,  the  expansions  for  the  co5rdinates  must 
be  carried  to  terms  of  the  fourth  order,  and  we  should  obtain  a 
relation  of  the  form 

^(^>  =  172:3:4V d^ ^V' 

^he  osculating  plane  is  said  to  be  stationary  at  any  point  of  F  for 
which  (7)  is  satisfied;  if  Ad*x  +  Bd*y  +  C d^z  does  not  vanish 
^0,  —  and  it  does  not  in  general,  —  F{t)  changes  sign  with  A  and 
the  curve  does  not  cross  its  osculating  plane.  Moreover  the  distance 
^rom  a  point  on  the  curve  to  the  osculating  plane  at  such  a  point  is 
^n  infinitesimal  of  the  fourth  order.  On  the  other  hand,  if  the 
'elation  A  d^x  +  B d^y  +  C  d* z  =i  0  is  satisfied  at  the  same  point, 
^6  expansions  would  have  to  be  carried  to  terms  of  the  fifth  order ; 
*nd  so  on. 

Eliminating  A,  By  and  C  between  the  equations  (6)  and  (7),  we 
obtain  the  equation 

dx     dy     dz 

d^x    d^y    d^z    =0, 

d^x    d^y    d^z 


(8)  A  = 


whose  roots  are  the  values  of  t  which  correspond  to  the  points  of  F 
where  the  osculating  plane  is  stationary.  There  are  then,  usually, 
on  any  skew  curve,  points  of  this  kind. 

This  leads  us  to  inquire  whether  there  are  curves  all  of  whose 
osculating  planes  are  stationary.  To  be  precise,  let  us  try  to  find 
all  the  possible  sets  of  three  functions  a;,  y^  z  of  a,  single  variable  t, 
which,  together  with  all  their  derivatives  up  to  and  including  those 
of  the  third  order,  are  continuous,  and  which  satisfy  the  equation 
(8)  for  all  values  of  t  between  two  limits  a  and  b  (a<  b). 

Let  us  suppose  first  that  at  least  one  of  the  minors  of  A  which 
correspond  to  the  elements  of  the  third  row,  say  dx  d^y  —  dy  d^x,  does 
not  vanish  in  the  interval  (a,  b).    The  two  equations 

(  dz:=Cxdx-\-  Cj  dy, 
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which  are  equivalent  to  (6),  determine  Ci  and  C^  as  continuous 
functions  of  ^  in  the  interval  (a,  6).  Since  A  =  0,  these  functions 
also  satisfy  the  relation 

(10)  d»«  =  Ci(i»aj  +  C,d»y. 

Differentiating  each  of  the  equations  (9)  and  making  use  of  (10), 

we  find 

dC^dx  +  dC^dy  =  0,         rfCirf^a;  +  dC^d^y  =  0, 

whence  dCi  =  dC^  =  0.     It  follows  that  each  of  the  coefficients  Ci 

and  C\  is  a  constant ;  hence  a  single  integration  of  the  first  of 

equations  (9)  gives 

z^C^x  +  C^y  +  Ct, 

where  Cs  is  another  constant.  This  shows  that  the  curve  F  is  a 
plane  curve. 

If  the  determinant  dxdPy  —  dydPx  vanishes  for  some  value  c  of  the  vtiiablet 
between  a  and  6,  the  preceding  proof  fails,  for  the  coefftcients  Ci  and  Ct  might 
be  infinite  or  indeterminate  at  such  a  point.  Let  us  suppose  for  definiteiMa 
thfit  the  preceding  determinant  vanishes  for  no  other  value  of  t  in  the  intervil 
(a,  6),  and  that  the  analogous  determinant  dxd^z^  dzd^x  does  not  vanish  for 
t  =  c.  The  argument  given  above  shows  that  all  the  points  of  the  curve  T  which 
correspond  to  values  of  t  between  a  and  c  lie  in  a  plane  P,  and  that  all  the 
points  of  r  which  correspond  to  values  of  t  between  c  and  b  also  lie  in  some 
plane  Q.  But  dxcPz  —  dzcPx  does  not  vanish  for  t  =  e;  hence  a  number  h 
can  be  found  such  that  that  minor  does  not  vanish  anywhere  in  the  interval 
{c  —  hy  c  +  h).  Hence  all  the  points  on  r  which  correspond  to  values  of  t 
between  c  —  A  and  c  -\-  h  must  lie  in  some  plane  R.  Since  R  must  have  an 
infinite  number  of  points  in  common  with  P  and  also  with  Q,  it  follows  that 
these  three  planes  must  coincide. 

Similar  reasoning  shows  that  all  the  points  of  T  lie  in  the  same  plane  nnletf 
all  three  of  the  determinants 

dxdPy  -dydPxy        dxdPz  —  dzdPx,        dydPz  —  dzd^y 

vanish  at  the  same  point  in  the  interval  (a,  b).  If  these  three  determinants  do 
vanish  simultaneously,  it  may  happen  that  the  curve  r  is  composed  of  several 
portions  which  lie  in  different  planes,  the  points  of  junction  being  points  a^ 
which  the  osculating  plane  is  indeterminate.* 

If  all  three  of  the  preceding  determinants  vanish  identically  in  a  certain 
interval,  the  curve  r  is  a  straight  line,  or  is  composed  of  several  portions  of 
straight  lines.  If  dx/dt  does  not  vanish  in  the  interval  (a,  6),  for  example,  we 
may  write 

d^ydx  —  dyd^x  _  d^zdx  —  dzd^x  ^  ^ 

(dx)2  ~    '  (dx)a  ~    ' 


whence 


dy  =  Cidx^        dz  =  CtdXf 


*This  siD<cular  rase  seems  to  have  been  noticed  first  by  Peano.    It  is  evidMitly  ^ 
interest  only  from  a  jmrely  tiinlytical  standpoint. 
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where  Ci  and  C%  are  constants.    Finally,  another  integration  gives 

which  shows  that  r  is  a  straight  line. 

S17.  Stationary  tangents.  The  preceding  paragraph  suggests  the  stndy  of 
certain  points  on  a  skew  curve  which  we  had  not  previously  defined,  namely 
the  points  at  which  we  have 

dx  ^  dy  ^  dz 

The  tangent  at  such  a  point  is  said  to  he  statUmary.  It  is  easy  to  show  hy  the 
formula  for  the  distance  between  a  point  and  a  straight  line  that  the  distance 
from  a  point  of  F  to  the  tangent  at  a  neighboring  point,  which  is  in  general  an 
infinitesimal  of  the  second  order,  is  of  the  third  order  for  a  stationary  tangent 
If  the  given  curve  F  is  a  plane  curve,  the  stationary  tangents  are  the  tangents  at 
the  points  of  inflection.  The  preceding  paragraph  shows  that  the  only  curve 
whose  tangents  are  all  stationary  is  the  straight  line. 

At  a  point  where  the  tangent  is  stationary,  A  =  0,  and  the  equation  of  the 
osculating  plane  becomes  indeterminate.  But  in  general  this  indetermination 
can  be  removed.  For,  returning  to  the  calculation  at  the  beginning  of  §  216 
and  carrying  the  expansions  of  the  cobrdinates  of  M'  to  terms  of  the  third  order, 
it  i«i  easy  to  show,  by  means  of  (11),  that  the  equation  of  the  plane  through  3t 
and  the  tangent  at  if  is  of  the  form 


X-x         r-y  Z-« 

nt)       4>^(^       nt) 
/'"(o  +  «i  0"'(«)  +  €f  r'(<)  +  «» 


=  0, 


where  ci,  Cf,  cs  approach  zero  with  h.  Hence  that  plane  approaches  a  perfectly 
definite  limiting  position,  and  the  equation  of  the  osculating  plane  is  given  by 
replacing  the  second  of  equations  (6)  by  the  equation 

-4d»x  +  Bd»y  +  Cd»2  =  0. 

If  the  co(Srdinates  of  the  point  M  also  satisfy  the  equation 

cPx  _  cPy  _  d«2 
dx       dy       dz 

the  second  of  the  equations  (6)  should  be  replaced  by  the  equation 

Adix  =  Bd'iy-\-  Cd9z  =  0, 

where  q  is  the  least  integer  for  which  this  latter  equation  is  distinct  from  the 
equation  A  dx  =  Bdy  -^  C dz  =  0.  The  proof  of  this  statement  and  the  exami- 
nation of  the  behavior  of  the  curve  with  respect  to  its  osculating  plane  are  left 
to  the  reader. 

Usually  the  preceding  equation  involving  the  third  differentials  is  sufficient, 
and  the  coefficients  A^B^C  do  not  satisfy  the  equation 

A  d*x  +  Bd*y  +  Cd*z  =  0. 

In  this  case  the  curve  crosses  every  tangent  plane  except  the  osculating  ^\axA« 
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SIS.  Special  carrei.  Let  us  consider  the  skew  carves  r  which  satisfy  a 
relation  of  the  form 

(12)  xdy  -ydx  =  KdZy 

where  iT  is  a  given  constant.    From  (12)  we  find  immediately 

(  xd»y-  yd»x  =  JK'd»2, 

'  (xcPy  —  ycP»  + (tecPy  —  dycPx  =  JSTcPz. 

Let  us  try  to  find  the  osculating  plane  of  F  which  passes  through  a  given  point 

(a,  b,  e)  of  space.    The  coordinates  (x,  y,  z)  of  the  point  of  tangency  must  satisfy 

the  equation 

a  —  z   h  —  y   c  —  z 

dx       dy       dz       =0,    ^. 

cPx      d^y      d^z 

which,  by  means  of  (12)  and  (18),  may  be  written  in  the  form 

(14)  ay  -  6x  +  K{c  -  «)  =  0. 

Hence  the  possible  points  of  tangency  are  the  points  of  intersection  of  the 
curve  r  with  the  plane  (14),  which  passes  through  (a,  b,  c). 

Again,  replacing  dz,  cPs  and  d'z  by  their  values  from  (12)  and  (18),  the  eqaa- 
tion  A  =  0,  which  gives  the  points  at  which  the  osculating  plane  is  stationary} 
becomes 

A=  —(dxd^y  -dyd»x)*  =  0; 

hence  we  shall  have  at  the  same  points 

d^x  _  d^y  _  yd^x  —  xd^y  _  cP« 
dx  ~  dy       ydx  —  xdy        dz 

which  shows  that  the  tangent  is  stationary  at  any  point  at  which  the  osculatiiig 
plane  is  stationary. 

It  is  easy  to  write  down  the  equations  of  skew  curves  which  satisfy  (12) ;  for 
example,  the  curves 

x  =  At^,        y  =  Bt*,        z  =  Ct^+*, 

where  A^  B,  C,  m,  and  n  are  any  constants,  are  of  that  kind.  Of  thew 
the  simplest  are  the  skew  cubic  x  =  t,  y  =  t^,  z  =  <«,  and  the  skew  qaartic 
X  =  t,  y  =  t«,  2  =  <*.    The  circular  helix 

x  =  aco8t,        y  =  asint,        z=Kt 

is  another  example  of  the  same  kind. 

In  order  to  find  all  the  curves  which  satisfy  (12),  let  us  write  that  equation  in 

the  form 

d{xy  —  Kz)  =  2ydx. 
If  we  set 

X  =/(«),       xy-Kz  =  4^(t), 
the  preceding  equation  becomes 
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Solving  these  three  equations  for  x,  y,  and  z,  we  find  the  general  equations  of  r 
in  the  form 

(16)       »-/(o,     ^-2f^y     ^"""^^rW"  ^^' 

where  f(t)  and  0(t)  are  arbitrary  functions  of  the  parameter  t.  It  is  clear,  how- 
ever, that  one  of  these  functions  may  be  assigned  at  random  without  loss  c* 
generality.  In  fact  we  may  set/(t)  =  t,  since  this  amounts  to  choosing/(t)  as  a 
new  parameter. 

n.  ENVELOPES  OF  SURFACES 

Before  taking  up  the  study  of  the  curvature  of  skew  curves,  we 
shall  discuss  the  theory  of  envelopes  of  surfaces. 

219.  One-parameter  families.   Let  iS^  be  a  surface  of  the  family 

(16)  Ax,y,z,a)=0, 

where  a  is  the  variable  parameter.  If  there  exists  a  surface  E  which 
is  tangent  to  each  of  the  surfaces  S  along  a  curve  C,  the  surface  E 
is  called  the  envelope  of  the  family  (16),  and  the  curve  of  tangency 
C  of  the  two  surfaces  S  and  E  is  called  the  characteristic  curve. 

In  order  to  see  whether  an  envelope  exists  it  is  evidently  neces- 
sary to  discover  whether  it  is  possible  to  find  a  curve  C  on  each  of 
the  surfaces  S  such  that  the  locus  of  all  the^e  curves  is  tangent  to 
each  surface  S  along  the  corresponding  curve  C.  Let  (x,  y,  z)  be 
the  co5rdinates  of  a  point  AT  on  a  characteristic.  If  M  is  not  a 
singular  point  of  Sy  the  equation  of  the  tangent  plane  to  5  at  ilf  is 

As  we  pass  from  point  to  point  of  the  surface  E,  x,  y,  z,  and  a  are 
evidently  functions  of  the  two  independent  variables  which  express 
the  position  of  the  point  upon  E,  and  these  functions  satisfy  the 
equation  (16).     Hence  their  differentials  satisfy  the  relation 

Moreover  the  necessary  and  sufficient  condition  that  the  tangent 
plane  to  E  should  coincide  with  the  tangent  plane  to  5  is 


or,  b7  (17), 

da 


(18)  1^  =  0. 
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Conyeraely,  it  is  easy  to  show,  as  we  did  for  plane  curves  (§  201), 
that  the  equation  R(x,  y,  z)  =  0,  found  by  eliminating  the  param- 
eter a  between  the  two  equations  (16)  and  (18),  represents  one  or 
more  analytically  distinct  surfaces,  each  of  which  is  an  envelope 
of  the  surfaces  S  or  else  the  locus  of  singular  points  of  S,  or  a  com- 
bination of  the  two.  Finally,  as  in  §  201,  the  characteristic  curve 
represented  by  the  equations  (16)  and  (18)  for  any  given  value  of  » 
is  the  limiting  position  of  the  curve  of  intersection  of  S  with  a 
neighboring  surface  of  the  same  family. 

220.  Two-parameter  families.   Let  S  be  any  surface  of  the  two- 
parameter  family 

(19)  f(x,yyz,a,b)=0, 

where  a  and  b  are  the  variable  parameters.  There  does  not  exist, 
in  general,  any  one  surface  which  is  tangent  to  each  member  of  this 
family  all  along  a  curve.  Indeed,  let  b  =  ^(a)  be  any  arbitrarily 
assigned  relation  between  a  and  b  which  reduces  the  family  (19)  to 
a  one-parameter  family.  Then  the  equation  (19),  the  equation 
b  =  ^(a)y  and  the  equation 

represent  the  envelope  of  this  one-parameter  family,  or,  for  any 
fixed  value  of  a,  they  represent  the  characteristic  on  the  correspond- 
ing surface  S.  This  characteristic  depends,  in  general,  on  ^\<i), 
and  there  are  an  infinite  number  of  characteristics  on  each  of  the 
surfaces  S  corresponding  to  various  assignments  of  ^(a).  There- 
fore the  totality  of  all  the  characteristics,  as  a  and  b  both  vary  arbi- 
trarily, does  not,  in  general,  form  a  surface.  We  shall  now  try  to 
discover  whether  there  is  a  surface  E  which  touches  each  of  the 
family  (19)  in  one  or  more  points,  —  not  along  a  curve.  If  such  a 
surface  exists,  the  coordinates  (x,  y,  z)  of  the  point  of  tangencj  of 
any  surface  S  with  this  envelope  E  are  functions  of  the  two  variable 
parameters  a  and  b  which  satisfy  the  equation  (19)  ;  hence  their  dif- 
ferentials dxy  dyy  dz  with  respect  to  the  independent  variables  a 
and  b  satisfy  the  relation 
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Moreover,  in  order  that  the  surface  which  is  the  locus  of  the  point 
of  tangency  (x,  y,  z)  should  be  tangent  to  5,  it  is  also  necessary 
that  we  should  have 

or,  by  (21), 

oa  Co 

Since  a  and  b  are  independent  variables,  it  follows  that  the  equations 

must  be  satisfied  simultaneously  by  the  coordinates  (x,  y,  z)  of  the 
pomt  of  tangency.  Hence  we  shall  obtain  the  equation  of  the 
envelope,  if  one  exists,  by  eliminating  a  and  b  between  the  three 
^nations  (19)  and  (22),  The  surface  obtained  will  surely  be  tan- 
gent to  5  at  (x,  y,  z)  unless  the  equations 

dx      dy       dz 

are  satisfied  simultaneously  by  the  values  (a;,  y,  z)  which  satisfy  (19) 
and  (22) ;  hence  this  surface  is  either  the  envelope  or  else  the  locus 
of  singular  points  of  S, 

We  have  seen  that  there  are  two  kinds  of  envelopes,  depending 
on  the  number  of  parameters  in  the  given  family.  For  example, 
the  tangent  planes  to  a  sphere  form  a  two-parameter  family,  and 
each  plane  of  the  family  touches  the  surface  at  only  one  point. 
On  the  other  hand,  the  tangent  planes  to  a  cone  or  to  a  cylinder 
form  a  one-parameter  family,  and  each  member  of  the  family  is 
tangent  to  the  surface  along  the  whole  length  of  a  generator. 

221.  Devetopable  surfaces.  The  envelope  of  any  one-parameter  family 
of  planes  is  called  a  developable  surface.     Let 

(23)  z  =  ax  +  yf(a)  +  «(«:) 

be  the  equation  of  a  variable  plane  P,  where  a  is  a  parameter  and 
^here  f(a)  and  ^(a)  are  any  two  functions  of  a.  Then  the  equa- 
Uon  (23)  and  the  equation 

(24)  X  +  yf(a)  +  «'(«)  =  0 

J^epresent  the  envelope  of  the  family,  or,  for  a  given  value  of  a,  they 
Represent  the  characteristic  on  the  corresponding  plane.     But  these 
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two  equations  represent  a  straight  line;  hence  each  characteristic 
is  a  straight  line  Gy  and  the  developable  surface  is  a  ruled  surface. 
We  proceed  to  show  that  all  the  straight  lines  G  are  tangent  to  the 
sanie  skew  curve.  In  order  to  do  so  let  us  differentiate  (24)  again 
with  regard  to  a.     The  equation  obtained 

(25)  yf"{a)  +  ^"(a)  =  0 

determines  a  particular  point  M  on  G,  We  proceed  to  show  that  G 
is  tangent  at  M  to  the  skew  curve  F  which  M  describes  as  a  varies. 
The  equations  of  r  are  precisely  (23),  (24),  (26),  from  which,  if  we 
desired,  we  might  find  x,  y,  and  z  as  functions  of  the  variable 
parameter  a.  Differentiating  the  first  two  of  these  and  using  the 
third  of  them,  we  find  the  relations 

(26)  dz^adx  +f{a)dtj,         dx  +fXa)  dy  =  0, 

which  show  that  the  tangent  to  F  is  parallel  to  G.  But  these  two 
straight  lines  also  have  a  common  point ;  hence  they  coincide. 

The  osculating  plane  to  the  curve  F  is  the  plane  P  itself.  To 
prove  this  it  is  only  necessary  to  show  that  the  first  and  second 
differentials  of  x,  y,  and  z  with  respect  to  a  satisfy  the  relations 

dz  =  adx   +f(a)dyy 
d^z  =  ad^x  +f(a)dhj. 

The  first  of  these  is  the  first  of  equations  (26),  which  is  known  to 
hold.     Differentiating  it  again  with  respect  to  a,  we  find 

d^z  =  ad^x  +f(a)d^y  +  [dx  +/'(a)c^y]rfa, 

which,  by  the  second  of  equations  (26),  reduces  to  the  second  of  the 
equations  to  be  proved. 

It  follows  that  any  developable  surface  may  be  defined  as  the  locus 
of  the  tangents  to  a  certain  skew  curve  F.  In  exceptional  cases  the 
curve  F  may  reduce  to  a  point  at  a  finite  or  at  an  infinite  distance; 
then  the  surface  is  either  a  cone  or  a  cylinder.  This  will  happo^ 
whenever  /"(«)  =  0. 

Conversely,  the  locus  of  the  tangents  to  any  skew  curve  F  is  a 
developable  surface.     For,  let 

x=f(t),        y  =  4^{t),        z  =  iKt) 

be  the  equations  of  any  skew  curve  F.     The  osculating  planes 

A{X  -  x^  -V  R(.Y  ^yi^\C{Z-z)  =  0 
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form  a  one-paraineter  family,  whose  envelope  is  given  by  the  pre- 
ceding equation  and  the  equation 

dA(X  -  «)  -f-  dB(Y-'y)  -f-  dC(Z  -  «)  =  0. 

For  any  fixed  value  of  t  the  same  equations  represent  the  charac- 
teristic in  the  corresponding  osculating  plane.  We  shall  show  that 
this  characteristic  is  precisely  the  tangent  at  the  corresponding 
point  of  r.     It  will  be  sufficient  to  establish  the  equations 

Adx  +  Bdy  -{-  Cdz=i  0,  dAdx-{-dBdy'\-dCdzz:^0, 

The  first  of  these  is  the  first  of  (6),  while  the  second  is  easily 
obtained  by  differentiating  the  first  and  then  making  use  of  the 
second  of  (6).  It  follows  that  the  characteristic  is  parallel  to 
the  tangent,  and  it  is  evident  that  each  of  them  passes  through 
the  point  (aj,  y,  z) ;  hence  they  coincide. 

This  method  of  forming  the  developable  gives  a  clear  idea  of 
the  appearance  of  the  surface.  Let  ^4^  be  an  arc  of  a  skew  curve. 
At  each  point  M  of  AB  draw  the  tangent,  and  consider  only  that 
half  of  the  tangent  which  extends  in  a  certain  direction,  —  from  A 
toward  £,  for  example.  These  half  rays  form  one  nappe  Si  of  the 
developable,  bounded  on  three  sides  by  the  arc  AB  and  the  tan- 
gents A  and  B  and  extending  to  infinity.  The  other  ends  of  the  tan- 
gents form  another  nappe  5,  similar  to  Si  and  joined  to  Si  along  the 
arc  AB.  To  an  observer  placed  above  them  these  two  nappes  appear 
to  cover  each  other  partially.  It  is  evident  that  any  plane  not  tan- 
gent to  r  through  any  point  0  of  AB  cuts  the  two  nappes  Si  and  S^ 
of  the  developable  in  two  branches  of  a  curve  which  has  a  cusp  at  O, 
The  skew  curve  r  is  often  called  the  edge  of  regression  of  the 
developable  surface.* 

It  is  easy  to  verify  directly  the  statement  just  made.  Let  us 
take  O  as  origin,  the  secant  plane  as  the  xy  plane,  the  tangent  to  F  as 
the  axis  of  Zy  and  the  osculating  plane  as  the  xz  plane.  Assuming 
that  the  co<)rdinates  x  and  ^  of  a  point  of  F  can  be  expanded  in  powers 
of  the  independent  variable  z,  the  equations  of  F  are  of  the  form 

X  =  a^z^  +  agZ* '\ ,         y  =  ftj«'-f  .••, 

for  the  equations 

dx  _dy  _d^y  _^ 

dz       dz       dz^ 


*  The  English  term  "  edge  of  regression  "  does  not  suggest  that  the  carve  is  a  locus 
of  cusps.  The  French  terms  "  arete  de  rebroussement "  and  "  point  de  rebroussement " 
are  more  suggestive. — Trans. 
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must  be  satisfied  at  the  origin.  Hence  the  equations  of  a  tangent 
at  a  point  near  the  origin  are 

2as«  H ""    3*t«*  H 

Setting  Z  =  0,  the  codrdinates  X  and  Y  of  the  point  where  the  tan* 
gent  meets  the  secant  plane  are  found  to  have  developments  which 
begin  with  terms  in  «*  and  in  «',  respectively ;  hence  there  is  suiely 
a  cusp  at  the  orig^. 

Examfie,  Let  ns  select  as  the  edge  of  regression  the  skew  cubic  x  =  t,  y  =  t'l 
z  =  t*.    The  equation  of  the  osculating  plane  to  the  curve  is 

(27)  «»  -  3«»X+  8tr-  Z  =  0; 

hence  we  shall  obtain  the  equation  of  the  corresponding  developable  1^  writiDg 
down  the  condition  that  (27)  should  have  a  double  root  in  t,  which  amoonts  to 
eliminating  i  between  the  equations 

.gov  (    t»-2tx+r=o, 

The  result  of  this  elimination  is  the  equation 

(XY  -  Z)3  -  4(X«  -  Y)(Y^  -  XZ)  =  0, 

which  shows  that  the  developable  is  of  the  fourth  order. 

It  should  be  noticed  that  the  equations  (28)  represent  the  tangent  to  the  given 
cubic. 

222.  Differential  equation  of  developable  surfaces.  If  «  =  F{xy  y)  be 
the  equation  of  a  developable  surface,  the  function  F(x,  y)  satisfies 
the  equation  s^  —  rt  =  0,  where  r,  s,  and  t  represent,  as  usual,  the 
three  second  partial  derivatives  of  the  function  F(x,  y). 

For  the  tangent  planes  to  the  given  surface, 

Z  =pX-\-qY-\-z—px  —  qyy 

must  form  a  one-parameter  family ;  hence  only  one  of  the  three 
coefficients  jt?,  q,  and  z—px  —  qy  can  vary  arbitrarily.  In  particular 
there  must  be  a  relation  between  p  and  q  of  the  form  /( jp,  q)  =  0. 
It  follows  that  the  Jacobian  D{py  q)/D(x,  y)  =  rt  ^  s^  must  vanish 
identically. 

Conversely,  if  F(x,  y)  satisfies  the  equation  r^  —  5*  =  0,  jp  and  ? 
are  connected  by  at  least  one  relation.  If  there  were  two  distinct 
relations,  p  and  q  would  be  constants,  F(x,  y)  would  be  of  the  form 
cLx  +  by  +  e,  and  the  surface  z  =  F(x,  y)  would  be  a  plane.    If  there 
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is  a  single  relation  between  p  and  q,  it  may  be  written  in  the  form 
q  ^f(^p)y  where  p  does  not  reduce  to  a  constant.     But  we  also  have 

>C-'-)-^'-X;r''>; 

hence  z—px  —  qy  is  also  a  function  of  p,  say  ^Kp),  whenever 
rt  ^s^  =  0.  Then  the  unknown  function  F(x,  y)  and  its  partial 
derivatiyes  p  and  q  satisfy  the  two  equations 

Differentiating  the  second  of  these  equations  with  respect  to  x  and 
with  respect  to  y,  we  find 

[x  +  y  4>\P)  +  f (!>)]  ^  =  0,        \x  +  y  ^'(p)  +  ^'(p)]  ^  =  0 . 
Since  p  does  not  reduce  to  a  constant,  we  must  have 

hence  the  equation  of  the  surface  is  to  be  found  by  eliminating  p 
between  this  equation  and  the  equation 

z^px  +  yii{p)  +  ^{p)y 

which  is  exactly  the  process  for  finding  the  envelope  of  the  family 
of  planes  represented  by  the  latter  equation,  p  being  thought  of  as 
the  variable  parameter. 

223.  Envelope  of  a  family  of  skew  curves.  A  one-parameter  family 
of  skew  curves  has,  in  general,  no  envelope.  Let  us  consider  first 
a  family  of  straight  lines 

(29)  aj  =  a«-f-jE?,         y  =  hz'\-q, 

where  a,  h,  p,  and  q  are  given  functions  of  a  variable  parameter  a. 
We  shall  proceed  to  find  the  conditions  under  which  every  member 
of  this  family  is  tangent  to  the  same  skew  curve  F.  Let  z  =  ^(a) 
be  the  z  coordinate  of  the  point  M  at  which  the  variable  straight 
line  D  touches  its  envelope  F.  Then  the  required  curve  F  will  be 
represented  by  the  equations  (29)  together  with  the  equation 
z  =  4^(oc)y  and  the  direction  cosines  of  the  tangent  to  F  will  be  pro- 
portional to  dx/da,  dy/da,  dz/da,  i.e.  to  the  three  quantities 
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where  a\  h\p\  and  q^  are  the  derivatives  of  a,  6,  j?,  and  ^,  respec- 
tively. The  necessary  and  sufficient  condition  that  this  tangent  be 
the  straight  line  D  itself  is  that  we  should  have 

rfx  __     dz  dy  _  ,dz 

da         da  da         da 
that  is, 

«'*(«)  -hp'  =  0,  ft'*(a)  +  ?'  =  0. 

The  unknown  function  ^(a)  must  satisfy  these  two  equations; 
hence  the  family  of  straight  lines  has  no  envelope  unless  the  two 
are  compatible,  that  is,  unless 

a'q'  -  b'p'  =  0. 
If  this  condition  is  satisfied,  we  shall  obtain  the  envelope  by  setting 

It  is  easy  to  generalize  the  preceding  argument.    Let  us  consider  a 
one-parameter  family  of  skew  curves  (C)  represented  by  the  equations 

(30)  F(x,  y,  z,  a)  =  0,         *(«,  y,  «,  a)  =  0, 

where  a  is  the  variable  parameter.  If  each  of  these  curves  C  is 
tangent  to  the  same  curve  F,  the  codrdinates  (x,  y,  z)  of  the  point 
M  at  which  the  envelope  touches  the  curve  C  which  corresponds  to 
the  parameter  value  a  are  functions  of  a  which  satisfy  (30)  and 
which  also  satisfy  another  relation  distinct  from  those  two.  Let 
dx,  dy,  dz  be  the  differentials  with  respect  to  a  displacement  of  M 
along  C ;  since  a  is  constant  along  C,  these  differentials  must  satisfy 
the  two  equations 


(31) 


On  the  other  hand,  let  &t;,  By,  S«,  Ba  be  the  differentials  of  x,  y,  't 
and  a  with  respect  to  a  displacement  of  M  along  F.  These  differen- 
tials satisfy  the  equations 

'a*  a*  d^  d^ 

ox  oy  cz  oa 
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The  necessary  and  sufficient  conditions  that  the  curves  C  and  r 

be  tangent  are 

dx  ^dy  ^  dz 

hx      hy      hz 

or,  making  use  of  (31)  and  (32), 

dF  d^ 

oa  Ca 

It  follows  that  the  coordinates  (x,  y,  z)  of  the  point  ofta/ngency  mtut 
8<Uisfy  the  equations 

dF  d^ 

(33)  F-0,        ♦  =  0,        3^  =  0,        ^  =  0. 

Hence,  if  the  family  (30)  is  to  have  an  envelope,  the  four  equations 
(33)  must  be  compatible  for  all  values  of  a.  Conversely,  if  these 
four  equations  have  a  common  solution  in  x,  y,  and  z  for  all  values 
of  a,  the  argument  shows  that  the  curve  F  described  by  the  point 
(x,  y,  z)  is  tangent  at  each  point  (a;,  y,  z)  upon  it  to  the  correspond- 
ing curve  C.  This  is  all  under  the  supposition  that  the  ratios  between 
dxy  dy,  and  dz  are  determined  by  the  equations  (31),  that  is,  that  the 
point  (x,  y,  z)  is  not  a  singular  point  of  the  curve  C 

Note.  If  the  curves  C  are  the  characteristics  of  a  one-parameter 
family  of  surfaces  F(xy  y,  z,  a)  =  0,  the  equations  (33)  reduce  to 
the  three  distinct  equations 

..  dF      ^  d*F 

(34)  F=0,        ;^  =  0,         ^  =  0; 

hence  the  curve  represented  by  these  equations  is  the  envelope 
of  the  characteristics.  This  is  the  generalization  of  the  theorem 
proved  above  for  the  generators  of  a  developable  surface. 

The  equations  of  a  one-parameter  family  of  straight  lines  are  cften  written 
in  the  form 

(36)  — — =     I,     =— r~* 

a  0  c 

where  Xo,  yot  ^f  a,  &,  c  are  functions  of  a  variable  parameter  a.  It  is  easy  to 
find  directly  the  condition  that  this  family  should  have  an  envelope.  Let  I 
denote  the  common  value  of  each  of  the  preceding  ratios ;  then  the  coordinates 
of  any  point  of  the  straight  line  are  given  by  the  equations 

and  the  question  is  to  determine  whether  it  is  possible  to  substitute  for  I  such  a 
function  of  a  that  the  variable  straight  line  should  always  remain  tangent  to 
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the  eurre  deseribed  bj  the  point  (x,  y,  t).    The  neceawy  conditioii  for  thii  is 
thAt  we  should  hATe 

/«ix  xj-^a'l     vi-hbri     zi-\.&l 

Denoting  by  m  the  common  ralne  of  theee  iitioe  and  eliminating  I  and  m  from 
the  three  linear  equations  obtained,  we  find  the  equation  of  condition 


(37) 


zi  W  4 
a  h  c 
or     6'     c' 


=  0. 


If  this  condition  is  satisfied,  the  equations  (36)  detennine  2,  and  hence  abo  the 
equation  of  the  envelope. 


in.  CURVATURE  AND  TORSION  OF  SKEW  CURVES 

234.  Spherical  indicatriz.  Let  us  adopt  upon  a  given  skew  curve  F 
a  definite  sense  of  motion,  and  let  s  be  the  length  of  the  arc  AM 
measured  from  some  fixed  point  A  as  origin  to  any  point  M,  affixing 
the  sign  +  or  the  sign  —  according  as  the  direction  from  A  towaid 
M  is  the  direction  adopted  or  the  opposite  direction.  Let  MT  be 
the  positiae  direction  of  the  tangent  at  M,  that  is,  that  which  cor- 
responds to  increasing  values  of  the  arc.  If  through  any  point  0  in 
space  lines  be  drawn  parallel  to  these  half  rays,  a  cone  S  is  formed 
which  is  called  the  directing  cone  of  the  developable  surface  formed 
by  the  tangents  to  F.  Let  us  draw  a  sphere  of  unit  radius  about  0 
as  center,  and  let  %  be  the  line  of  intersection  of  this  sphere  with 
the  directing  cone.    The  curve  2  is  called  the  spherical  indicatnx 


Fig.  48 


of  the  curve  F.  The  correspondence  between  the  points  of  these  two 
curves  is  one-to-one :  to  a  point  M  of  F  corresponds  the  point  m  where 
the  parallel  to  MT  pieicea  the  sphere.    As  the  point  M  describes  the 
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curve  r  in  the  positive  sense,  the  point  m  describes  the  curve  2  in 
a  certain  sense,  which  we  shall  adopt  as  positive.  Then  the  corre- 
sponding arcs  8  and  a  increase  simultaneously  (Fig.  48). 

It  is  evident  that  if  the  point  0  be  displaced,  the  whole  curve  2 
undergoes  the  same  translation ;  hence  we  may  suppose  that  0  lies 
at  the  origin  of  coordinates.  Likewise,  if  the  positive  sense  on  the 
curve  r  be  reversed,  the  curve  2  is  replaced  by  a  curve  symmetrical 
to  it  with  respect  to  the  point  O ;  but  it  should  be  noticed  that  the 
positive  sense  of  the  tangent  mt  to  2  is  independent  of  the  sense  of 
motion  on  F. 

The  tangent  plane  to  the  directing  cone  along  the  generator  Om  is 
parallel  to  the  osculating  plane  at  M,  For,  let  AX  +  BY  -\-  CZ  =  0 
be  the  equation  of  the  plane  0mm' j  the  center  0  of  the  sphere  being 
at  the  origin.  This  plane  is  parallel  to  the  two  tangents  at  M  and 
at  M' ;  hence,  if  t  and  t  +  h  are  the  parameter  values  which  corre- 
spond to  M  and  3f' ,  respectively,  we  must  have 

(38)  Af'(t)  +  B<^Xt)  +  Cf(t)  =  0. 

(39)  Af(t  +  h)  +  B<l>Xt  +  h)  +  C^Xt  +  A)  =  0. 

The  second  of  these  equations  may  be  replaced  by  the  equation 

^  /'«  +  h)  -f'(t)  ^  ^  <t>'(t  +  K)-  <t>'{t)  I   ^  i>'(t  +  K)-  ^'(t)  _  p 
h  h  h  ' 

which  becomes,  in  the  limit  as  h  approaches  zero, 

(40)  AfXt)  4-  Bi>'\t)  +  CY(t)  =  0. 

The  equations  (38)  and  (40),  which  determine  A,  B,  and  C  for  the 
tangent  plane  at  m,  are  exactly  the  same  as  the  equations  (6)  which 
determine  Ay  B,  and  C  for  the  osculating  plane. 

225.  Radius  of  curvature.  Let  o>  be  the  angle  between  the  positive 
directions  of  the  tangents  MT  and  M'T'  at  two  neighboring  points 
M  and  M'  of  T,  Then  the  limit  of  the  ratio  w/arcAfAf',  as  M 
approaches  M',  is  called  the  curvature  of  T  at  the  point  Af,  just  as 
for  a  plane  curve.  The  reciprocal  of  the  curvature  is  called  the 
radiics  of  curvature :  it  is  the  limit  of  arc  MM'/w. 

Again,  the  radius  of  curvature  R  may  be  defined  to  be  the  limit 
of  the  ratio  of  the  two  infinitesimal  arcs  MM'  and  mm',  for  we  have 

arcMAf'      arc  JO/'        arc  mm'        chord  mm' 


0)  arc  mm'      chord  mm' 


tt> 
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and  each  of  the  fractions  (arc  9iiiro')/(choid)  mm*  and  (chord  mw!)lm 
approaches  the  limit  unity  as  m  approaches  m\  The  arcs  «(=ifiO 
and  (r(=m9ii')  increase  or  decrease  simultaneooslj ;  hence 

Let  the  equations  of  F  be  given  in  the  form 

(42)  x^f{t),        y  =  4^{t),        z  =  ^t), 

where  0  is  the  origin  of  co5rdinates.  Then  the  codrdinates  of  the 
point  m  are  nothing  else  than  the  direction  cosines  of  MT,  namely 

dx  .      dy  dz 

"^di'    ^=*'    -*=!;- 

Differentiating  these  equations,  we  find 

dsd^x  —dxd^s      .^      dsd^y  —  dyd^s      ,        dsd^z  —  dz^s 

d- 5p — .  dp — V^^'  "y- — 1^—' 

where  o  indicates  as  usual  the  sum  of  the  three  similar  terms 
obtained  by  replacing  x  by  x,  y,  z  successively.  Finally,  expanding 
and  making  use  of  the  expressions  for  d^  and  ds  d^s,  we  find 

^j*^Sd^  Sid'=')'-\Sdxd'xY 

ds* 

By  Lagrange's  identity  (§  131)  this  equation  may  be  written  in 
the  form 

^^  = d? ' 

where 

(i4  =  dycP«  —  rf«cPy,         B  =  dzd^x  ^  dxd^Zy 

(  C  =  dx€py--dyd*x, 

a  notation  which  we  shall  use  consistently  in  what  follows.  Then 
the  formula  (41)  for  the  radius  of  curvature  becomes 

(44)  R^  =  "^^ 


and  it  is  evident  that  72*  is  a  rational  function  of  x,  y,  «,  a?',  y'>  ^» 
«",  y"f  «"•  The  expression  for  the  radius  of  curvature  itself  ^ 
irrational,  but  it  is  essentially  a  positive  quantity. 
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Note.  If  the  independent  variable  selected  is  the  arc  s  of  the 
curve  r,  the  functions  /(«),  4*(s),  and  ^(«)  satisfy  the  equation 

Then  we  shall  have 

(45)         ■da=f"(t)ds,         dp  =  if,"(s)ds,         dy  =  ^"(s)ds, 

and  the  expression  for  the  radius  of  curvature  assumes  the  partic- 
ularly elegant  form 

(44')  |i  =  [/"«]'  +  [«"(«)]'  +  [f  («)]*. 

226.  Principal  normal  Center  of  curvature.  Let  us  draw  a  line 
through  M  (on  F)  parallel  to  mt,  the  tangent  to  2  at  m.  Let  MN 
be  the  direction  on  this  line  which  corresponds  to  the  positive  direc- 
tion mt.  The  new  line  MN  is  called  the  principal  normal  to  F  at  J(f : 
it  is  that  normal  which  lies  in  the  osculating  plane,  since  mt  is 
perpendicular  to  Om  and  Omt  is  parallel  to  the  osculating  plane 
(S  224).  The  direction  MN  is  called  the  positive  direction  of  the 
principal  normal  This  direction  is  uniquely  defined,  since  the  posi- 
tive direction  of  mt  does  not  depend  upon  the  choice  of  the  positive 
direction  upon  F.  We  shall  see  in  a  moment  how  the  direction  in 
question  might  be  defined  without  using  the  indicatrix. 

If  a  length  MC  equal  to  the  radius  of  curvature  at  J(f  be  laid  off 
on  MN  from  the  point  M,  the  extremity  C  is  called  the  center  of 
curvature  of  F  at  AT,  and  the  circle  drawn  around  C  in  the  osculat- 
ing plane  with  a  radius  MC  is  called  the  circle  of  curvature.  Let 
a\  P'f  y  be  the  direction  cosines  of  the  principal  normal.  Then  the 
coordinates  (xi,  yi,  Zi)  of  the  center  of  curvature  are 

xi=x  +  Ra',        yi  =  y  +  Rp^,        «i  =  «  +  Ry^. 

But  we  also  have 

,  ^da  ^da  ds  __  n^^  _  »  dsd^x  —  dxd^s 
d<r      ds  da  ds  ds^ 

and  similar  formulae  for  p^  and  y\     Replacing  a'  by  its  value  in 
the  expression  for  x,  we  find 

^^dsd^x  —  dxd^s 

'''=*  +  ^ — d? — 
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But  the  coefficient  of  R*  may  be  written  in  the  fonn 

d^  ^  d^  ' 

or,  in  terms  of  the  quantities  A,  B,  and  C, 

Bdz  —  Cdy 
ds'' 

The  values  of  yx  and  Zx  may  be  written  down  by  cyclic  permutation 
from  this  value  of  Xx,  and  the  co5rdinates  of  the  center  of  curyatoie 
may  be  written  in  the  form 


(46) 


,    „,Bdx  —  Cdy 
.    ^^  Cdx  —  Adz 

yi  =  y  +  «* — SI — ' 


These  expressions  for  Xx,  t/xt  a^^d  Zx  are  rational  in  x,  y,  z,  x\  y\  f^) 
X",  y",  z". 

A  plane  Q  through  M  perpendicular  to  MN  passes  through  the 
tangent  MT  and  does  not  cross  the  curve  F  at  M,  We  shall  proceed 
to  show  that  the  center  of  curvature  and  the  points  of  F  near  M  lie 
on  the  same  side  of  Q.  To  show  this,  let  us  take  as  the  independent 
variable  the  arc  s  of  the  curve  F  counted  from  M  as  origin.  Then 
the  coordinates  X,  7,  Z  of  a  point  3f'  of  F  near  M  are  of  the  form 


8  dx        8^    /d^x       \ 


the  expansions  for  Y  and  Z  being  similar  to  the  expansion  for  X 
But  since  s  is  the  independent  variable,  we  shall  have 


dx  d^x      da  _  da  da  _  1 

ds       d<r  ds       It 


ds 

=  «> 

ds^ 

and  the  formula  for  A'  becomes 

X  = 

X  +  as  + 

=  ^a' 


ih')6 


If  in  the  equation  of  the  plane  Q, 

a'(X  -  X)  +  p'iY  -y)  +  y'(Z  -  «)  =  0, 
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X,  Y,  and  Z  be  replaced  by  these  expansions  in  the  left-hand  member, 
the  value  of  that  member  is  found  to  be 

where  if  approaches  zero  with  s.  This  quantity  is  positive  for  all 
values  of  s  near  zero.  Likewise,  replacing  (X,  Y,  Z)  by  the  co5rdi- 
nates  (x  +  Ra\  y  +  Rp,  z  +  Ry*)  of  the  center  of  curvature,  the 
result  of  the  substitution  is  R,  which  is  essentially  positive.  Hence 
the  theorem  is  proved. 

227.  Polar  line.  Polar  surface.  The  perpendicular  A  to  the  oscu- 
lating plane  at  the  center  of  curvature  is  called  the  polar  line.  This 
straight  line  is  the  characteristic  of  the  normal  plane  to  F.  For,  in 
the  first  place,  it  is  evident  that  the  line  of  intersection  D  of  the 
normal  planes  at  two  neighboring  points  AT  aud  3f'  is  perpendicular 
to  each  of  the  lines  MT  and  M'T^ ;  hence  it  is  also  perpendicular  to 
the  plane  mOm\  As  M'  approaches  3f,  the  plane  mOm^  approaches 
parallelism  to  the  osculating  plane ;  hence  the  line  D  approaches  a 
line  perpendicular  to  the  osculating  plane.  On  the  other  hand,  to 
show  that  it  passes  through  the  center  of  curvature,  let  «  be  the 
independent  variable;  then  the  equation  of  the  normal  plane  is 

(47)  a(X  -  aj)  +  fi{Y -  y)  +  y(Z  -  «)  =  0, 

and  the  characteristic  is  defined  by  (47)  together  with  the  equation 

(48)  ^(x-a:)  +  |(r-y)  +  j'(Z-*)-l=0. 

This  new  equation  represents  a  plane  perpendicular  to  the  principal 
normal  through  the  center  of  curvature ;  hence  the  intersection  of 
the  two  planes  is  the  polar  line. 

The  polar  lines  form  a  ruled  surface,  which  is  called  the  poUiT 
surface.  It  is  evident  that  this  surface  is  a  developable,  since  we 
have  just  seen  that  it  is  the  envelope  of  the  normal  plane  to  F. 
If  F  is  a  plane  curve,  the  polar  surface  is  a  cylinder  whose  right 
section  is  the  evolute  of  F ;  in  this  special  case  the  preceding  state- 
ments are  self-evident. 

228.  Torsion.  If  the  words  << tangent  line''  in  the  definition  of 
curvature  (§  225)  be  replaced  by  the  words  "  osculating  plane,"  a 
new  geometrical  concept  is  introduced  which  measures,  in  a  manner, 
the  rate  at  which  the  osculating  plane  turns.  Let  w'  be  the  angle 
between  the  osculating  planes  at  two  neigbboim^  "^Xxl^a  M  ^sA  'Ml^s 
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then  the  limit  of  the  ratio  Myarc  MM\  as  M  approaches  Af ',  is  called 
the  torsion  of  the  curve  F  at  the  point  M,  The  reciprocal  of  the 
torsion  is  called  the  radius  of  torsion. 

The  perpendicular  to  the  osculating  plane  at  Jf  is  called  the 
binormal.  Let  us  choose  a  certain  direction  on  it  as  positive, — we 
shall  determine  later  which  we  shall  take,  —  and  let  a",  j8",  y"  be 
the  corresponding  direction  cosines.  The  parallel  line  through  the 
origin  pierces  the  unit  sphere  at  a  point  n,  which  we  shall  now  put 
into  correspondence  with  the  point  M  of  F.  The  locus  of  n  is  a 
spherical  curve  0,  and  it  is  easy  to  show,  as  above,  that  the  radios 
of  torsion  T  may  be  defined  as  the  limit  of  the  ratio  of  the  two  cone- 
sponding  arcs  MM'  and  nn'  of  the  two  curves  F  and  0.  Hence  we 
shall  have 

where  r  denotes  the  arc  of  the  curve  8. 

The  coordinates  of  n  are  a",  fi!',  y",  which  are  given  by  the  formultB 
(S  215) 

a"= 7=i===,    )8"  = -=£=:,    y"== ^. 


±Vi4«+5«+C»  ±V^»+5»+C*  ±Vi4«+^+C* 

where  the  radical  is  to  be  taken  with  the  same  sign  in  all  three 
formulae.  From  these  formules  it  is  easy  to  deduce  the  values  of 
da",  dfi",  dy"'f  for  example, 

„  ^      (A*  -h S^  +  C')dA  -  A(A  dA  +  BdB  -^  C dC) 

whence,  since  dr*  =  da"«  +  dp"*  +  dy"*, 

^.      SA*SdA*-^[S(AdA)r 

or,  by  Lagrange's  identity, 


^^.^.Si^dC^CdBy 
(A^  +  B^-^C^* 


(A^  +  B^-h  Cy 

where  S  denotes  the  sum  of  the  three  terms  obtained  by  cyclic  per- 
mutation of  the  three  letters  Ay  B,  C  The  numerator  of  this  expres- 
sion may  be  simplified  by  means  of  the  relations 

Adx+    Bdy-\-    Cdz  =  0, 

dAdx  +  dBdy  +  dC  dz  =  0, 
whence 

dx  dy  dz  1 

^^^^     BdC-CdB^  CdA-AdC^  AdB-Brf^^F 
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where  iC  is  a  quantity  defined  by  the  equation  (49)  itself.    This  gives 
where  K  is  defined  by  (49) ;  or,  expanding. 


dx 


dz     dx 

d^z    d^x 

• 

dx     dy 
d^x    d^y 


dx     dy 
d^x    d^y 


dz     dx 
cPz    d^x 


=  i^{dz  d^x  d^y  —  dx  d^z  d^y), 


where  S  denotes  the  sum  of  the  three  terms  obtained  by  cyclic  per- 
mutation of  the  three  letters  Xy  yy  z.  But  this  value  of  K  is  exactly 
the  development  of  the  determinant  A  [(8),  §  216];  hence 


dT  =  ± 


^ds 


^2  4-  £«  +  C* 


and  therefore  the  radius  of  torsion  is  given  by  the  formula 


(60) 


T  =  ± 


If  we  agree  to  consider  T  essentially  positive,  as  we  did  the  radius 
of  curvature,  its  value  will  be  the  absolute  value  of  the  second  mem- 
ber. But  it  should  be  noticed  that  the  expression  for  T  is  rational 
in  X,  y,  Zf  x\  y\  z\  «",  y",  «";  hence  it  is  natural  to  represent  the 
radius  of  torsion  by  a  length  affected  by  a  sign.  The  two  signs 
which  T  may  have  correspond  to  entirely  different  aspects  of  the 
curve  r  at  the  point  M, 

Since  the  sign  of  T  depends  only  on  that  of  A,  we  shall  investigate 
the  difference  in  the  appearance  of  r  near  M  when  A  has  different 
signs.  Let  us  suppose  that  the  trihedron  Oxyz  is  placed  so  that  an 
observer  standing  on  the  xy  plane  with  his  feet  at  0  and  his  head  in 
the  positive  z  axis  would  see  the  x  axis  turn  through  90®  to  his  hft 
if  the  X  axis  turned  round  into  the  y  axis  (see  footnote,  p.  477). 
Suppose  that  the  positive  direction  of  the  binormal  MN^^  has  been  so 
chosen  that  the  trihedron  formed  from  the  lines  3/7',  MN,  MNf,  has 
the  same  aspect  as  the  trihedron  formed  from  the  lines  Ox,  Oy,  Oz ; 
that  is,  if  the  curve  V  be  moved  into  such  a  position  that  M  coincides 
with  O,  MT  with  Ox,  and  MN  with  Oy,  the  direction  MN^  will  coin- 
cide with  the  positive  z  axis.  During  this  motion  the  absolute  value 
of  T  remains  unchanged ;  hence  A  cannot  vanish,  and  hence  it  cannot 
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even  change  sign.*  In  this  position  of  the  curve  V  with  respect  to 
the  axes  now  in  the  figure  the  coordinates  of  a  point  near  the  origin 
will  be  given  by  the  formulse 


i 


(51)  -{y  =  ft,^«+.^(fts  +  c'), 


where  c,  c',  c''  approach  zero  with  t,  provided  that  the  parameter  t  is 
so  chosen  that  f  =  0  at  the  origin.  For  with  the  system  of  axes 
employed  we  must  have  dy  =  dz  =  cPz  =  0  when  ^  =  0.  Moreover 
we  may  suppose  that  ai  >  0,  for  a  change  in  the  parameter  from  t  to 
—  t  will  change  a|  to  —  Oi .  The  coefficient  b^  is  positive  since  y  most 
be  positive  near  the  origin,  but  c^  may  be  either  positive  or  negative. 
On  the  other  hand,  for  f  =  0,  A  =  1201636,  dt\  Hence  the  sign  of  A 
is  the  sign  of  c,.  There  are  then  two  cases  to  be  distinguished.  If 
c^>0,  X  and  z  are  both  negative  for  —  h<t<0,  and  both  positive 
f or  0  <  f  <,hy  where  A  is  a  sufficiently  small  positive  number;  Le. 
an  observer  standing  on  the  xy  plane  with  his  feet  at  a  point  P  on 


^ 


J 


Im" 

Fig.  49,  a  Fio.48, 6 

the  positive  half  of  the  principal  normal  would  see  the  arc  WS}  at 
his  left  and  above  the  osculating  plane,  and  the  arc  MM^^  at  his  riglit 
below  that  plane  (Fig.  49,  a).    In  this  case  the  curve  is  said  to  be 
sinistrorsal.    On  the  other  hand,  if  c,  <  0,  the  aspect  of  the  curve 
would  be  exactly  reversed  (Fig.  49,  ft),  and  the  curve  would  be  said 
to  be  dextrarsaL    These  two  aspects  are  essentially  distinct.    For 
example,  if  two  spirals  (helices)  of  the  same  pitch  be  drawn  on  tbe 
same  right  circular  cylinder,  or  on  two  congruent  cylinders,  they 
will  be  superposable  if  they  are  both  sinistrorsal  or  both  dextrorsal  ^ 
but  if  one  of  them  is  sinistrorsal  and  the  other  dextrorsal,  one  o^ 
them  will  be  superposable  upon  the  helix  symmetrical  to  the  othe^ 
one  with  respect  to  a  plane  of  symmetry. 

*  It  would  be  easy  to  show  directly  that  A  does  not  change  sign  when  we  pass 
one  set  of  rectangular  area  to  «.u.oX\i«t  ^x^\iNs;^\ivi%  the  same  aspect. 
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In  consequence  of  these  results  we  shall  write 
(52)  r^_d!±^±C!. 

i.e.  at  a  point  where  the  curve  is  dextrorsal  T  shall  be  positive,  while 
T  shall  be  negative  at  a  point  where  the  curve  is  sinistrorsal.  A  dif- 
ferent arrangement  of  the  original  coordinate  trihedron  Oxyz  would 
lead  to  exactly  opposite  results.* 

229.  Frenet's  formttls.  Each  point  M  of  F  is  the  vertex  of  a  tri- 
rectang^ilar  trihedron  whose  aspect  is  the  same  as  that  of  the  trihe- 
dron Oxyz,  and  whose  edges  are  the  tangent,  the  principal  normal, 
and  the  binormal.  The  positive  direction  of  the  principal  normal  is 
already  fixed.  That  of  the  tangent  may  be  chosen  at  pleasure,  but 
this  choice  then  fixes  the  positive  direction  on  the  binormal.  The  dif- 
ferentials of  the  nine  direction  cosines  (a,  p,  y),  (a\  fi\  y'),  (a",  j8",  y") 
of  these  edges  may  be  expressed  very  simply  in  terms  of  R,  r,  and 
the  direction  cosines  themselves,  by  means  of  certain  formulae  due 
to  Prenett    We  have  already  found  the  formules  for  da,  dp,  and  dy : 

^^^  ds       r'         ds       R  ds       R 

The  direction  cosines  of  the  positive  binormal  (§  228)  are 

where  c  =  ±  1.  Since  the  trihedron  (MT,  MN,  MN^)  has  the  same 
aspect  as  the  trihedron  Oxyz,  we  must  have 

a*  =  P"y-py",     or     a^  =  c     ^1Z£M=. 

On  the  other  hand,  the  formula  for  da"  may  be  written 

,_    B(B  dA-A  dB)  -f  C(C  dA-A  dC) 
"  *  (A^^B^+  C*)* 

or,  by  (49)  and  the  relation  iC  =  A, 

da"         ,          CB-By  a' A 

=  cA ' ' :  =  — 


ds  (^a  +  B^+  C*)*  ^»  +  52  4-  C« 


*It  is  Qsnal  in  America  to  adopt  an  arrangement  of  axes  precisely  opposite  to  that 
described  above.  Hence  we  should  write  T^  +  (A^  +  B^+  C^/A,  etc.  See  also 
the  footnote  to  formula  (M),  §229. — Trans. 

t  Xouvellea  Annales  de  Math^matiqiteSt  lS6i,  p.  281. 
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The  coefficient  of  a'  is  precisely  1/T,  by  (52).  The  formulsB  for 
dff'  and  ciy"  may  be  calculated  in  like  manner,  and  we  should  fiud 

^^^  ds    "  T  ds         T  ds        r' 

which  are  exactly  analogous  to  (53).* 

In  order  to  find  da\  dfi\  dy\  let  us  differentiate  the  well-known 
formulae 

aa'  +  iSiS*  +  yy'  =  0, 

replacing  da,  dp,  dy,  da'\  dff\  dy"  by  their  values  from  (53)  and 
(54).     This  gives 

a'  da'  +  P'dff  +  y  dy  =  0, 

a  da'+P  dP  +  y  rf/ +  ^  =  0, 

a'^da'  +  )8"rf)8'  +  y  "rf/  +  ^  =  0; 
whence,  solving  for  da\  dp',  dy', 

^^     ds  R       T         ds  R       T        ds  R      T 

The  formulae  (53),  (54),  and  (55)  constitute  Frenet's  formulae. 

Note.  The  formulae  (54)  show  that  the  tangent  to  the  spherical 
curve  0  described  by  the  point  n  whose  coordinates  are  a",  P",  y"  is 
parallel  to  the  principal  normal.  This  can  be  verified  geometrically- 
Let  S'  be  the  cone  whose  vertex  is  at  0  and  whose  directrix  is  the 
curve  0.  The  generator  On  is  perpendicular  to  the  plane  which  is 
tangent  to  the  cone  S  along  Om  (§  228).  Hence  S'  is  the  polar  cone 
to  S.  But  this  property  is  a  reciprocal  one,  i.e.  the  generator  Om 
of  S  is  surely  perpendicular  to  the  plane  which  is  tangent  to  S^ 
along  On.  Hence  the  tangent  mt  to  the  curve  2,  since  it  is  perpen- 
dicular to  each  of  the  lines  On  and  Om,  is  perpendicular  to  the 
plane  mOn.  For  the  same  reason  the  tangent  nt'  to  the  curve® is 
perpendicular  to  the  plane  mOn.  It  follows  that  mt  and  nt'  are 
parallel. 

*  If  we  had  .written  the  formula  for  the  torsion  in  the  form  1/T=  A/{A'^  +  /?*  +  ^'*)' 
Frenet's  forniulsB  would  have  to  be  written  in  the  form  tfa'yda  =  —  ix'/T,  ^^'• 
[Hence  this  would  be  tbe  lona  \1  \)l[i^  «&.«%  *dx«  \a.Vl«vi  «a  usual  in  America.  —  TkavsJ 
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230.  Expansion  of  z,  y,  and  z  in  powers  of  s.  Given  two  functions 
R  =  <l>(8)y  T  =  ^(*)  of  an  independent  variable  5,  the  first  of  which 
is  positive,  there  exists  a  skew  curve  r  which  is  completely  defined 
except  for  its  position  in  space,  and  whose  radius  of  curvature  and 
radius  of  torsion  are  expressed  by  the  given  equations  in  terms  of 
the  arc  s  of  the  curve  counted  from  some  fixed  point  upon  it.  A  rig- 
orous proof  of  this  theorem  cannot  be  given  until  we  have  discussed 
the  theory  of  differential  equations.  Just  now  we  shall  merely  show 
how  to  find  the  expansions  for  the  coordinates  of  a  point  on  the 
required  curve  in  powers  of  «,  assuming  that  such  expansions  exist. 

Let  us  take  as  axes  the  tangent,  the  principal  normal,  and  the 
binormal  at  O,  the  origin  of  arcs  on  F.     Then  we  shall  have 


(56) 


^  =  i/^^) +_!!_ /^-) +^!_ /^) +..., 

•'      lV<&/o     1.2  VdsVo^  1.2.3  \<&«, 


), 


z 


"1  \ds}^\,2  Vrf«Vo"^  1.2.3  W«Vo"^""' 


a 


where  x,  y^  and  z  are  the  coordinates  of  a  point  on  F.    But 

dx  d^x      da 

ds         '         ds^       ds 

whence,  differentiating, 

d^x  a'  dR       1  /g      a^\ 

ds*  "      R^  ds       R\R       T/' 

In  general,  the  repeated  application  of  Frenet's  fonnulse  gives 

c^x 


d^ 


=  X.a  +  3f.a'-f-PX', 


where  Z.,  AT.,  P.  are  known  functions  of  R,  T,  and  their  successive 
derivatives  with  respect  to  «.  In  a  similar  manner  the  successive 
derivatives  of  y  and  z  are  to  be  found  by  replacing  (nr,  a\  a")  by 
(fiy  pi  P")  and  (y,  y'f  y"),  respectively.  But  we  have,  at  the  origin, 
ao=l,i8o  =  0,yo  =  0,  ai  =  0,)K  =  l,  yi  =  0,ai'  =  0,  ^'  =  0,yy  =  l; 
hence  the  formulae  (56)  become 

.8 


(66-) 


8 


S' 


6JR« 


+ 


y  = 


z  = 


s 


.?«   dR 


2R       dR'  ds  "^ 


.V 


..a 


6RT 


+ 
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where  tiie  tanas  not  written  down  an  of  degree  hi^ier  tfaaa  time: 
UiB  uaderstood,  of  eomae^  thai  R^  T,  dR/da,  -  •  ■  mn  lobe  lepbeed 
bj  tbetr  Tahiai  lor  #  »  0. 

Thme  fcmvlm  enable  as  to  ralmlato  the  prineipal  parte  of  oer 
tain  infintteetmala.  For  inetanee,  the  distuoe  ftam  a  point  of  the 
cnrre  to  the  oecolating  plane  ie  an  infinitaaimal  of  the  third  oider, 
and  ita  principal  part  is  —  ^/6RT.  The  distance  from  a  point  on 
the  cnrre  to  the  z  axis,  Le  to  the  trngent,  is  of  the  second  ordo^ 
and  ita  principal  part  is  ^/2R  (compare  S  214).  Again,  let  ns  cal- 
colato  the  length  of  an  infinitesimal  chord  e.    We  &id 

««=sa5«  +  y*  +  ««  =  #»- 


UR^ 


where  the  terms  not  written  down  are  of  degree  higher  than  foiLr. 
This  equation  may  be  written  in  the  form 


{>-rfe^  ••)'='(>-^-) 


which  shows  that  the  difference  «  —  0  is  an  infinitesimal  of  the 
third  order  and  that  its  principal  part  is  s^/2AR\ 

In  an  exactly  similar  manner  it  may  be  shown  that  the  shortest 
distance  between  the  tangent  at  the  origin  and  the  tangent  at  a 
neighboring  point  is  an  infinitesimal  of  the  third  order  whose  prin- 
cipal part  is  i^/12  RT,     This  theorem  is  due  to  ^Bouquet 

831.  InTOlutes  and  erolutes.  A  curve  Fi  is  called  an  involute  of  a 
second  curve  F  if  all  the  tangents  to  F  are  among  the  normals  to  Fi, 
and  conversely,  the  curve  F  is  called  an  evoltUe  of  Fi.  It  is  evident 
that  all  the  involutes  of  a  given  curve  F  lie  on  the  developable  sur- 
face of  which  F  is  the  edge  of  regression,  and  cut  the  generators  of 
the  developable  orthogonally. 

Let  (Xf  y,  «)  be  the  coordinates  of  a  point  M  of  F,  (a,  fi,  y)  the 
direction  cosines  of  the  tangent  MT^  and  I  the  segment  MMi  between 
M  and  the  point  Afi  where  a  certain  involute  cuts  MT,  Then  the 
coordinates  of  Mi  are 

whence 

dxi  =^  dx  '\- 1  da  •\-  a  dly 

dyi  =  dy  +  ldp  +  fidl, 

dxi  =  dx  •\-  Idy  -h  y  dl. 
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In  order  that  the  curve  described  by  Afi  should  be  normal  to  MMi 
it  is  necessary  and  sufficient  that  a  dxx  +  j9  dyi  +  y  <^i  should  vanish, 
i.e.  that  we  should  have 

adx  +  fidy  +  ydx  +  d/  +  ^(ada  +  j8rfj8  +  y  rfy)  =  0, 

which  reduces  to  cts  +  cU  =  0.  It  follows  that  the  involutes  to  a 
given  skew  curve  F  may  be  drawn  by  the  same  construction  which 
was  used  for  plane  curves  (§  206). 

Let  us  try  to  find  all  the  evolutes  of  a 
given  curve  F,  that  is,  let  us  try  to  pick 
Out  a  one-parameter  family  of  normals  to 
the  given  curve  according  to  some  contin- 
uous law  which  will  group  these  normals 
into  a  developable  surface  (Fig.  50).    Let 
/)  be  an  evolute,  ^  the  angle  between  the 
normal  MMi  and  the  principal  normal  MN, 
and  I  the  segment  MP  between  M  and  the 
projection  P  of  the  point  Afi  on  the  principal  normal     Then  the 
coordinates  (a^y  ^u  %)  ^^  ^i  ^^ 


Fio.  fiO 


(67) 


{ 


Xi  =  X  +  la'  -\-  la"  tan  <l>, 
yi  =  y  +  ip'  +  lp"tBjiil>y 
«i=  z  +  iy  +  ly"tan<l>f 


as  we  see  by  projecting  the  broken  line  MPMi  upon  the  three  axes 
successively.  The  tangent  to  the  curve  described  by  the  point  Af| 
must  be  the  line  MMi  itself,  that  is,  we  must  have 

dxi  dyi  dzi 

xi  —  x     y\  —  y     zi  —  z 

Let  k  denote  the  common  value  of  these  ratios ;  then  the  condition 
dxi  =i  k^Xi  —  x)  may  be  transformed,  by  inserting  the  values  of  Xi 
and  dxi  and  applying  Frenet's  formulae,  into  the  form 

adsll  -^-^a'f^-^lt&nft^^-kl) 

-f  a"  rd(l  tan  *)  -  —  -  ikZ  tan  <^  J  =  0. 

The  conditions  dyi  =  A;  (yi  —  y)  and  dzi  =  k(zi  —  z)  lead  to  exactly 
similar  forms,  which  may  be  deduced  from  the  preceding  by  repla- 
cing (a,  a\  a")  by  (j8,  /S*,  j8")  and  (y,  y',  y"),  respectively.    Since  the 
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determinant  of  the  nine  direction  cosines  is  equal  to  unity,  these 
three  equations  are  equivalent  to  the  set 


(68) 


dl-\-l  tan  ^--  =  kl, 
d(l  tan  <l>)  — zr  =  AjZ  tan  ^, 


From  the  first  of  these  Z  =  /2,  which  shows  that  the  point  P  is  the 
center  of  curvature  and  that  the  line  PM  is  the  polar  line.  It  fol- 
lows that  all  the  evolutes  of  a  given  skew  curve  T  lie  on  the  polar  sur- 
face. In  order  to  determine  these  evolutes  completely  it  only  remains 
to  eliminate  k  between  the  last  two  of  equations  (58).  Doing  so 
and  replacing  /  by  i^  throughout,  we  find  ds  =  Td^,  Hence  ^  may 
be  found  by  a  single  quadrature : 


(69)  *  =  *'+X'f 


If  we  consider  two  different  determinations  of  the  angle  ^  which 
correspond  to  two  different  values  of  the  constant  ^o)  the  difference 
between  these  two  determinations  of  ^  remains  constant  all  along  F. 
It  follows  that  two  normals  to  the  curve  T  which  are  tangent  to  two 
different  evolutes  intersect  at  a  constant  angle.  Hence,  if  we  know 
a  single  family  of  normals  to  F  which  form  a  developable  surface, 
all  other  families  of  normals  which  form  developable  surfaces  may 
be  found  by  turning  each  member  of  the  given  family  of  normals 
through  the^  same  angle,  which  is  otherwise  arbitrary,  around  its 
point  of  intersection  with  T. 

Note  I,   If  r  is  a  plane  curve,  T  is  infinite,  and  the  preceding 
formula  gives  ^  =  ^o  •     1'he  evolute  which  corresponds  to  ^o  =  ^  ^ 
the  plane  evolute  studied  in  §  206,  which  is  the  locus  of  the  centers 
of  curvature  of  T.     There  are  an  infinite  number  of  other  evolutes, 
which  lie  on  the  cylinder  whose  right  section  is  the  ordinary  evo- 
lute.    We  shall  study  these  curves,  which  are  called  helices,  in  the 
next  section.     This  is  the  only  case  in  which  the  locus  of  the  cen- 
ters of  curvature  is  an  evolute.     In  order  that  (59)  should  be  satis- 
fied by  taking  </>  =  0,  it  is  necessary  that  T  should  be  infinite  OJ 
that  A  should  vanish  identically;  hence  the  curve  is  in  any  case  a 
plane  curve  (§  216). 
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Note  11.   If  the  carre  D  is  an  evolate  of  r,  it  follows  that  F  is  an 
involate  of  2>.     Hence 

"where  <i  denotes  the  leng^  of  the  arc  of  the  evolute  counted  from 
some  fixed  point.  This  shows  that  all  the  evolutes  of  any  given 
curve  are  rectifiable. 

S8S.  BdUcM.  Let  C  be  any  plane  conre  and  let  as  lay  off  on  the  perpendic- 
ular to  the  plane  of  C  erected  at  any  point  m  on  C  a  length  mM  proportional  to 
the  length  of  the  arc  aot  C  ooonted  from  eome  fixed  point  A.  Then  the  skew 
carve  F  described  bj  the  point  M  is  called  a  hdiz.  Let  as  take  the  plane  of  C 
as  the  xy  plane  and  let 

be  the  codrdinates  of  a  point  m  of  C  in  terms  of  the  arc  <r.  Then  the  codrdi- 
nates  of  the  corresponding  point  Jf  of  the  carve  F  will  be 

(SO)  «=/(<r),        y  =  ^(<r),        z  =  Ka, 

where  IT  is  the  given  factor  of  proportionality.  The  fanctions  /  and  ^  satisfy 
the  relation  /'«  +  ^'«  =  1 ;  hence,  from  (60), 

(W»  =  (/'«  +  ^'«  +  jr«)d<F4  =  (1  +  K*)da*, 

where  a  denotes  the  length  of  the  arc  of  r.  It  follows  that  a  =  c  VI  +  K*  +  H, 
or,  if  a  and  o-  be  counted  from  the  same  points  on  C,  a  =  o-Vl  +  lT*,  tanceH=  0. 
The  direction  cosines  of  the  tangent  to  r  are 

(61)  a=-JM=.        ,=  -^^.        y—r^=' 

Vl  +  JT*  VT+Ta  VTfK* 

Since  y  is  independent  of  o-,  it  is  evident  that  the  tangent  to  F  makes  a  constant 
angle  with  the  t  axis ;  this  property  is  characteristic :  Any  curve  whose  tarigent 
makes  a  eomtant  angle  with  afized  straight  line  ia  a  hdix.  In  order  to  prove 
this,  let  OS  take  the  z  axis  parallel  to  the  given  straight  line,  and  let  C  be  the 
projection  of  the  given  curve  r  on  the  xy  plane.  The  equations  of  r  may  always 
be  written  in  the  form 

(02)  «=/(<r),       y  =  ^(<T),       «  =  f(<r), 

where  the  fanctions  /  and  ^  satisfy  the  relation  /'*  +  ^^>  =  1,  for  this  merely 
amoonts  to  taking  the  aro  o-  of  C  as  the  independent  variable.    It  follows  that 

dz_       n<r)       _     r    . 


7  = 


ds     v/'2  +  ^'«  +  ^'«     VTfi^ 


hence  the  necessary  and  saiBcient  condition  that  y  be  constant  is  that  ^  should 
be  constant,  that  is,  that  ^{a)  should  be  of  the  form  Ka  +  zo>  It  follows  that 
the  equations  of  the  curve  F  will  be  of  the  form  (80)  if  the  origin  be  moved  to 
the  point  x  =  0,  y  =  0,  s  =  zo* 

Since  y  is  constant,  the  formula  dy/ds  =  y'/B  shows  that  y'  =  0.  Hence  the 
principal  normal  is  perpendicular  to  the  generators  of  the  cylinder.  Since  it  is 
also  perpendkmlar  to  the  tangent  to  the  helix,  it  is  normal  to  the  cylinder,  and 
therefore  the  osculating  plane  is  normal  to  the  cylinder.    It  follows  that  the 
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binomial  lies  in  the  tangent  plane  at  right  angles  to  the  tangent  to  the  heliz; 
hence  it  also  makes  a  constant  angle  with  the  %  axis,  i.e.  7''  is  constant 

Since  7'  =  0,  the  formula  d77d«  =  -  7/K  -  7"/  Tshows  that  7/iJ  +  77!= 0; 
hence  the  ratio  T/R  is  constant  for  the  helix. 

Each  of  the  properties  mentioned  above  is  characteristic  for  the  helix.  Let 
OS  show,  for  example,  that  every  cwroe  for  which  the  ratio  T/B  ia  coMtani  it  a 
hdix.     (J.  Bbrtrand.) 

From  Frenet*s  formulsB  we  have 

d  a_  _dp  _dy    _T  _  I  , 
da"  "  d^''  "  (i7"  "  B  "  Jtf ' 

hence,  if  H  is  a  constant,  a  single  integration  giyes 

ce"  =  Ha-A,        /9"=fl/S-B,        7^  =  ^7-0, 

where  A,B,C  are  three  new  constants.  Adding  these  three  equations  after 
multiplying  them  by  a,  /3,  7,  respectlTely,  we  find 

Aa-^Bp-^  Cy  =  H, 
or 

Aa-\-Bp-\-Cy  H 


But  the  three  quantities 

A  B 


VaFTWVC~*  VA^TWTC^         y/A^  +  Ba  +  C« 

are  the  direction  cosines  of  a  certain  straight  line  A,  and  the  preceding  eqoft- 
tion  shows  that  the  tangent  makes  a  constant  angle  with  this  line.  Hence  the 
given  curve  is  a  helix. 

Again,  let  us  find  the  radius  of  curvature.    By  (63)  and  (61)  we  have 


B 

da 

whence, 

since 

7'  = 

=  0, 

(63) 

1 

[/"«(<^)  +  0"»(<^)]. 


(1  +  ^2)8 

This  shows  that  the  ratio  (1  +  K'^/B  is  independent  of  K,  But  when  IT  =  0 
this  ratio  reduces  to  the  reciprocal  1/r  of  the  radius  of  curvature  of  the  right 
section  C,  which  is  easily  verified  (§  205).  Hence  the  preceding  formula  m^y 
be  written  in  the  form  B  =  r(l  +  K%  which  shows  that  the  ratio  of  the  radius 
of  curvature  of  a  helix  to  the  radius  of  curvature  of  the  corresponding  curve  ^ 
is  a  constant. 

It  is  now  easy  to  find  all  the  curves  for  which  B  and  7  are  both  constaot. 
For,  since  the  ratio  T/B  is  constant,  all  the  curves  must  be  helices,  by  Bertrand's 
theorem.  Moreover,  since  £  is  a  constant,  the  radius  of  curvature  r  of  the 
curve  C  also  is  a  constant.  Hence  C  is  a  circle,  and  tAe  reqwxed  gwxa  '^  ^ 
h^vL  yohkh  lies  on  a  circular  cylinder.    This  proposition  is  due  to  Puiaeux.* 

*  It  is  assumed  in  this  proof  that  we  are  dealing  only  with  real  curves,  for  we 
assumed  that  A^  +  B^-^-  C^  does  not  vanish.  (See  the  thesis  by  Lyon:  Surlf 
courbes  a  torsion  coriatante,  l^^,"^ 


ass]  CURVATURE       TORSION  485 

8.  Bertrand't  curvet.  The  principal  normals  to  a  plane  carve  are  also  the 
ipal  normals  to  an  infinite  number  of  other  curves, — the  parallels  to  the 

curve.  J.  Bertrand  attempted  to  find  in  a  similar  manner  all  the  skew 
8  whose  principal  normals  are  the  principal  normals  to  a  given  skew 

r.  Let  the  coordinates  x,  ^,  z  of  a  point  of  r  be  given  as  functions  of  the 
Let  us  lay  off  on  each  principal  normal  a  segment  of  length  {,  and  let  the 
inates  of  the  extremity  of  this  segment  be  X,  F,  Z ;  then  we  shall  have 

[)  X  =  x  +  ia',         Y  =  y-\'l^,        Z^z  +  ly'. 

lecessary  and  sufficient  condition  that  the  principal  normal  to  the  curve  T* 
ibed  by  the  point  (X,  F,  Z)  should  coincide  with  the  principal  normal  to  r 
,t  the  two  equations 

a'dX  +  /9'dr+7'dZ  =  0, 
jrd»Z  -  (2Z(Pr)  + /^((iZdaX  -  dXdaZ)  +  7'((Lr(Pr- dFdaX)  =  0 

d  be  satisfied  simultaneously.  The  meaning  of  each  of  these  equations  is 
nt.  From  the  first,  dl  =  0;  hence  the  length  of  the  segment  I  should  be  a 
ant.  Replacing  dX,  cI^X,  dF,  •  •  •  in  the  second  equation  by  their  values 
Frenet*s  formulsB  and  from  the  formulsB  obtained  by  differentiating 
)t*s,  and  then  simplifying,  we  finally  find 

ce,  integrating, 

I       V 
5)  5  +  j;  =  l. 

e  r  is  the  constant  of  integration.  It  follows  that  the  required  curoes  are 
for  which  there  exists  a  linear  relation  between  the  curvature  and  the  torsion. 
le  other  hand,  it  is  easy  to  show  that  this  condition  is  sufficient  and  that 
mgth  I  is  given  by  the  relation  (66). 

remarkable  particular  case  had  already  been  solved  by  Monge,  namely 
in  which  the  radius  of  curvature  is  a  constant.  In  that  case  (65)  becomes 
%  and  the  curve  F'  defined  by  the  equations  (64)  is  the  locus  of  the  centers 
rvature  of  F.    From  (64),  assuming  I  =  R  =  constant,  we  find  the  equations 

(2X  =  -^a"(28,        (2F  =  -^/9"d«,        dZ  =  -|7"d8, 

h  show  that  the  tangent  to  F'  is  the  polar  line  of  F.  The  radius  of  curva- 
Bf  of  F'  is  given  by  the  formula 


dX«  +  dF»  +  dZ«    ^ 


3  Bf  also  is  constant  and  equal  to  R.  The  relation  between  the  two  curves 
1  r'  is  therefore  a  reciprocal  one :  each  of  them  is  the  edge  of  regression  of 
olar  surface  of  the  other.  It  is  easy  to  verify  each  of  these  statements  for 
articular  case  of  the  circular  helix. 
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NoU,  It  if  easy  to  find  the  genenlformiil»  for  all  skew  Carres  whoaendiaiof 
cnrTfttaxe  is  constant  Let  £  be  the  given  constant  radius  and  let  a, /I,  Y  be  uy 
three  functions  of  a  TariaUe  parameterwhich  satisfy  the  relation  a*  +  ^  +  7* = L 
Then  the  equations 

(86)  X^nCada,        T=RJ*fida,       Z^sfyda, 


where  da  =  Vda«  +  d^  +  d7*i  represent  a  curTe  which  has  the  required  prop- 
erty, and  it  is  easy  to  show  that  all  carves  which  have  that  property  miy  be 
obtained  in  this  manner.  For  a,  ^,  7  are  exactly  the  direction  cosines  of  the 
carve  defined  by  (06),  and  o-  is  the  arc  of  ito  spherical  indicatrix  (§  826). 


IV.  CONTACT  BETWEEN  SKEW  CURVES 
CONTACT  BETWEEN  CURVES  AND  SURFACES 

234.  Contact  between  two  cnirea.  The  order  of  contact  of  two 
skew  curves  is  defined  in  the  same  way  as  for  plane  curyes.  Let  T 
and  r'  be  two  curves  which  are  tangent  at  a  point  A,  To  each  point 
M  of  r  near  A  let  us  assign  a  point  Af  of  V  according  to  such  a  law 
that  M  and  M'  approach  A  simultaneously.  We  proceed  to  find 
the  maximum  order  of  the  infinitesimal  MM'  with  respect  to  the 
principal  infinitesimal  AM^  the  arc  of  F.  If  this  TnATimnm  order 
is  n  +  1,  we  shall  say  that  the  two  curves  have  contact  of  order  n. 

Let  us  assume  a  system  of  trirectangular  *  axes  in  space,  such 
that  the  yz  plane  is  not  parallel  to  the  common  tangent  at  A^  and 
let  the  equations  of  the  two  curves  be 

Jf  Xq,  j/Qf  Zq  are  the  coordinates  of  A,  the  coordinates  of  M  and  3/' 
are,  respectively, 

where  A;  is  a  function  of  ?i  which  is  defined  by  the  law  of  corre- 
spondence assumed  between  M  and  M'  and  which  approaches  zero 
with  h.  We  may  select  h  as  the  principal  infinitesimal  instead  of 
the  arc  ^M  (§  211) ;  and  a  necessary  condition  that  MM'  should 
be  an  infinitesimal  of  order  n  -|- 1  is  that  each  of  the  differences 

k-h,         F(x,-h  k)  -/(a^o  +  ?i) ,         *(«o  +  A;)  -  ^^(xo  +  h) 

*  It  is  easy  to  show,  by  passing  to  the  formula  for  the  distance  between  two  points 
in  oblique  coordinateB,  thsit.  Ui\a  «Aa\n!(i^\ioTvl&  not  essential. 
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should  be  an  iniinitesiinal  of  order  n  +  1  or  more.  It  follows  that 
we  must  have 

A;  -  A  =  aA-+S         F(x^  +  k)  ^f(x,  +  A)  =  /8A-+S 
*(aJo  +  k)-  «^(aJo  +  A)  =  yA-+S 

where  a,  /9,  y  remain  finite  as  h  approaches  zero.  Replacing  k  by 
its  value  h  +  aA"*^^  from  the  first  of  these  equations,  the  latter  two 

become 

n^  +  A  +  aA"+»)  -  /(ajo  +  A)  =  /8A-+S 

*(aJo  +  ^  +  aA-+»)  -  «^(a;o  +  A)  =  yA"+^ 

Expanding  F(a;o  +  A  +  aA»+^)  and  *(a;o  +  A  +  aA"+*)  by  Taylor's 
series,  all  the  terms  which  contain  a  will  have  a  factor  A"'*'^ ;  hence, 
in  order  that  the  preceding  condition  be  satisfied,  each  of  the 
differences 

F(x^  +  A)  -f{x^  +  A),         *(a;o  +  A)  -  4,(x^  +  A) 

should  be  of  order  ti  + 1  or  more.  It  follows  that  if  MM*  is  of 
order  n  +  1,  the  distance  MN  between  the  points  M  and  N  of  the 
two  curves  which  have  the  same  abscissa  x^  +  h  will  be  at  least  of 
order  n  + 1.  Hence  the  maximum  order  of  the  infinitesimal  in 
question  will  be  obtained  by  putting  into  correspondence  the  points 
of  the  two  curves  which  have  the  same  abscissa. 

This  maximum  order  is  easily  evaluated.     Since  the  two  curves 
are  tangent  we  shall  have 

f(xo)  =  F(Xo) ,      f(x,)  =  FXx,) ,       <^(«o)  =  *(xo) ,       *'(aJo)  =  *  W . 

Let  us  suppose  for  generality  that  we  also  have 

f'Xxo)  =  F"(xo),         . . .,         /C«>(ajo)  =  F<^>(xo), 

but  that  at  least  one  of  the  differences 

does  not  vanish.  Then  the  distance  MM'  will  be  of  order  n  + 1 
and  the  contact  will  be  of  order  n.  This  result  may  also  be  stated 
as  follows :  To  find  the  order  of  contact  of  two  curves  T  and  F',  con- 
sider the  two  sets  of  projections  (C,  C)  and  (Ci,  C[)  of  the  given 
curves  on  the  xy  plane  and  the  xz  plane,  respectively y  and  find  the 
order  of  contact  of  each  set ;  then  the  order  of  contact  of  the  given 
curves  V  and  V  will  be  the  smaller  of  these  two. 
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If  the  two  curyes  T  and  T*  are  giren  in  the  form 

(r)  a:=/(0,       y  =  *(0,       «  =  *(0i 

(TO  X=f(u),       r=*(u),       Z  =  *(u), 

they  will  be  tangent  at  a  point  u  =  <  =  <o  i^ 

jjjf  ire  nf;>po«e  ^Aa^  /'(^o)  ^  nof  «ert>,  the  tangent  at  the  point  of 
contact  is  not  parallel  to  the  yz  plane,  and  the  points  on  the  two 
curves  which  have  the  same  abscissa  correspond  to  the  same  value 
of  t  In  order  that  the  contact  should  be  of  order  n  it  is  neces- 
sary and  sufficient  that  each  of  the  infinitesimals  ^t)  —  ^(t)  and 
if(t)  —  ^(t)  should  be  of  order  n  +  1  with  respect  to  *  ~  <©>  i-®*  *^* 
we  should  have 

*'(M  =  ♦W,         •  •  •,         *^->ao)  =  ♦<->(<•), 
♦W  =  f  W,         •  •  •,         ^->(«o)  =  ^•>(<o), 

and  that  at  least  one  of  the  differences 

should  not  vanish. 

It  is  easy  to  reduce  to  the  preceding  the  case  in  which  one  of  the 
curves  F  is  given  by  equations  of  the  form 

(67)  aj=/(0,        y  =  *(0,        «^  =  *(0, 

and  the  other  curve  V  by  two  implicit  equations 

^(aJ,y,«)  =  0,         i^i(a?,y,«)  =  0. 

Eesuming  the  reasoning  of  §  212,  we  could  show  that  a  necessary 
condition  that  the  contact  should  be  of  order  n  at  a  point  of  T 
where  t  =  to  is  that  we  should  have 

where 

F(o = nA*).  «(<).  ^(0] .     F.  (t) = F,  [/(t),  *(o,  *(«)]  • 

235.  Osculating  curves.   Let  F  be  a  curve  whose  equations  are 

• 

given  in  the  form  (67),  and  let  F'  be  one  of  a  family  of  curves  m 
2/1-1-2  parameters  a,  ^,  c,  •  •  •,  Z,  which  is  defined  by  the  equations 

(69)     F(x,  2/,2,  a,b,.-,r)-Q,        Fv(36,tj,«,a,  ft,c, ..., /)-0. 
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In  general  it  is  possible  to  determine  the  2n  +  2  parameters  in  such 
a  way  that  the  corresponding  curve  F'  has  contact  of  order  n  with 
the  given  curve  T  at  a  given  point.  The  curve  thus  determined  is 
called  the  osculating  curve  of  the  family  (69)  to  the  curve  F.  The 
equations  which  determine  the  values  of  the  parameters  a,b,c,'"yl 
are  precisely  the  2n  +  2  equations  (68).  It  should  be  noted  that 
these  equations  cannot  be  solved  unless  each  of  the  functions  F  and 
Fi  contain  at  least  n  +  1  parameters.  For  example,  if  the  curves 
F'  are  plane  curves,  one  of  the  equations  (69)  contains  only  three 
parameters;  hence  a  plane  curve  cannot  have  contact  of  order 
higher  than  two  with  a  skew  curve  at  a  point  taken  at  random  on 
the  curve. 

Let  us  apply  this  theory  to  the  simpler  classes  of  curves,  —  the 
straight  line  and  the  circle.  A  straight  line  depends  on  four  param- 
eters; hence  the  osculating  straight  line  will  have  contact  of  the 
first  order.  It  is  easy  to  show  that  it  coincides  with  the  tangent, 
for  if  we  write  the  equations  of  the  straight  line  in  the  form 

Xz=az-\-p,         y  =  bz  +  qy 

the  equations  (68)  become 

where  (xq,  yo>  ^o)  is  the  supposed  point  of  contact  on  F.  Solving 
these  equations,  we  find 

«•       A     y'o  «o  y'o 

»o  *o  *0  *0 

which  are  precisely  the  values  which  give  the  tangent.  A  neces- 
sary condition  that  the  tangent  should  have  contact  of  the  second 
order  is  that  x'q  =  azU,  yH  =  Uzq,  that  is, 

**^o     yo     ^0 

The  points  where  this  happens  are  those  discussed  in  §  217. 

The  family  of  all  circles  in  space  depends  on  six  parameters; 
hence  the  osculating  circle  will  have  contact  of  the  second  order. 
Let  the  equations  of  the  circle  be  written  in  the  form 

^  («,  y,  «)  =  ^(aj  -  a)  +  B(y  ^  b)  +  C(z  -  c)       =  0 , 
^i(«,y,«)  =  (a?-a)*  +  (y-*)»  +  («-c)«-/J«  =  0, 
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where  the  parameters  are  a,  by  e,  R,  and  the  two  ratios  of  the  three 

coefficientB  A,B,  C.    The  equations  which  determine  the  escalating 

circle  are 

A(x  -  a)  +  B(y  -  ft)  +  C(z  -  c)  =  0, 

^  dx    ,    ^dy       ^dz 
d^x  d}v  d^z 

^^  +  ^^  +  *^^=«' 

(«  -  a)«  +  (y  -  6)«  +  (*  -  c)»  =  Ji', 
(,_a)g  +  (y-i)J  +  (.-c)J  =  0, 

where  x,  y,  and  «  are  to  be  replaced  by  f(t),  ^{t)y  and  ^{t),  respeo- 
tivelj.  The  second  and  the  third  of  these  equations  show  that  the 
plane  of  the  osculating  circle  is  the  osculating  plane  of  the  curve  F. 
If  a,  bf  and  c  be  thought  of  as  the  running  coordinates,  the  last 
two  equations  represent,  respectively,  the  normal  plane  at  the  point 
(Xy  yy  z)  and  the  normal  plane  at  a  point  whose  distance  from 
(Xy  y,  z)  is  infinitesimal.  Hence  the  center  of  the  osculating  circle 
is  the  point  of  intersection  of  the  osculating  plane  and  the  polar 
line.  It  follows  that  the  osculating  circle  coincides  with  the  circle 
of  curvature,  as  we  might  have  foreseen  by  noticing  that  two  curves 
which  have  contact  of  the  second  order  have  the  same  circle  of 
curvature,  since  the  values  of  y',  z',  y",  «"  are  the  same  for  the  two 
curves. 

236.  Contact  between  a  curve  and  a  surface.  Let  5  be  a  surface 
and  r  a  curve  tangent  to  «S  at  a  point  A,  To  any  point  M  of  T 
near  A  let  us  assign  a  point  M'  of  S  according  to  such  a  law  that 
M  and  M'  approach  A  simultaneously.  First  let  us  try  to  find  what 
law  of  correspondence  between  M  and  M'  will  render  the  order 
of  the  infinitesimal  MM'  with  respect  to  the  arc  AM  a  maximum. 
Let  us  choose  a  system  of  rectangular  coordinates  in  such  a  way 
that  the  tangent  to  T  shall  not  be  parallel  to  the  yz  plane,  and  that 
the  tangent  plane  to  S  shall  not  be  parallel  to  the  z  axis.  I^^t 
(^0  7  Vof  «o)  be  the  coordinates  of  -4  ;  Z  =  F(x,  y)  the  equation  of  5) 
y  =/(*)»  *  =  ♦C^)  t^e  equations  of  r ;  and  n-\-l  the  order  of  the 
infinitesimal   MM^  ioi  the  §iven  law  of  correspondence.     The 
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coordinates  of  M  are  [xp  +  A,  /(xq  +  h),  <^(aro  +  A)].  Let  X,  Y,  and 
Z  =  F(X,  Y)  be  the  coordinates  of  M',  In  order  that  JlfAf'  should 
be  of  order  n-^-l  with  respect  to  the  arc  AM,  or,  what  amounts  to 
the  same  thing,  with  respect  to  h,  it  is  necessary  that  each  of  the 
differences  X  —  x,  Y  —  y,  and  Z  —  z  should  be  an  infinitesimal  at 
least  of  order  /i  +  1,  that  is,  that  we  should  have 

X  -  a;  =  aA»+S      Y^y  =  )8A"  +  S      Z  -  «  =  F{X,  Y) -- z  =  yA"+S 

where  a,  p,  y  remain  finite  as  h  approaches  zero.  Hence  we  shall 
have 

and  the  difference  F(x,  y)  —  z  will  be  itself  at  least  of  order  »  +  1. 
This  shows  that  the  order  of  the  infinitesimal  MN,  where  N  is  the 
point  where  a  parallel  to  the  z  axis  pierces  the  surface,  will  be  at 
least  as  great  as  that  of  MM\  The  maximum  order  of  contact  — 
which  we  shall  call  the  oi^der  of  contact  of  the  curve  and  the  surface 
—  is  therefore  that  of  the  distance  MN  with  respect  to  the  arc  AM 
or  with  respect  to  h.  Or,  again,  we  may  say  that  the  order  of  con- 
tact of  the  curve  and  the  surface  is  the  order  of  contact  between  V 
and  the  curve  F'  in  which  the  surface  S  is  cut  by  the  cylinder  which 
projects  r  tipon  the  xy  plane.  (It  is  evident  that  the  z  axis  may  be 
any  line  not  parallel  to  the  tangent  plane.)  For  the  equations  of 
the  curve  V  are 

y  =/(x),         Z  =  FlxJ(x)2  =  *(a5), 
and,  by  hypothesis. 

If  we  also  have 

the  curve  and  the  surface  have  contact  of  order  n.  Since  the  equa- 
tion *(«)  =  ^(cc)  gives  the  abscissae  of  the  points  of  intersection  of 
the  curve  and  the  surface,  these  conditions  for  contact  of  order  n 
at  a  point  A  may  be  expressed  by  saying  that  the  curve  meets  the 
surface  in  n  4- 1  coincident  points  at  A, 

Finally,  if  the  curve  F  is  given  by  equations  of  the  form  x  =f(t)y 
y  =  4>{t)y  z  =  \ff(f),  and  the  surface  S  is  given  by  a  single  equation 
of  the  form  F{x,  ?/,  z)  =  0,  the  curve  F'  just  defined  will  have  equa- 
tions of  the  form  x  =f(f).  y  =  4>(t)i  «  =  '^(f)i  where  7r(f)  is  a  func- 
tion defined  by  the  equation 
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In  Older  that  r  and  F'  should  have  contact  of  order  n,  the  infini- 
tesimal 7r(^)  —  ^(t)  must  be  of  order  n  +  1  with  respect  to  f  -  ^; 
that  is,  we  must  have 

Using  F(^)  to  denote  the  function  considered  in  §  234,  these  equa- 
tions may  be  written  in  the  form 

These  conditions  may  be  expressed  by  saying  that  the  curve  and 
the  surface  have  n  +  1  coincident  points  of  intersection  at  theii 
point  of  contact. 

If  5  be  one  of  a  family  of  surfaces  which  depends  on  n  +  1 
parameters  a,  b^  c,  -",  l^  the  parameters  may  be  so  chosen  that  S 
has  contact  of  order  n  with  a  given  curve  at  a  given  point;  this 
surface  is  called  the  osculating  surface. 

In  the  case  of  a  plane  there  are  three  parameters.  The  equations 
which  determine  these  parameters  for  the  osculating  plane  are 

Af  (t)  +  B<l>  (t)  4-  C^  (0  +  ^  =  0, 
Af'(t)^B<l,'(t)  +  Ctlf'(t)  =0, 

Af\t)  +  B<l>'\t)  +  C^"(t)  =  0. 

It  is  clear  that  these  are  the  same  equations  we  found  before  for 
the  osculating  plane,  and  that  the  contact  is  in  general  of  the  second 
order.     If  the  order  of  contact  is  higher,  we  must  have 

Af'"(t)  +  BrXt)  +  cr\t)  =  0, 

i.e.  the  osculating  plane  must  be  stationary. 

237.  Osculating  sphere.  The  equation  of  a  sphere  depends  on  four 
parameters;  hence  the  osculating  sphere  will  have  contact  of  the 
third  order.  For  simplicity  let  us  suppose  that  the  coordinates 
Xf  1/,  z  of  2i  point  of  the  given  curve  F  are  expressed  in  terms  of  the 
arc  s  of  that  curve.  In  order  that  a  sphere  whose  center  is  (a,  b,  c) 
and  whose  radius  is  p  should  have  contact  of  the  third  order  with 
F  at  a  given  point  (x,  y,  z)  on  F,  we  must  have 

F(«)  =  0,         F(8)  =  0,         F»  =  0,         F'"(«)  =  0, 
IV  he  re 

F(8)  =  (x  -  ay  -V  C^  -  6y -V  C«  -  c)'-  f>* 
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and  where  x,  y,  z  are  expressed  as  fanctions  of  #.  Expanding  the 
last  three  of  the  equations  of  condition  and  applying  Frenef  s 
f ormnlffi,  we  find 

P(#)  =  (aj-a)a  +  (y-ft)j8  +  («-«)y  =  0, 
P'(,)  =  (x-a)^  +  (y-6)|  +  («-c)j'+l=0, 

^^  R    \R^  tI       r    \r     tI      r   xr^tI 

These  three  equations  determine  a,  b,  and  c.  But  the  first  of  them 
represents  the  normal  plane  to  the  curve  F  at  the  poiut  {x^  y,  z)  in 
the  running  co5rdinates  (a,  b,  c),  and  the  other  two  may  be  derived 
from  this  one  by  differentiating  twice  with  respect  to  s.  Hence 
the  center  of  the  osculating  sphere  is  the  point  where  the  polar  line 
touches  its  envelope.  In  order  to  solve  the  three  equations  we  may 
reduce  the  last  one  by  means  of  the  others  to  the  form 

(X  -  a)a"  +  (y  -  b)fif>  +  (*  -  c)y"  =  T  ^, 
from  which  it  is  easy  to  derive  the  formulse 

a^x  +  Ra'-T~a",  *  =  y  +  if^S*  -  T^/S", 

Hence  the  radius  of  the  osculating  sphere  is  given  by  the  formula 

'—--(f)* 

If  R  is  constant)  the  center  of  the  osculating  sphere  coincides  with 
the  center  of  curvature,  which  agrees  with  the  result  obtained  in 
233. 


238.  Oscnlating  straight  lines.  If  the  equations  of  a  family  of 
curves  depend  on  n  +  2  parameters,  the  parameters  may  be  chosen 
in  such  a  way  that  the  resulting  curve  C  has  contact  of  order  n  with 
a  given  surface  5  at  a  point  M.  For  the  equation  which  expresses 
that  C  meets  5  at  3f  and  the  n  +  1  equations  which  express  that 
there  are  n  + 1  coincident  points  of  intersection  at  M  constitute 
n  +  2  equations  for  the  determination  of  the  parameters. 
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Far  example,  the  equations  of  a  straight  line  depend  on  four 

parameters.     Hence,  through  each  point  Af  of  a  given  surface  S, 

there  exist  one  or  more  straight  lines  which  have  contact  of  the 

second  order  with  the  surface.     In  order  to  determine  these  lines, 

let  us  take  the  origin  at  the  point  M,  and  let  us  suppose  that  the 

z  axis  is  not  parallel  to  the  tangent  plane  at  M.     Let  z  =  F(x,  y) 

be  the  equation  of  the  surface  with  respect  to  these  axes.    The 

required  line  evidently  passes  through  the  origin,  and  its  equations 

are  of  the  form 

X      y      z 

a      b      c      '^ 

Hence  the  equation  ep  =  F(ap,  bp)  should  have  a  triple  root  />  =  0; 

that  is,  we  should  have 

e  =  ap  -{-  bq, 

0  =  a»r  +  2abs  +  bH, 

where  p,  q,  r,  $,  t  denote  the  values  of  the  first  and  second  deriva- 
tives of  F(x,  y)  at  the  origin.  The  first  of  these  equations  expresses 
that  the  required  line  lies  in  the  tangent  plane,  which  is  evident 
a  priori.  The  second  equation  is  a  quadratic  equation  in  the  ratio 
ft/a,  and  its  roots  are  real  if  **  —  r<  is  positive.  Hence  there  are  in 
general  two  and  only  two  straight  lines  through  any  point  of  a  given 
surface  which  have  contact  of  the  second  order  with  that  surface. 
These  lines  will  be  real  or  imaginary  according  as  «*  —  r^  is  positive 
or  negative.  We  shall  meet  these  lines  again  in  the  following 
chapter,  in  the  study  of  the  curvature  of  surfaces. 

EXERCISBS 

1.  Find,  in  finite  form,  the  equations  of  the  evolates  of  the  curve  which 

cuts  the  straight  line  generators  of  a  right  circular  cone  at  a  constant  anj^e* 

Discuss  the  problem. 

[Licence^  Marseilles,  July,  1884.] 

2.  Do  there  exist  skew  curves  V  for  which  the  three  points  of  intersection 
of  a  fixed  plane  P  with  the  tangent,  the  principal  normal,  and  the  binormal  are 
the  vertices  of  an  equilateral  triangle  ? 

3.  Let  r  be  the  edge  of  regression  of  a  surface  which  is  the  envelope  of 
a  01  e-parameter  family  of  spheres,  i.e.  the  envelope  of  the  characteristic  circles. 
Show  that  the  curve  which  is  the  locus  of  the  centers  of  the  spheres  lies  on 
the  polar  surface  of  F.    Also  state  and  prove  the  converse. 

4.  Let  r  be  a  given  skew  curve,  M  a  point  on  T,  and  O  a  fixed  point  in 
space.  Through  0  draw  a  line  parallel  to  the  polar  line  to  F  at  Jf ,  and  lay  off 
on  this  parallel  a  aegmfiiil  ON  «cf3A2L  \a  XX)a  t«^\a  ^1  ^^uvatore  of  F  at  if.  Show 
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Uiat  the  carve  F'  described  by  the  pomt  N  and  the  curve  V  described  by  the 
center  of  curvature  of  T  have  their  tangents  perpendicular,  their  elements  of 
length  equal,  and  their  radii  of  curvature  equal,  at  corresponding  points. 

[ROUQUET.] 

5.  If  the  osculating  sphere  to  a  given  skew  curve  F  has  a  constant  radius  a, 
■how  that  F  lies  on  a  sphere  of  radius  a,  at  least  unless  the  radius  of  curvature 
of  r  is  constant  and  equal  to  a. 

6.  Show  that  the  necessary  and  sufficient  condition  that  the  locus  of  the 
center  of  curvature  of  a  helix  drawn  on  a  cylinder  should  be  another  helix  on  a 
cylinder  parallel  to  the  first  one  is  that  the  right  section  of  the  second  cylinder 
should  be  a  cbrcle  or  a  logarithmic  spiral.  In  the  latter  case  show  that  all  the 
helices  lie  on  circular  cones  which  have  the  same  axis  and  the  same  vertex. 

[TissoT,  Nouvdlea  Annalea^  Vol.  XI,  1862.] 

7*.  If  two  skew  curves  have  the  same  principal  normals,  the  osculating 
planes  of  the  two  curves  at  the  points  where  they  meet  the  same  normal  make 
a  constant  angle  with  each  other.  The  two  points  just  mentioned  and  the  cen- 
ters of  curvature  of  the  two  curves  form  a  system  of  four  points  whose  anhar- 
monic  ratio  is  constant.  The  product  of  the  radii  of  torsion  of  the  two  carves 
at  corresponding  points  is  a  constant. 

[Paul  Sbrret  ;  Mannheim  ;  Schbll.] 

8*.  Let  X,  y,  «  be  the  rectangular  coordinates  of  a  point  on  a  skew  curve  F, 
and  $  the  arc  of  that  curve.    Then  the  curve  Fo  defined  by  the  equations 

«o=J'a"d«,        yo=J^'d8,        zo=Jy''d8, 

where  a^,  ^o*  ^  &re  the  running  coordinates,  is  called  the  conjugate  curve  to  F; 
and  the  curve  defined  by  the  equations 

X  =  xcos0  +  aH)8in0,        T=y oob0 -^yoBinB^       Z=:  zco8  0  + «osin^t 

where  X,  F,  Z  are  the  running  coordinates  and  0  is  a  constant  angle,  is  called 
a  reiaUd  curve.  Find  the  orientation  of  the  fundamental  trihedron  for  each  of 
these  curves,  and  find  their  radii  of  curvature  and  of  torsion. 

If  the  curvature  of  F  is  constant,  the  torsion  of  the  curve  Fo  is  constant,  and 
the  related  carves  are  carves  of  the  Bertrand  type  (§  288).  Henoe  find  the 
general  equations  of  the  latter  curves. 

9.  Let  F  and  F'  be  two  skew  curves  which  are  tangent  at  a  point  A,    From 

A  lay  off  infinitesimal  arcs  AM  and  AM^  from  A  along  the  two  curves  in  the 

same  direction.    Find  the  limiting  position  of  the  line  MM\ 

[Caucht.] 

10.  In  order  that  a  straight  line  rigidly  connected  to  the  fundamental  trihe- 
dron of  a  skew  curve  and  passing  through  the  vertex  of  the  trihedron  should 
describe  a  developable  surface,  that  straight  line  must  coincide  with  the  tangent, 
at  least  unless  the  given  skew  curve  is  a  helix.  In  the  latter  case  there  are  an 
infinite  number  of  straight  lines  which  have  the  required  pro^Mtty. 


496  SKEW  CURV£S  [xl,Ea. 

For  a  earwt  of  the  BotiBiid  ^rpe  there  eziit  two  hyperbolic  paraboloids 
ifgidlj  ooppected  to  the  fondamentii  trihedioii,  eeeh  of  idioee  genenton 
deecrlbM  a  developable  nifaoe. 

ICaMlMH  BMMa  di  Matkemahea,  VoL  II,  18«2,p.  ISfi.) 


11*.  InofderthatthepriiM^^iioniiakof  aghpeQakewcarveflhooldlMtbe 
Hnr—^^  of  another  eurre,  the  ladii  of  eor?ataie  and  the  ladUof  tonlaiKf 
the  flnt  carve  moat  aatiafy  ardatioii  of  the  form 


A 
where  A  and  B  are  oooitanta. 


(i+i)=i' 


[MAniHBiM,  CompieM  rendiu,  1877.] 


[The  caae  in  which  a  atraigfat  line  throog^  a  point  on  a  skew  curve  rigidly 
connected  with  the  fondamental  trihedron  if  also  the  principal  norinal  (or  the 
binormal)  of  another  skew  curve  has  been  discoseed  bj  Pellet  (Comptes  feMbd* 
May,  1887),  by  Cesiro  {NouoOles  Antudet,  1888,  p.  147),  and  by  Balitnod 
(Jfottetif,  1894,  p.  150).] 


12.  If  the  oeculating  plane  to  a  skew  curve  F  is  alw^rs  tangent  to  a 
sphere  whoee  center  is  O,  show  that  the  plane  through  the  tangent  peipeo- 
dicular  to  the  principal  normal  passes  through  O,  and  show  that  the  rttio  of 
the  radius  of  curvature  to  the  radius  of  torsion  is  a  linear  function  of  the  aic 
State  and  prove  the  converse  theorems. 


CHAPTER  Xn 
SURFACES 

I.  CURVATURE  OF  CURVES  DRAWN  ON  A  SURFACE 

899.  FnndABieiitAl  formula.  Meosnier's  theorem.  In  order  to  study 
\ie  curvature  of  a  surface  at  a  non-singular  point  M,  we  shall  sup- 
OBe  the  surface  referred  to  a  system  of  rectangular  codrdinates 
ich  that  the  axis  of  z  is  not  parallel  to  the  tangent  plane  at  M. 
I  the  surface  is  analytic,  its  equation  may  be  written  in  the  form 

(1)  «  =  n^,y), 

here  F(x,  y)  is  developable  in  power  series  according  to  powers  of 
—  x^  and  y  —  y^va,  the  neighborhood  of  the  point  M  (xq,  yo,  Zq) 
I IM).  But  the  arg^uments  which  we  shall  use  do  not  require  the 
isumption  that  the  surface  should  be  analytic :  we  shall  merely 
ippose  that  the  function  F(x,  y),  together  with  its  first  and  second 
srivatives,  is  continuous  near  the  point  (o^o,  y^  We  shall  use 
[onge's  notation,  p,  q,  r,  «,  ty  for  these  derivatives. 
It  is  seen  immediately  from  the  equation  of  the  tangent  plane 
lat  the  direction  cosines  of  the  normal  to  the  surface  are  proper- 
onal  to  p,  q,  and  —  1.  If  we  adopt  as  the  positive  direction  of  the 
>niial  that  which  makes  an  acute  angle  with  the  positive  z  axis, 
le  actual  direction  cosines  themselves  \,  fi,  v  are  given  by  the 
iTinulsB 

(2)  X=    ,     ^-P  =;     /i^    ,     "^  =>     v=     ,       ^ 

^  ^       vTTTmT*         vrTp^T?         VTkp^T? 

Liet  C  be  a  curve  on  the  surface  S  through  the  point  M,  and  let 
le  equations  of  this  curve  be  given  in  parameter  form ;  then  the 
iinctions  of  the  parameter  which  represent  the  coordinates  of  a 
oint  of  this  curve  satisfy  the  equation  (1),  and  hence  their  differ- 
ntials  satisfy  the  two  relations 

(3)  dz=pdx -{- qdy, 

(4)  tPz  szp€Px  +  qd*y'\'  rda^  +  ^sdxdy  -|-  tdy^. 

497 
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The  first  of  these  equations  means  that  the  tangent  to  the  curve  C 
lies  in  the  tangent  plane  to  the  surface.  In  order  to  interpret  the 
second  geometrically,  let  us  express  the  differentials  which  occur  in 
it  in  terms  of  known  geometrical  (][uantities.  If  the  independent 
variable  be  the  arc  a  of  the  curve  C,  we  shall  have 

rfcr~'''       cUr"^'       cUr~'^'       da^~R'       da^~  r'       da^' b! 

where  the  letters  a,  /8,  y,  a\  fi\  y\  R  have  the  same  meanings  as  in 
§  229.  Substituting  these  values  in  (4)  and  dividing  by  Vl+^^+j*, 
that  equation  becomes 


or,  by  (2), 


ka!  +  tiff  +  vy'  ^  rcr»  +  2ggj8  +  t^ 
R  Vl+^»  + j2 


But  the  numerator  Xer'  +  fi/8'  +  vy'  is  nothing  but  the  cosine  of  the 
angle  B  included  between  the  principal  normal  to  C  and  the  positive 
direction  of  the  normal  to  the  surface ;  hence  the  preceding  formula 
may  be  written  in  the  form 

cos  B      ra^-\-  28a fi  -}-  tp!^ 


(P) 


R  VH-»»H- 


r 


This  formula  is  exactly  equivalent  to  the  formula  (4);  hence  it 
contains  all  the  information  we  can  discover  concerning  the  curva; 
ture  of  curves  drawn  on  the  surface.  Since  R  and  Vl  +jp^-\-^ 
are  both  essentially  positive,  cos  B  and  ra^  -f-  2safi  -f-  tp^  have  the  same 
sign,  i.e.  the  sign  of  the  latter  quantity  shows  whether  B  is  acute  or 
obtuse.  In  the  first  place,  let  us  consider  all  the  curves  on  the  sur- 
face S  through  the  point  M  which  have  the  same  osculating  plane 
(which  shall  be  other  than  the  tangent  plane)  at  the  point  M,  All 
these  curves  have  the  same  tangent,  namely  the  intersection  of  the 
osculating  plane  with  the  tangent  plane  to  the  surface.  The  direc- 
tion cosines  <t,  p,  y  therefore  coincide  for  all  these  curves.  Again, 
the  principal  normal  to  any  of  these  curves  coincides  with  one  of 
the  two  directions  which  can  be  selected  upon  the  perpendicular  to  the 
tangent  line  in  the  osculating  plane.  Let  a>  be  the  angle  which  the 
normal  to  the  surface  makes  with  one  of  these  directions ;  then  we 
shall  have  d  =  a>ord  =  7r  —  a>.  But  the  sign  of  ra^  -f  2sap  +  iff 
shows  whether  the  angle  B  is  acute  or  obtuse;  hence  the  positive 
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directioQ  of  the  principal  normal  is  the  same  for  all  these  curyes. 
Since  $  is  also  the  same  for  all  the  curves,  the  radius  of  curvature 
J?  is  the  same  for  them  all ;  that  is  to  say,  all  the  curves  on  the  sur- 
face through  the  point  M  which  have  the  same  osculating  plane  have 
the  same  center  of  curvature. 

It  follows  that  we  need  only  study  the  curvature  of  the  plane 
sections  of  the  surface.  First  let  us  study  the  variation  of  the 
curvature  of  the  sections  of  the  surface  by  planes  which  all  pass 
through  the  same  tangent  MT,  We  may  suppose,  without  loss  of 
generality,  that  ra*  -f-  2«ct/8  -f  ^)8"  >  0,  for  a  change  in  the  direction 
of  the  z  axis  is  sufficient  to  change  the  signs  of  r,  s,  and  t.  For  all 
these  plane  sections  we  shall  have,  therefore,  cos  ^  >  0,  and  the 
angle  $  is  acute.  If  Ri  be  the  radius  of  curvature  of  the  section 
by  the  normal  plane  through  MT,  since  the  corresponding  angle  0 
is  zero,*  we  shall  have 

1       rc^'\-2saP'\-tp!^ 

Comparing  this  formula  with  equation  (5),  which  gives  the  radius 
of  curvature  of  any  oblique  section,  we  find 

1  _cos^ 
(^>  J^  -  T' 

or  R  =  Ri  cos  0,  which  shows  that  the  center  of  curvature  of  any 
cblique  section  is  the  projection  of  the  center  of  curvature  of  the 
normal  section  through  the  same  tangent  line.  This  is  Meusnier's 
theorem. 

The  preceding  theorem  reduces  the  study  of  the  curvature  of 
oblique  sections  to  the  study  of  the  curvature  of  normal  sections. 
We  shall  discuss  directly  the  results  obtained  by  Euler.  First  let 
US  remark  that  the  formula  (5)  will  appear  in  two  different  forms 
for  a  normal  section  according  as  ra^  -f-  2saP  -f-  tp^  is  positive  or 
n^ative.  In  order  to  avoid  the  inconvenience  of  carrying  these 
two  signs,  we  shall  agree  to  affix  the  sign  +  or  the  sign  —  to  the 
radius  of  curvature  iS  of  a  normal  section  according  as  the  direction 
from  M  to  the  center  of  curvature  of  the  section  is  the  same  as  or 
opposite  to  the  positive  direction  of  the  normal  to  the  surface. 
With  this  convention,  R  is  given  in  either  case  by  the  formula 

1  ^ra^  +  2sap  +  tp" 
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which  shows  without  ambiguity  the  direction  in  which  the  center 
of  curvature  lies. 

From  (7)  it  is  easy  to  determine  the  position  of  the  surface  irith 
respect  to  its  tang^t  plane  near  the  point  of  tangency.  For  if 
J*  _  rf  <  0,  the  quadratic  form  ra^  +  2«a^  +  tp  keeps  the  same 
sign — the  sign  of  r  and  of  ^ —  as  the  normal  plane  turns  aroimd 
the  normal ;  hence  all  the  normal  sections  have  their  centers  of 
curvature  on  the  same  side  of  the  tangent  plane,  and  therefore  all 
lie  on  the  same  side  of  that  plane :  the  surface  is  said  to  be  eowstx 
at  such  a  point,  and  the  point  is  called  an  eUiptio  point.  On  the 
contrary,  if  «*  —  r^  >  0,  the  form  ra^  +  28a fi  -f  t^  vanishes  for  two 
particular  positions  of  the  normal  plane,  and  the  corresponding 
normal  sections  have,  in  general,  a  point  of  inflection.  When  the 
normal  plane  lies  in  one  of  the  dihedral  angles  formed  by  these  two 
planes,  R  is  positive,  and  the  corresponding  section  lies  above  the  tan- 
gent plane ;  when  the  normal  plane  lies  in  the  other  dihedral  angle, 
R  is  negative,  and  the  section  lies  below  the  tangent  plane.  Hence 
in  this  case  the  surface  crosses  its  tangent  plane  at  the  point  of 
tangency.  Such  a  point  is  called  a  hyperbolic  point.  Finally,  if 
«*  ~  r^  =  0,  all  the  normal  sections  lie  on  the  same  side  of  the  tan- 
gent plane  near  the  point  of  tangency  except  that  one  for  which 
the  radius  of  curvature  is  infinite.  The  latter  section  usually 
crosses  the  tangent  plane.     Such  a  point  is  called  a  pardboUo  point. 

It  is  easy  to  verify  these  results  by  a  direct  study  of  the  differ- 
ence  u  =  »  —  z'  oi  the  values  of  z  for  a  point  on  the  surface  and  for 
the  point  on  the  tangent  plane  at  M  which  projects  into  the  same 
point  (Xf  y)  on  the  xy  plane.     For  we  have 

»'  =  p(x  -  x^)  +  q{y  -  y^, 
whence,  for  the  point  of  tangency  (o^o,  y^, 

du  dz'  ^«*      /v 

and 

a^~^'       d^"^'       a^"^* 

It  follows  that  if  «'  —  7^  <  0,  t*  is  a  maximum  or  a  minimum  at  ^ 
(§  56),  and  since  u  vanishes  at  M,  it  has  the  same  sign  for  all  other 
points  in  the  neighborhood.  On  the  other  hand,  if  «'  —  r^  >  0,  « 
has  neither  a  maximum  nor  a  minimum  at  Jlf,  and  hence  it  changes 
sign  in  any  neighborhood  of  M, 
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240.  Euler's  theorems.  The  indicatriz.  In  order  to  study  the  Yaria- 
tion  of  the  radius  of  curvature  of  a  normal  section,  let  us  take  the 
point  M  as  the  origin  and  the  tangent  plane  at  M  as  the  xi/  plane. 
With  such  a  system  of  axes  we  shall  have  />  =  ^  =  0,  and  the 
formula  (7)  becomes 

(8)  —  =  r  cos'^  4- 2»cos^sin^  4- <sin'^, 

where  ^  is  the  angle  which  the  trace  of  the  normal  plane  makes 
with  the  positive  x  axis.  Equating  the  derivative  of  the  second 
member  to  zero,  we  find  that  the  points  at  which  R  may  be  a  maxi- 
mum or  a  minimum  stand  at  right  angles.  The  following  geomet- 
rical picture  is  a  convenient  means  of  visualizing  the  variation  of  R, 
Let  us  lay  off,  on  the  line  of  intersection  of  the  normal  plane  with 
the  xjf  plane,  from  the  origin,  a  length  Om  equal  numerically  to  the 
square  root  of  the  absolute  value  of  the  corresponding  radius  of  cur- 
vature. The  point  m  will  describe  a  curve,  which  gives  an  instanta- 
neous picture  of  the  variation  of  the  radius  of  curvature.  This  curve 
is  called  the  indicatrix.     Let  us  examine  the  three  possible  cases. 

1)  8*  —  rt<0.  In  this  case  the  radius  R  has  a  constant  sign,  which 
^e  shall  suppose  positive.  The  coordinates  of  m  are  $  =  V^  cos  ^ 
and  rj  =  V^  sin  ^ ;  hence  the  equation  of  the  indicatrix  is 

(9)  rf«H-2«i,;  + V=l, 

which  is  the  equation  of  an  ellipse  whose  center  is  the  origin.  It  is 
cilear  that  /2  is  at  a  maximum  for  the  section  made  by  the  normal 
plane  through  the  major  axis  of  this  ellipse,  and  at  a  minimum  for 
the  normal  plane  through  the  minor  axis.  The  sections  made  by  two 
planes  which  are  equally  inclined  to  the  two  axes  evidently  have  the 
same  curvature.  The  two  sections  whose  planes  pass  through  the 
axes  of  the  indicatrix  are  called  the  principal  normal  sections,  and 
the  corresponding  radii  of  curvature  are  called  the  principal  radii  of 
curvature.  If  the  axes  of  the  indicatrix  are  taken  for  the  axes  of  x 
and  y,  we  shall  have  «  =  0,  and  the  formula  (8)  becomes 

—  =  r  cos*^  4- ^  sin*^. 
R 

With  these  axes  the  principal  radii  of  curvature  Ri  and  i?,  correspond 
to  ^  =  0  and  ^  =  7r/2,  respectively ;  hence  l/7?i  =  r,  l/iJj  =  ty  and 

l_cos^^      sin^ 
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2)  s^  —  rt>0.     The  normal  sections  which  conespond  to  the 
▼alues  of  ^  which  satisfy  the  equation 

r  cos'^  +  28  cos  ^  sin  ^  +  ^  sin'^  =  0 

have  infinite  radii  of  curvature.  Let  LlOLi  and  LiOL^  be  the  inter- 
sections of  these  two  planes  with  the  xy  plane.  When  the  trace  of 
the  nonnal  plane  lies  in  the  angle  LiOL^,  for  example,  the  radius 
of  curvature  is  positive.  Hence  the  corresponding  portion  of  the 
indicatrix  is  represented  by  the  equation 

where  i  and  ri  are,  as  in  the  previous  case,  the  codrdinates  of  the 
point  m.  This  is  an  hyperbola  whose  asymptotes  are  the  lines 
L[OLi  and  V^OL^,  When  the  trace  of  the  normal  plane  lies  in  the 
other  angle  L^OLiy  R  is  negative,  and  the  codrdinates  of  m  are 

i  =  V—  R  cos<^,         ff  =  V— i2sin^. 

Hence  the  corresponding  portion  of  the  indicatrix  is  the  hyperbola 

re  +  2s(ri-{-tr/'  =  -l, 

which  is  conjugate  to  the  preceding  hyperbola.  These  two  hype^ 
bolas  together  form  a  picture  of  the  variation  of  the  radius  of  curva- 
ture in  this  case.  If  the  axes  of  the  hyperbolas  be  taken  as  the 
X  and  y  axes,  the  formula  (8)  may  be  written  in  the  form  (10),  as  in 
the  previous  case,  where  now,  however,  the  principal  radii  of  currar 
ture  Ri  and  R2  have  opposite  signs. 

3)  s^  —  rt  =  0.  In  this  case  the  radius  of  curvature  i?  has  a 
fixed  sign,  which  we  shall  suppose  positive.  The  indicatrix  is  still 
represented  by  the  equation  (9),  but,  since  its  center  is  at  the  origin 
and  it  is  of  the  parabolic  type,  it  must  be  composed  of  two  parallel 
straight  lines.  If  the  axis  of  y  be  taken  parallel  to  these  lines,  we 
shall  have  «  =  0,  ^  =  0,  and  the  general  formula  (8)  becomes 

-  =  ?-cos««^, 

or 

1      cos*<^ 

R         Rx 

This  case  may  also  be  considered  to  be  a  limiting  case  of  either  of 
the  preceding,  and  the  formula  just  found  may  be  thought  of  as  the 
limiting  case  of  (10),  ^Yvexi  R^b^eomes  infinite. 


Xn,§241]  CURVES  ON  A  SURFACE  503 

Eoler^s  f ononis  may  be  established  without  using  the  formula  (5).  Taking 
the  point  M  of  the  given  surface  as  the  origin  and  the  tangent  pUme  as  the  zy 
plane,  the  e^qpanaion  of  t  by  Taylor^s  series  may  be  written  in  the  form 

*= —^ +  .... 

where  the  terms  not  written  down  are  of  order  greater  than  two.  In  order 
to  find  the  radii  of  curvature  of  the  section  made  by  a  plane  y  —  x  tan  ^,  we 
may  introduce  the  transformation 

x  =  a^cos^  —  y'sin^,        y  =  z'8in^  +  y'cos^, 

and  then  set  y'  =  0.    This  gives  the  expansion  of  z  in  powers  of  x', 

rcos*^  + 2asin^cos^  4- tsin^^ 

' Ti '^  +  ••• 

Which,  by  §  214,  leads  to  the  formula  (8). 

Nates.   The  section  of  the  surface  by  its  tangent  plane  is  given  by  the  equation 

0  =  rx»  +  293cy  +  «y"  +  ^s(x,  y)  +  •  •  •, 

and  has  a  double  point  at  the  origin.  The  two  tangents  at  this  point  are  the 
asymptotic  tangents.  More  generally,  if  two  surfaces  8  and  iSi  are  both  tangent 
at  the  origin  to  the  zy  plane,  the  projection  of  their  curve  of  intersection  on  the 
Zy  plane  is  given  by  the  equation 

0  =  (r  -  ri)x8  +  2(a  -  »i)xy  4-  (<  -  ti)y«  4-  •  •  •, 

Where  fi,  Si,  t\  have  the  same  meaning  for  the  surface  iSi  that  r,  a,  t  have 
tor  8,  The  nature  of  the  double  point  depends  upon  the  sign  of  the  expression 
(«  ^  «^)s  —  (r  —  ri)(t  —  ti).  If  this  expression  is  zero,  the  curve  of  intersection 
bas,  in  general,  a  cusp  at  the  origin. 

To  recapitulate,  there  exist  on  any  surface  four  remarkable  posi- 
tions for  the  tangent  at  any  point :  two  perpendicular  tangents  for 
which  the  corresponding  radii  of  curvature  have  a  maximum  or  a 
minimum,  and  two  so-called  asymptotic^  or  principaly*  tangents,  for 
which  the  corresponding  radii  of  curvature  are  infinite.  The  latter  are 
to  be  found  by  equating  the  trinomial  ra^  -f  2sap  -\-tff^to  zero  (§  238). 
We  proceed  to  show  how  to  find  the  principal  normal  sections  and 
the  principal  radii  of  curvature  for  any  system  of  rectangular  axes. 

241.  Principal  radii  of  curvature.  There  are  in  general  two  different 
normal  sections  whose  radii  of  curvature  are  equal  to  any  given 
value  of  R.  The  only  exception  is  the  case  in  which  the  given 
value  of  R  is  one  of  the  principal  radii  of  curvature,  in  which  case 

•  The  reader  should  distinguish  sharply  the  directions  of  the  principal  tangents 
(the  cuymptotea  of  the  indicatrix)  and  the  directions  of  the  principal  normal  sections 
(the  axes  of  the  indicatrix).  To  avoid  confusion  we  shall  not  use  the  term  principal 
tangent, — Trans. 
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only  the  corresponding  principal  section  has  the  assigned  radius 
of  coryatore.  To  determine  the  normal  sections  whose  radius  of 
curYature  is  a  given  number  R,  we  may  determine  the  values  of 
^'  A  r  hy  the  three  equations 


ii 

It  is  easy  to  derive  from  these  the  following  homogeneous  combiDar 
tion  of  degree  zero  in  a  and  fi : 

^^  R  c^  +  P'  +  ipa-hqPy' 

It  follows  that  the  ratio  fi/a  is  given  by  the  equation 

^(l  +  P*  -  rD)  +  2aP{pq-sD)  +  fi^(l+  j*-  ^D)  =  0, 


where  R  —  2>Vl  4- />'•<- ?*.  If  this  equation  has  a  double  root,  that 
root  satisfies  each  of  the  equations  formed  by  setting  the  two  first 
derivatives  of  the  left-hand  side  with  respect  to  a  and  fi  equal  to 
zero: 

rm  i<r(l-hp*-rD)+P{pq-sD)       =0, 

i        a(pq-8D)  +  P{l-^q*-tD)  =  0, 

Eliminating  a  and  fi  and  replacing  D  by  its  value,  we  obtain  an 
equation  for  the  principal  radii  of  curvature: 


On  the  other  hand,  eliminating  D  from  the  equations  (12),  we  obtain 
an  equation  of  the  second  degree  which  determines  the  lines  of  inter- 
section of  the  tangent  plane  with  the  principal  normal  sections : 

(  a*[(l  4- />*)«— ^yr] 

From  the  very  nature  of  the  problem  the  roots  of  the  equations  (13) 
and  (14)  will  surely  be  real.  It  is  easy  to  verify  this  fact  directly- 
In  order  that  the  equation  for  R  should  have  equal  roots,  it  is 
necessary  that  the  indicatrix  should  be  a  circle,  in  which  case  all 
the  normal  sections  will  have  the  same  radius  of  curvature.  Hence 
the  second  member  of  (11)  must  be  independent  of  the  ratio  )3/fl^> 
which  necessitates  the  equations 

^^^^  1  +  p^  "  ^  ""  iT?* 
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The  points  which  satisfy  these  equations  are  called  umbUics,  At 
such  points  the  equation  (14)  reduces  to  an  identity,  since  every 
diameter  of  a  circle  is  also  an  axis  of  symmetry. 

It  is  often  possible  to  determine  the  principal  normal  sections 
from  certain  geometrical  considerations.     For  instance,  if  a  surface 
S  has  a  plane  of  symmetry  through  a  point  M  on  the  surface,  it  is 
clear  that  the  line  of  intersection  of  that  plane  with  the  tangent 
plane  at  Af  is  a  line  of  symmetry  of  the  indicatrix ;  hence  the  sec- 
tion by  the  plane  of  symmetry  is  one  of  the  principal  sections.    For 
example,  on  a  surface  of  revolution  the  meridian  through  any  point 
is  one  of  the  principal  normal  sections ;  it  is  evident  that  the  plane 
of  the  other  principal  normal  section  passes  through  the  normal  to 
the  surface  and  the  tangent  to  the  circular  parallel  at  the  point. 
But  we  know  the  center  of  curvature  of  one  of  the  oblique  sections 
through  this  tangent  line,  namely  that  of  the  circular  parallel  itself. 
It  follows  from  Meusnier's  thecMrem  that  the  center  of  curvature  of 
the  second  principal  section  is  the  point  where  the  normal  to  the 
surface  meets  the  axis  of  revolution. 

At  any  point  of  a  developable  surface,  ^  —  rf  =  0,  and  the  indica- 
trix is  a  pair  of  parallel  straight  lines.  One  of  the  principal  sec- 
tions coincides  with  the  generator,  and  the  corresponding  radius  of 
curvature  is  infinite.  The  plane  of  the  second  principal  section  is 
perpendicular  to  the  generator.  All  the  points  of  a  developable 
surface  are  parabolic,  and,  conversely,  these  are  the  only  surfaces 
which  have  that  property  (§  222). 

If  anon-developable  surface  is  convex  at  certain  points,  while  other 
points  of  the  surface  are  hyperbolic,  there  is  usually  a  line  of  para- 
bolic points  which  separates  the  region  where  s^  ^rt  is  positive  from 
the  region  where  the  same  quantity  is  negative.  For  example,  on  the 
anchor  ring,  these  parabolic  lines  are  the  extreme  circular  parallels. 

In  general  there  are  on  any  convex  surface  only  a  finite  number  of  nmbilics. 
We  proceed  to  show  that  the  only  real  surface  for  which  every  point  ii  an 
umbilic  is  the  sphere.  Let  X,  /a,  r  be  the  direction  cosines  of  the  normal  to  the 
BUilace.    Differentiating  (2),  we  find  the  formulae 


or,  by  (16), 


ax 

l)9»-(l  +  g«)r 

ax 

_  pqt-{l^qt)$ 

dx 

(l  +  J)«  +  <rt*  ' 

ay 

(i  +  P«  +  g«)* 

a/* 

pgr-il  +  f^B 

a/* 

_pg,_(l+pJ)t 

dx 

(l  +  J)«  +  g«)*  ' 

dy 

(i  +  i>«  +  g«)* 

ax    .       aM_ 
ay-"»      dx' 

=  0, 

ax    dfi 

dx"  dy' 
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The  fint  equation  shows  that  X  is  independent  of  y,  the  second  that  fi  is  inde* 
pendent  of  x ;  hence  the  common  value  of  d\/dx,  d/i/dy  is  independent  of  both 
X  and  y,  Le.  it  is  a  constant,  say  l/o.    This  fact  leads  to  the  equations 


.       x-xo                y-Vo  Vo«  -  (X  -  Xo)«  -  (y  -  y5« 

A  =  — :: — »      M  =  — - — ♦       "  = :; 1 

a                       a  a 

X  X  —  xo 


jr  Va»  -  (X  -  xo)«  -  (y  -  vo)* 


"        Vo8  -  (X  -  Xo)*  -  (y  -  yo)« 

whence,  integrating,  the  yalue  of  z  is  found  to  be 

2  =  2o  +  Va*  -  (X  -  xo)«  -  (y  -  yo)*, 

which  is  the  equation  of  a  sphere.  It  is  evident  that  if  d\/dx  =  dfi/Sy  =  0,  the 
surface  is  a  plane.  But  the  equations  (16)  also  have  an  infinite  number  of 
imaginary  solutions  which  satisfy  the  relation  l  +  l>'  +  9'  =  0,  aswecanseeby 
differentiating  this  equation  with  respect  to  x  and  with  respect  to  y. 

II.  ASYMPTOTIC  LINES      CONJUGATE  LINES 

242.  Definition  and  properties  of  aaymptotic  linea.  At  every  hyper- 
bolic point  of  a  surface  there  are  two  tangents  for  which  the  corre- 
sponding normal  sections  have  infinite  radii  of  curvature,  namely 
the  asymptotes  of  the  indicatrix.  The  curves  on  the  given  surface 
which  are  tangent  at  each  of  their  points  to  one  of  these  asymptotic 
directions  are  called  asymptotic  lines.  If  a  point  moves  along  any 
curve  on  a  surface,  the  differentials  dx,  dy,  dz  are  proportional  to 
the  direction  cosines  of  the  tangent.  For  an  asymptotic  tangent 
ra^  -h  2safi  -f-  ^^  =  0 ;  hence  the  differentials  dx  and  dy  at  any  point 
of  an  asymptotic  line  must  satisfy  the  relation 

(16)  rdx^'\-2sdxdy'\-tdy^=:0. 

If  the  equation  of  the  surface  be  given  in  the  form  z  =  F(x,  y),  and 
we  substitute  for  r,  s,  and  t  their  values  as  functions  of  x  and  y> 
this  equation  may  be  solved  for  dy/dx,  and  we  shall  obtain  the  two 
solutions 

We  shall  see  later  that  each  of  these  equations  has  an  infinite  num- 
ber of  solutions,  and  that  every  pair  of  values  (ajo,  yo)  determines 
in  general  one  and  only  one  solution.  It  follows  that  there  pass 
through  every  point  oi  t\v^  ^mt^s.^^,  'va.  ^^^ikjwt^^  two  and  only  two 
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asymptotic  lines :  all  these  lines  together  f onn  a  double  system  of 
lines  upon  the  surface. 

Again,  the  asymptotic  lines  may  be  defined  without  the  use  of 
any  metrical  relation:  the  asymptotic  lines  on  a  surface  ate  those 
curves  for  which  the  osculating  plane  always  coincides  with  the  tan- 
gent plane  to  the  surface.  For  the  necessary  and  sufficient  condition 
that  the  osculating  plane  should  coincide  with  the  tangent  plane  to 
the  surface  is  that  the  equations 

dz—pdx  —  qdy  =  0,         d^z  —  pcPx  —  qd^y  =^0 

should  be  satisfied  simultaneously  (see  §  215).  The  first  of  these 
equations  is  satisfied  by  any  curve  which  lies  on  the  surface.  Dif- 
ferentiating it,  we  obtain  the  equation 

d^z  —pd^x  —  qd^y  ^  dpdx  —  dqdy  =  0, 

which  shows  that  the  second  of  the  preceding  equations  may  be 
replaced  by  the  following  relation  between  the  first  differentials : 

(18)  dpdx-hdqdy  =  0, 

an  equation  which  coincides  with  (16).  Moreover  it  is  easy  to 
explain  why  the  two  definitions  are  equivalent.  Since  the  radius  of 
curvature  of  the  normal  section  which  is  tangent  to  an  asymptote 
of  the  indicatrix  is  infinite,  the  radius  of  curvature  of  the  asymp- 
totic line  will  also  be  infinite,  by  Meusnier's  theorem,  at  least  unless 
the  osculating  plane  is  perpendicular  to  the  normal  plane,  in  which 
case  Meusnier's  theorem  becomes  illusory.  Hence  the  osculating 
plane  to  an  asymptotic  line  must  coincide  with  the  tangent  plane, 
at  least  unless  the  radius  of  curvature  is  infinite ;  but  if  this  were 
true,  the  line  would  be  a  straight  line  and  its  osculating  plane 
would  be  indeterminate.  It  follows  from  this  property  that  any 
projective  transformation  carries  the  asymptotic  lines  into  asymp- 
totic lines.  It  is  evident  also  that  the  differential  equation  is  of 
the  same  form  whether  the  axes  are  rectangular  or  oblique,  for  the 
equation  of  the  osculating  plane  remains  of  the  same  form. 

It  is  clear  that  the  asymptotic  lines  exist  only  in  case  the  points  of 
the  surface  are  hyperbolic.  But  when  the  surface  is  analytic  the 
differential  equation  (16)  always  has  an  infinite  number  of  solu- 
tions, real  or  imaginary,  whether  s^  —  rt  ia  positive  or  negative.  As  a 
generalization  we  shall  say  that  any  convex  surface  possesses  two  sys- 
tems of  imaginary  asymptotic  lines.  Thus  the  asymptotic  lines  of  an 
imparted  hyperboloid  are  the  two  systems  of  rectilinear  generators. 
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For  an  ellipsoid  or  a  sphere  these  generators  are  imaginary,  bat 
they  satisfy  the  differential  equation  for  the  asymptotic  lines. 

Example.  Let  as  toy  to  find  the  asymptotic  lines  of  the  sorfiuie 

t  = 


In  this  example  we  have 

r  =  m(w  — l)a?"-*y",        «  =  miuc"-'y"-',        t  =  n(n  — l)x^y"-*, 
and  the  differential  equation  (16)  may  be  written  in  the  form 


K« 


-^>(l2)'+^"*KlS)+*<^-^)=^- 


This  equation  may  be  solved  as  a  qoadratic  in  (y <2x)/(xdy).  Let  Ai  and  A|be 
the  solutions.  Then  the  two  families  of  asymptotic  lines  are  the  carves  which 
project,  on  the  xy  plane,  into  the  carves 

y*i  =  CiX,        y*i  =  CfX. 

MS.  Differential  equation  in  parameter  form.   Let  the  equations  of 
the  surface  be  given  in  terms  of  two  parameters  u  and  v : 

(19)  x=JXuyV),        y  =  ♦(",»),        z  =  ilf(u,v). 

Using  the  second  definition  of  asymptotic  lines,  let  us  write  the 
equation  of  the  tangent  plane  in  the  form 

(20)  A(X  -  x)  +  B(Y-y)  +  C(Z  -  «)  =  0, 
where  A,  B,  and  C  satisfy  the  equations 


(21) 


du  ou  mi 


which  are  the  equations  for  A,  B,  and  C  found  in  §  39.  Since  the 
osculating  plane  of  an  asymptotic  line  is  the  same  as  this  tangent 
plane,  these  same  coefficients  must  satisfy  the  equations 

Adx   -k-Bdy  -^  C  dz   =0, 
AcPx  +  BiiPy-hCiPz=0. 

The  first  of  these  equations,  as  above,  is  satisfied  identically.  Differ- 
entiating it,  we  see  that  the  second  may  be  replaced  by  the  equation 

(22)  dA  dx  +  dBdy  +  dCdz  =  0, 

which  is  the  required  differential  equation.  If,  for  example,  ^ 
set  C  =  —  1  in  the  equations  (21),  A  and  B  are  equal,  respectively! 
to  the  partial  derivatives  p  and  q  oi  z  with  respect  to  x  and  y,  9sA 
the  equation  (22)  comc\^^a  mXk  (ISy 
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Examples.  As  an  example  let  us  consider  the  conoid  z  =  ^(y/x).    This  equa- 
tion is  equivalent  to  the  system  x  =  u,  y  =  uv,  z  =  ^(o),  and  the  equation!  (21) 

become 

-4  +  B«  ==  0,        Btt  +  C4/(t)  =  0. 

These  equations  are  satisfied  if  we  set  C  =  —  u,  ^  =  —  v^'(v),  B  =  ^'(o) ;  hence 
the  equation  (22)  takes  the  form 

i£^"(t>)d«*  -  2^'(»)dud«  =  0. 

One  solution  of  this  equation  is  o  =  const.,  which  gives  the  rectilinear  genera- 
tors.   Dividing  by  dv,  the  remaining  equation  is 

^'\v)dt  _  2dtt 
^'(»)     ~    tt 

whence  the  second  system  of  asymptotic  lines  are  the  curves  on  the  surface 
defined  by  the  equation  u^  =  K^'(x>),  which  project  on  the  xy  plane  into  the 
curves 


^  =  ir.'g) 


Again,  consider  the  surfaces  discussed  by  Jamet,  whose  equation  may  be 
written  in  the  form 

x/(|)=FW. 

Taking  the  independent  variables  z  and  u  =:  y/x,  the  differential  equation  of 
the  asymptotic  lines  may  be  written  in  the  form 


\  F(z)  \  /(tt) 


from  which  each  of  the  systems  of  asymptotic  lines  may  be  found  by  a  single 
quadrature. 

A  helicoid  is  a  surface  defined  by  equations  of  the  form 

X=:/)COBW,  y  =  /)8inw,  2  =/(/))  + Aw. 

The  reader  may  show  that  the  differential  equation  of  the  asymptotic  lines  is 

pr'{p)df^  -  2*d«dp  +  f^r(p)d^  =  0, 
from  which  m  may  be  found  by  a  single  quadrature. 

244.  Asymptotic  lines  on  a  ruled  surface.  Eliminating  A^  B,  and  C 
between  the  equations  (21)  and  the  equation 

we  find  the  general  differential  equation  of  the  asymptotic  lines : 

d£     d^     djf 
du      du     du 

(23)  a/    a^    a^  =0. 

dv      dv      dv 
(Px    d^y     d^» 
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This  equation  does  not  contain  the  second  differentials  d^u  and  el'o, 
for  we  have 


(Px  =  1^  d«t*  +  1^  <?v  +  ^^.du^  +  2  r^  dudv  + 


a«/ 


dv^ 


du^  ^  '   dv^  ^   '  du^  ^^    '  ~  du  dv  ~'" '""   '  dv* 

and  analogous  expressions  for  d^y  and  <£*;?.  Subtracting  from  the 
third  row  of  the  determinant  (23)  the  first  row  multiplied  by  t^tf 
and  the  second  row  multiplied  by  d^v,  the  differential  equation 
becomes 


du 

d<l> 
du 

dtff 
du 

3/ 

dv 

d^ 

dv 

djf 
dv 

Z'^'^^li'^'^'^Z'^ 

•  •  • 

•  •  • 

=  0. 


Developing  this  determinant  with  respect  to  the  elements  of  the 
first  row  and  arranging  with  respect  to  du  ahd  dv,  the  equation 
may  be  written  in  the  form 

(24)  D  du*  +  2D'  du  dv  +  D"  cft;«  =  0, 

where  D,  D\  and  D''  denote  the  three  determinants 


(26) 


f 

dx 
du 

dy 
du 

dz 

du 

dx 
?u 

dy 
du 

dz 

du 

i)  = 

dx 
dv 

dy^ 

dv 

dz 

dv 

,          2)'  = 

dx 
dv 

dy 
dv 

dz 
dv 

d*x 

d*y 

d*z 

d*x 

d*y 

d*z 

du* 

du* 

du* 

dudv 

dudv 

dudv 

dx      dy     dz 

du      du      du 

2)"  = 

dx      dy     dz 
dv      dv      dv 
d*x    d*y    d*z 

• 

L. 

dv*     dv* 

dv* 

As  an  application  let  us  consider  a  ruled  surface,  that  is,  a  sorfaoe 
whose  equations  are  of  the  form 

x  =  Xo-\'au,         y  =  yo  +  Pu,         z  =  Zo-hyu, 

where  sco?  yo>  «o>  <*>  A  y  are  all  functions  of  a  second  variable  param- 
eter v.  If  we  set  w  =  0,  the  point  (a?o,  yo>  «o)  describes  a  certain 
curve  r  which  lies  on  the  surface.  On  the  other  hand,  if  we  set 
V  =  const,  and  let  u  ^arj,  \,\v^  ^ydX.  (x^u, «'\  will  describe  a  straight- 
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line  generator  of  the  ruled  surface,  and  the  value  of  u  at  any  point 
of  the  line  will  be  proportional  to  the  distance  between  the  point 
(Xf  y^  z)  and  the  point  (xq,  y^,  Zq)  at  which  the  generator  meets  the 
curre  r.  It  is  evident  from  the  formulae  (25)  that  D  =  0,  that  D' 
is  independent  of  u^  and  that  D"  is  a  polynomial  of  the  second 
degree  in  u: 

^f  •  •  •         •  •  I 

D"  =    Xo  +  ^'**      

Xo  +  «"w     

Binoe  <£t;  is  a  factor  of  (24),  one  system  of  asymptotic  lines  consists 
of  the  rectilinear  generators  v  =  const.  Dividing  by  dv^  the  remain- 
ing differential  equation  for  the  other  system  of  asymptotic  lines  is 
^f  the  form 

(26)  y  +  Xtt*  +  3/tt  -I-  iNT  =  0, 

where  L,  M^  and  N  are  functions  of  the  single  variable  v.  An  equa- 
bion  of  this  type  possesses  certain  remarkable  properties,  which  we 
shall  study  later.  For  example,  we  shall  see  that  the  anhamianic 
^(Uio  of  any  four  solutions  is  a  constant.  It  follows  that  the  anhar- 
tnonic  ratio  of  the  four  points  in  which  a  generator  meets  any  four 
asymptotic  lines  of  the  other  system  is  the  same  for  all  generators, 
which  enables  us  to  discover  all  the  asymptotic  lines  of  the  second 
system  whenever  any  three  of  them  are  known.  We  shall  also 
see  that  whenever  one  or  two  integrals  of  the  equation  (26)  are 
known,  all  the  rest  can  be  found  by  two  quadratures  or  by  a  single 
q[uadrature.  Thus,  if  all  the  generators  meet  a  fixed  straight  line, 
that  line  will  be  an  asymptotic  line  of  the  second  system,  and  all 
the  others  can  be  found  by  two  quadratures.  If  the  surface  pos- 
sesses two  such  rectilinear  directrices,  we  should  know  two  asymp- 
totic lines  of  the  second  system,  and  it  would  appear  that  another 
quadrature  would  be  required  to  find  all  the  others.  But  we  can 
obtain  a  more  complete  result.  For  if  a  surface  possesses  two 
rectilinear  directrices,  a  projective  transformation  can  be  found 
which  will  carry  one  of  them  to  infinity  and  transform  the  surface 
into  a  conoid ;  but  we  saw  in  §  243  that  the  asymptotic  lines  on  a 
3onoid  could  be  found  without  a  single  quadrature. 

245.  Conjogate  lines.  Any  two  conjugate  diameters  of  the  indicar 
irix  at  a  point  of  a  given  surface  S  are  called  conjugate  tangents. 
To  every  tangent  to  the  surface  there  corresponds  a  conjugate 
bangent,  which  coincides  with  the  first  when  and  only  when  the  given 
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Ungent  is  an  asymptotic  tangent.  Let  z  =  P(xy  y)  be  the  equation  d 
the  surface  5,  and  let  m  and  m'  be  the  slopes  of  the  projectioiu  d 
two  conjugate  tangents  on  the  xy  plane.  These  projections  on  the 
xy  plane  must  be  harmonic  conjugates  with  respect  to  the  projec- 
tions of  the  two  asymptotic  tangents  at  the  same  point  of  the  soi- 
face.  But  the  slopes  of  the  projections  of  the  asymptotic  tangents 
satisfy  the  equation 

In  order  that  the  projections  of  the  conjugate  tangents  should  be 
harmonic  conjugates  with  respect  to  the  projections  of  the  asymp- 
totic tangents,  it  is  necessary  and  sufficient  that  we  should  have 

(27)  r-h«(w»-l-w»')  +  ^w»'  =  0. 

If  C  be  a  curve  on  the  surface  <S^,  the  envelope  of  the  tangent 
plane  to  5  at  points  along  this  curve  is  a  developable  surface  whieh 
is  tangent  to  5  all  along  C,  At  every  point  M  of  C  the  generaior  of 
this  developable  is  the  eonjtigate  tangent  to  the  tangent  to  C.  Along 
Cf  X,  y,  z^  py  and  q  are  functions  of  a  single  independent  variable  cu 
The  generator  of  the  developable  is  defined  by  the  two  equations 

Z-«-p(X-x)-j(F-y)  =  0, 
—  dz  +pdx  +  qdy  —  dp(X  —  x)  —  dq(Y—y)  =  0, 

the  last  of  which  reduces  to 

F—  y  _      dp  _      rdgg  +  sdy 
X  —  X  dq  sdx  +  tdy 

Let  m  be  the  slope  of  the  projection  of  the  tangent  to  C  and  m'  the 
slope  of  the  projection  of  the  generator.     Then  we  shall  have 

dx  '         X  —  x  ' 

and  the  preceding  equation  reduces  to  the  form  (27),  which  proves 
the  theorem  stated  above. 

Two  one-parameter  families  of  curves  on  a  surface  are  said  to 
form  a  conjugate  network  if  the  tangents  to  the  two  curves  of  the 
two  families  which  pass  through  any  point  are  conjugate  tangents 
at  that  point.  It  is  evident  that  there  are  an  infinite  number  of 
conjugate  networks  on  any  surface,  for  the  first  family  may  he 
assigned  arbitrarily,  the  second  family  then  being  determined  by  a 
differential  equation  oi  \i\ie  ^t^\>  ot^^t. 
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Given  a  surface  represented  by  equations  of  the  form  (19),  let  us  find  the 
conditions  under  which  the  curves  u  =  const,  and  v  =  const,  form  a  conjugate 
network.  If  we  move  along  the  curve  v  =  const.,  the  characteristic  of  the 
tangent  plane  is  represented  by  the  two  equations 

A{X  -  X)  +  B(Y  -  y)  +  C(Z  -  z)  =  0 , 

In  order  that  this  straight  line  should  coincide  with  the  tangent  to  the  curve 
u  =  const.,  whose  direction  cosines  are  proportional  to  dx/cv,  dy/dv,  dz/tv^  it 
is  necessary  and  sufficient  that  we  should  have 

Bv  cv  dv 

BA  dx      dB  dy      ^C  Bz 
Bu    dv       Bu   Bv       Bu  Bv 

Differentiating  the  first  of  these  equations  with  regard  to  u,  we  see  that  the 
second  may  be  replaced  by  the  equation 


(28) 


^   B^x       «  B^y       ^  B'^z 


BuBv 


BuBv 


BuBv 


and  finally  the  elimination  of  ^,  B,  and  C  between  the  equations  (21)  and  (28) 
leads  to  the  necessary  and  sufficient  condition 


Bx 
Bu 

Bu 

Bz 
Bu 

Bx 
Bv 

ay 

Bv 

Bz 
Bv 

B^x 

B^y 

B^z 

=  0. 


BuBv    BuBv    BuBv 

This  condition  is  equivalent  to  saying  that  x,  y,  z  are  three  solutions  of  a 
differential  equation  of  the  form 

B^0 


(29) 


BuBv  Bu  Bv 


where  M  and  N  are  arbitrary  functions  of  u  and  v.  It  follows  that  the  knowl- 
edge of  three  distinct  integrals  of  an  equation  of  this  form  is  sufficient  to 
determine  the  equations  of  a  surface  which  is  referred  to  a  conjugate  network. 
For  example,  if  we  set  3f  =  ^  =  0,  every  integral  of  the  equation  (29)  is 
the  sum  of  a  function  of  u  and  a  function  of  v ;  hence,  on  any  surface  whose 
equations  are  of  the  form 

(30)        x=/(i£)+/i(»),         y  =  0(u)+0i(t>),         2  =  ^(tt)  +  ^l(«), 

the  curves  (u)  and  (v)  form  a  conjugate  network. 

Surfaces  of  the  type  (80)  are  ciUled  surfaces  of  translation.  Any  such  surface 
may  be  described  in  two  different  ways  by  giving  one  rigid  curve  T  a  motion  of 
translation  such  that  one  of  its  points  moves  along  another  rigid  curve  T\    For, 
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let  Jfot  Jfi )  ITf ,  Jf  be  four  points  of  the  sorfaoe  which  correspond,  reqwctiyely, 
to  the  four  sets  of  yaluee  («o»  vo)t  (u,  «o),  (vot  v)*  (i^  v)  of  the  panunetersnaiid*. 
By  (30)  these  four  points  are  the  vertices  of  a  plane  parallelogram.  If  «e  ^  fixM^ 
and  u  allowed  to  vary,  the  point  Mi  will  describe  a  curre  T  on  the  sorfaoe ;  like- 
wise, if  iio  is  kept  fixed  and  v  is  allowed  to  vary,  the  point  Jit  will  describe 
another  curve  V  on  the  snrface.  It  follows  that  we  may  generate  the  soifece  Itj 
giving  r  a  motion  of  translation  which  causes  the  point  M2  to  describe  T\  or  \ij 
giving  r'  a  motion  of  translation  which  causes  the  point  Mi  to  describe  r.  It  is 
evident  from  this  method  of  generation  that  the  two  families  of  curves  («)  and  («) 
are  conjugate.  For  example,  the  tangents  to  the  different  positions  of  r'  at  the 
various  points  of  r  form  a  cylinder  tangent  to  the  surface  along  r ;  hence  the 
tangents  to  the  two  curves  at  any  point  are  conjugate  tangents. 


III.   LINES  OF  CURVATURE 

346.  Deftnitioii  and  properties  of  lines  of  curvature.  A  curve  on  a 
given  surface  S  is  called  a  line  of  curvature  if  the  normals  to  the 
surface  along  that  curve  form  a  developable  surface.  If  z  =f{x,y) 
is  the  equation  of  the  surface  referred  to  a  system  of  rectangular 
axes,  the  equations  of  the  normal  to  the  surface  are 

^     ^  (Y=-qZ-\^(j/-{-qz). 

The  necessary  and  sufficient  condition  that  this  line  should  describe 
a  developable  surface  is  that  the  two  equations 

r32)  i-Zdp  +  d(x+pz)^0, 

^     ^  l-Zdq-hd(y  +  qz)  =  0 

should  have  a  solution  in  terms  of  Z  (§  223),  that  is,  that  we 

should  have 

d(x  +  pz)  _  d(y -h  qz) 

dp  dq 


or,  more  simply. 


dx  -^pdz      dy  +  qdz 
dp        ^        dq 


Again,  replacing  dzy  dp,  and  dq  by  their  values,  this  equation  may 
be  written  in  the  form 

(l-f-jp')gfo-f-jpy<^y  ^  pqdx  +  (l-\-q')di/ 
^     ^  rdx  -\-  sdy  sdx  -\-  tdy 

This  equation  possesses  two  solutions  in  dy/dx  which  are  always 
real  and  unequal  if  the  surface  is  real,  except  at  an  umbilic.  F^^' 
if  we  replace  dx  and  d]j  by  «  and  )3,  respectively,  the  preceding 
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equation  coincides  with  the  equation  found  above  [(14),  §  241]  for 
the  determination  of  the  lines  of  intersection  of  the  principal  normal 
sections  with  the  tangent  plane.  It  follows  that  the  tangents  to  the 
lines  of  curvature  through  any  point  coincide  with  the  axes  of  the 
indicatrix.  We  shall  see  in  the  study  of  differential  equations  that 
there  is  one  and  only  one  line  of  curvature  through  every  non- 
singular  point  of  a  surface  tangent  to  each  one  of  the  axes  of  the 
indicatrix  at  that  point,  except  at  an  umbilic.  These  lines  are 
always  real  if  the  surface  is  real,  and  the  network  which  they  form 
is  at  once  orthogonal  and  conjugate,  —  a  characteristic  property. 

Example,    Let  os  determine  the  lines  of  curvature  of  the  paraboloid  z  = 
xy/cL    In  this  example 

and  the  differential  equation  (33)  is 

(o«  +  y«)dx«  =  (o*  +  »»)dy«        or  ^  ^       ±    .  ^^       =  0. 

If  we  take  the  positiye  sign  for  both  radicals,  the  general  solution  is 

(x  +  V««  +  a«)(y  +  Vy»  +  a»)  =  C, 
which  gives  one  system  of  lines  of  curvature.    If  we  set 

(84)  X  =  a;  Vy«  +  a^  +  y  Vx*  +  a», 

the  equation  of  this  qrstem  may  be  written  in  the  form 

X+VX»  +  a*=C 
by  virtue  of  the  identity 

(«  Vy«  +  a«  +  y  Vx«  +  aa)"  +  a*  =  [xy  +  V(x'  +  a«)(i/*  +  a»)]" 

It  foUoT^s  that  the  projections  of  the  lines  of  curvature  of  this  first  system  are 
represented  by  the  equation  (34),  Tvhere  X  is  an  arbitrary  constant.  It  may  be 
shown  in  the  same  manner  that  the  projections  of  the  lines  of  curvature  of  the 
other  system  are  represented  by  the  equation 

(36)  X  Vy«  +  a«  -  y  V»*  +  a«  =  /*. 

From  the  equation  xy  =  as  of  the  given  paraboloid,  the  equations  (34)  and 
(36)  may  be  written  in  the  form 


Vx»  +  «»  +  Vy»  +  2«  =  C,        Vaj2  +  z«  -  Vy»  +  ««  =  C. 


But  the  expressions  Vx*  +  «*  and  Vy*  +  «'  represent,  respectively,  the  dis- 
tances of  the  point  (x,  y,  z)  from  the  axes  of  x  and  y.  It  follows  that  the  lines 
of  curvature  on  the  paraboloid  are  those  curves  for  which  the  sum  or  the  difference 
of  the  distances  of  any  point  upon  them  from  the  axes  of  x  and  y  isa  constant 
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847.  STOlnte  of  a  turfAee.  Let  C  be  a  line  of  curvatore  on  a  soi- 
f  aoe  S,  Ab  a  point  M  describes  the  curve  C,  the  normal  MN  to  the 
surface  remains  tangent  to  a  curve  F.  Let  {X,  Y,  Z)  be  the  coor- 
dinates of  the  point  A  at  which  MN  is  tangent  to  F.  The  ordinate 
Z  is  given  by  either  of  the  equations  (32),  which  reduce  to  a  single 
equation  since  C  is  a  line  of  curvature.  The  equations  (32)  may 
be  written  in  the  form 

rdx  +  sdy  sdx  -{-tdy 

Multiplying  each  term  of  the  first  fraction  by  dx,  each  term  of  the 

second  by  df/,  and  then  taking  the  proportion  by  composition,  we 

find 

_dx*  +  dy^  -i-  {pdx  +  qdyY 

rdai^-\'2sdxdy-\'tdy^ 

Again,  since  <2x,  dy,  and  dz  are  proportional  to  the  direction  cosines 
a,  fiy  y  of  the  tangent,  this  equation  may  be  written  in  the  form 

-      .^^  +  /g'  +  (i^^H-gff)'^  1 

Comparing  this  formula  with  (7),  which  gives  the  radius  of  curva- 
ture R  of  the  normal  section  tangent  to  the  line  of  curvature,  with 
the  proper  sign,  we  see  that  it  is  equivalent  to  the  equation 


(36)  Z  - « =     ,      ^  =  Rv, 


.2 


where  v  is  the  cosine  of  the  acute  angle  between  the  z  axis  and  the 
positive  direction  of  the  normal.  But  z  -\-  Rv  is  exactly  the  value 
of  Z  for  the  center  of  curvature  of  the  normal  section  under  con- 
sideration. It  follows  that  the  point  of  tangency  A  of  the  normal 
MN  to  its  envelope  T  coincides  with  the  center  of  curvature  of  the 
principal  normal  section  tangent  to  C  at  M.  Hence  the  curve  F  is 
the  locus  of  these  centers  of  curvature.  If  we  consider  all  the  lines 
of  curvature  of  the  system  to  which  C  belongs,  the  locus  of  the  cor- 
responding curves  F  is  a  surface  IS  to  which  every  normal  to  the 
given  surface  S  is  tangent.  For  the  normal  MNf  for  example,  is 
tangent  at  A  to  the  curve  F  which  lies  on  X 

The  other  line  of  curvature  C  through  M  cuts  C  at  right  angles. 
The  normal  to  S  along  C'  is  itself  always  tangent  to  a  curve  F' 
which  is  the  locus  oi  the  centers  of  curvature  of  the  normal  sections 
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tangent  to  C  The  locus  of  this  curve  r'  for  all  the  lines  of  curva- 
ture of  the  system  to  which  C  belongs  is  a  surface  ^'  to  which  all 
the  normals  to  S  are  tangent.  The  two  surfaces  %  and  IS'  are  not 
usually  analytically  distinct,  but  form  two  nappes  of  the  same  sur- 
face, which  is  then  represented  by  an  irreducible  equation. 

The  normal  MN  to  S  is  tangent  to  each  of  these  nappes  IS  and  IS' 
at  the  two  principal  centers  of  curvature  A  and  A '  of  the  surface  S 
at  the  point  M.  It  is  easy  to  find  the  tangent 
planes  to  the  two  nappes  at  the  points  A  and  A^ 
(Fig.  51).  As  the  point  M  describes  the  curve 
C,  the  normal  MN  describes  the  developable 
surface  D  whose  edge  of  regression  is  F;  at 
the  same  time  the  point  A '  where  MN  touches 
S'  describes  a  curve  y'  distinct  from  F',  since 
the  straight  line  MN  cannot  remain  tangent  to 
two  distinct  curves  F  and  F'.  The  developable 
D  and  the  surface  IS'  are  tangent  at  ^4 ' ;  hence 
the  tangent  plane  to  IS'  at  ^'  is  tangent  to  D 
all  along  MN.  It  follows  that  it  is  the  plane 
NMTy  which  passes  through  the  tangent  to  C. 
Similarly,  it  is  evident  that  the  tangent  plane 
to  2g  at  i4  is  the  plane  NMT'  through  the  tan- 
gent to  the  other  line  of  curvature  C. 

The  two  planes  NMT  and  NMT'  stand  at  right  angles.  This  fact 
leads  to  the  following  important  conception.  Let  a  normal  OM  be 
dropped  from  any  point  0  in  space  on  the  surface  S,  and  let  A  and 
A'  be  the  principal  centers  of  curvature  of  S  on  this  normal.  The 
tangent  planes  to  IS  and  IS'  at  A  and  A  \  respectively,  are  perpendic- 
ular. Since  each  of  these  planes  passes  through  the  given  point  0,  it 
is  clear  that  the  two  nappes  of  the  evolute  of  any  surface  S,  observed 
from  any  point  0  in  space,  appear  to  ctit  each  other  at  right  angles. 
The  converse  of  this  proposition  will  be  proved  later. 


Fig.  51 


248.  Rodrigues'  formulte.  If  X,  /i,  v  denote  the  direction  cosines 
of  the  normal,  and  R  one  of  the  principal  radii  of  curvature,  the 
corresponding  principal  center  of  curvature  will  be  given  by  the 
formulae 

(37)        A'  =  x-f-7?X,  r=y-f7//t,         Z  =  z-\-Rv. 

As  the  point  (a;,  y,  z)  describes  a  line  of  curvature  tangent  to 
the  normal  section  whose  radius  of  curvature  is  /?,  this  center  of 
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onryature,  as  we  have  just  seen,  will  describe  a  curye  F  tangent  to 
the  normal  MN;  henoe  we  must  have 

dX^dY^dZ 

or,  replacing  X,  Y,  and  Z  by  their  yalues  from  (37)  and  omitting  the 
common  term  dR, 

dx-^  RdX      dy  +  Rda      dz  +  Rdv 

The  value  of  any  of  these  ratios  is  zero,  for  if  we  take  them  by 
composition  after  multiplying  each  term  of  the  first  ratio  by  A,  of 
the  second  by  /*,  'and  of  the  third  by  v,  we  obtain  another  ratio 
equal  to  any  of  the  three ;  but  the  denominator  of  the  new  ratio  is 
unity,  while  the  numerator 

Xdx  -f  fidy  -h  ydz  -f-  R(XdX  +  M^M  +  ^^y) 

is  identically  zero.  This  gives  immediately  the  formulse  of  Olinde 
Bodrigues: 

(38)     dx  +  Rd\=zO,         dy  +  Rdfi^O,        dz-^Rdv==0, 

which  are  very  important  in  the  theory  of  surfaces.  It  should  be 
noticed,  however,  that  these  formulae  apply  only  to  a  displacement 
of  the  point  (x,  y,  z)  along  a  line  of  curvature. 

249.  Lines  of  cunratore  in  parameter  form.  If  the  equations  of  the 
surface  are  given  in  terms  of  two  parameters  u  and  v  in  the  form 
(19),  the  equations  of  the  normal  are 

X-x      Y-y      Z-z 

-^ , 


ABC 

where  A^  B,  and  C  are  determined  by  the  equations  (21).  The 
necessary  and  sufficient  condition  that  this  line  should  describe  a 
developable  surface  is,  by  §  223, 


(39) 


dx      dy     dz 
ABC 
dA     dB     dC 


=  0, 


where  oj,  y,  z,  A,  By  and  C  are  to  be  replaced  by  their  expressions 
in  terms  of  the  parameters  u  and  v;  hence  this  is  the  differential 
equation  of  the  lines  of  curvature. 
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As  an  example  let  as  find  the  lines  of  corvatore  on  the  hellcoid 

y 
zsaarctan't 

X 

whose  eqostion  is  equivalent  to  the  qrstem 

x  =  pcostf,        y  =  psintf,        z  =  aB. 

Iq  this  example  the  equations  for  A^  fi,  and  C  are 

^costf  +  Bsintf  =  0,        -  ilpsintf  +  Bpcostf  +  Ca  =  0. 

Taking  C  =  p,  we  find  ^  =  asin  tf,  B  =  —  acoiS.    After  expansion  and  simpli- 
fication the  differential  equation  (39)  becomes 

(to«_(i,«  +  a«)dd«  =  0       or       d$  =  ±--M=' 

Choosing  the  sign  +,  for  example,  and  integrating,  we  find 

p  +  V/B«  +  a«  =  a«»-»«,       or      p  =  ?  [e«-^  -  e-<»-».)] . 

The  projections  of  these  lines  of  corrature  on  the  xy  plane  are  all  spirals  which 
are  easily  constructed. 

The  same  method  enables  us  to  form  the  equation  of  the  second 
degree  for  the  principal  radii  of  curvature.  With  the  same  symbols 
Af  By  C,  )if  fly  y  we  shall  have,  except  for  sign, 

^^     A_  ^  B  ^  C 

We  shall  adopt  as  the  positive  direction  of  the  normal  that  which 
is  given  by  the  preceding  equations.  If  ^  is  a  principal  radius  of 
curvature,  taken  with  its  proper  sign,  the  co5rdinates  of  the  corre- 
sponding center  of  curvature  are 

X  =  x  +  pA,         r^y  +  pB,         Z  =  z  +  pC, 
where  

iJ  =  p  Vyl« -f- ^ -f  C«. 

If  the  point  (x,  y,  z)  describes  the  line  of  curvature  tangent  to  the 
principal  normal  section  whose  radius  of  curvature  is  R^  we  have 
aeen  that  the  point  {X,  Y,  Z)  describes  a  curve  F  which  is  tangent 
to  the  normal  to  the  surface.     Hence  we  must  have 

dx  ■\'  pdA  -f  i4  (f p  _  dy  -\'  p  dB  -\-  B  dp  __  dz  -{-  p  dC  -^  C  dp 
A  '^  B  '^  C  * 
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or,  denoting  the  common  yalues  of  these  ratios  by  dp  +  K, 

fdx  +  pdA  ^AK  =  Oy 
(40)  idy  +  pdB-BK^^O, 

[dz  +pdC  —  CK^O. 

Eliminating  p  and  K  from  these  three  equations,  we  find  again  the 
differential  equation  (39)  of  the  lines  of  curyature.  But  if  we 
replace  dx,  dy^  dz,  dA,  dB,  and  dC  by  the  expressions 


0  X  OX 


respectively,  and  then  eliminate  du,  dvy  and  K,  we  find  an  equation 
for  the  determination  of  p : 


(41) 


dx        dA 
dy  ,      dB 


dx        dA 


dv 

By 


BE 


Bu         ^" 


B£ 
Bu 


Bv      ^  Bv 

Bz         Be 
51  +  P  aT 


Bv 


Bv 


=  0. 


If  we  replace  p  by  r/^A*  -^^  B^  +  C*,  this  equation  becomes  an 
equation  for  the  principal  radii  of  curvature. 

The  equations  (39)  and  (41)  enable  us  to  answer  many  questions 
which  we  have  already  considered.  For  example,  the  necessary 
and  sufficient  condition  that  a  point  of  a  surface  should  be  a  parar 
bolic  point  is  that  the  coefficient  of  p'  in  (41)  should  vanish.  In 
order  that  a  point  be  an  umbilic,  the  equation  (39)  must  be  satisfied 
for  all  values  of  du  and  dv 

As  an  example  let  ua  find  the  principal  radii  of  curvatare  of  the  rectilinear 
helicoid.  With  a  slight  modification  of  the  notation  used  above,  we  shall  biTe 
in  this  example 


B  =  — acosv,        C  =  «, 


x  =  MC080,        y=     «smv, 
A  =  asinv, 

and  the  equation  (41)  becomes 

a*p^  =  o»  +  M«, 

whence  JR  =  ±  (a*  +  v')/<>*     Hence  the  priwiipalradU  cf  curvature  of  the  hdieoid 
art  numerieaUy  equal  and  oppotUe  in  tt^n. 

850.  Joachimsthal's  theorem.  The  lines  of  curvature  on  certain 
surfaces  may  be  found  by  geometrical  considerations.  For  example, 
it  is  quite  evident  that  the  lines  of  curvature  on  a  surface  of  revolu- 
tion are  the  meridians  and  the  parallels  of  the  surface,  for  each  of 
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these  curves  is  tangent  at  every  point  to  one  of  the  axes  of  the 
indicatriz  at  that  point  This  is  again  confirmed  by  the  remark 
chat  the  normals  along  a  meridian  form  a  plane,  and  the  normals 
ilong  a  parallel  form  a  circular  cone,  —  in  each  case  the  normals 
^orm  a  developable  surface. 

On  a  developable  surface  the  first  system  of  lines  of  curvature 
consists  of  the  generators.  The  second  system  consists  of  the 
orthogonal  trajectories  of  the  generators,  that  is,  of  the  involutes  of 
bhe  edge  of  regression  (§  231).  These  can  be  found  by  a  single  quad- 
rature. If  we  know  one  of  them,  all  the  rest  can  be  found  without 
even  one  quadrature.    All  of  these  results  are  easily  verified  directly. 

The  study  of  the  theory  of  evolutes  of  a  skew  curve  led  Joa- 
chimsthal  to  a  very  important  theorem,  which  is  often  used  in  that 
theory.  Let  S  and  S'  be  two  surfaces  whose  line  of  intersection  C 
is  a  line  of  curvature  on  each  surface.  The  normal  MN  to  S  along 
C  describes  a  developable  surface,  and  the  normal  MN'  to  S'  along 
C  describes  another  developable  surface.  But  each  of  these  normals 
is  normal  to  C.  It  follows  from  §  231  that  if  two  surfaces  have  a 
eammon  line  of  curvature,  they  intersect  at  a  constant  angle  along 
that  line. 

Conversely,  if  two  surfaces  intersect  at  a  constant  angle,  and  if 
their  line  of  intersection  is  a  line  of  curvature  on  one  of  them,  it  is 
also  a  line  of  curvature  on  the  other.  For  we  have  seen  that  if  one 
family  of  normals  to  a  skew  curve  C  form  a  developable  surface, 
the  family  of  normals  obtained  by  turning  each  of  the  first  family 
through  the  same  angle  in  its  normal  plane  also  form  a  developable 
surface. 

Any  curve  whatever  on  a  plane  or  on  a  sphere  is  a  line  of  curva- 
ture on  that  surface.  It  follows  as  a  corollary  to  Joachimsthal's 
theorem  that  the  necessary  and  sufficient  condition  that  a  plane  curve 
or  a  spherical  curve  on  any  surface  should  he  a  line  of  curvature  is 
that  the  plane  or  the  sphere  on  which  the  curve  lies  should  cut  the 
surface  at  a  constant  angle, 

251.  Dupin*8  theorem.  We  have  already  considered  [§§  43, 146] 
triply  orthogonal  systems  of  surfaces.  The  origin  of  the  theory  of 
such  systems  lay  in  a  noted  theorem  due  to  Dupin,  which  we  shall 
proceed  to  prove : 

Given  any  three  families  of  surfaces  which  form  a  triply  orthogorud 
system :  the  intersection  of  any  two  surfaces  of  different  famUies  is  a 
line  of  curvature  on  ea>ch  of  them. 
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We  shall  base  the  proof  on  the  following  remark.  Let  F(Xf  y,  2) = 0 
be  the  equation  of  a  surface  tangent  to  the  xy  plane  at  the  origin.  Then 
we  shall  have,  f  or  x  =  y  =  «  =  0,  dF/dx  =  0,  dF/dy  =  0,  but  dFjdz  does 
not  vanish,  in  general,  except  when  the  origin  is  a  singular  point 
It  follows  that  the  necessary  and  sufficient  condition  that  the  x  and 
y  axes  should  be  the  axes  of  the  indicatrix  is  that  «  =  0.  But  tiie 
value  of  this  second  derivative  9  =  d^z/dx  dy  is  given  by  the  equation 

d'F    ^    d^F      ^    d^F       ^  d^F  dF 


dxdy  '  dxdz^  '  dydz^  '    a««  ^   '    dz 

Since  p  and  q  both  vanish  at  the  origin,  the  necessary  and  sufficient 
condition  that  9  should  vanish  there  is  that  we  should  have 

Now  let  the  three  families  of  the  triply  orthogonal  system  be  given 
by  the  equations 

^i(«,  y,  «)  =  />!,         P% (x,  y,  z)  =  p,,         F,(aj,  y,  z)  =  p„ 
where  F|,  F,,  Fg  satisfy  the  relation 

^    ^  dx   dx       dy   dy        dz    dz 

and  two  other  similar  relations  obtained  by  cyclic  permutation  of 
the  subscripts  1,  2,  3.  Through  any  point  M  in  space  there  passes, 
in  general,  one  surface  of  each  of  the  three  families.  The  tangents  to 
the  three  curves  of  intersection  of  these  three  surfaces  form  a  triiec- 
tangular  trihedron.  In  order  to  prove  Dupin's  theorem,  it  will  be 
sufficient  to  show  that  each  of  these  tangents  coincides  with  one  of 
the  axes  of  the  indicatrix  on  each  of  the  surfaces  to  which  it  is 
tangent 

In  order  to  show  this,  let  us  take  the  point  M  as  origin  and  the 
edges  of  the  trirectangular  trihedron  as  the  axes  of  coordinates; 
then  the  three  surfaces  pass  through  the  origin  tangent,  respec- 
tively, to  the  three  coordinate  planes.  At  the  origin  we  shall  have, 
for  example, 

(S)r«.    ®i-».    (tl^o. 
(Sl^o.     ©1=0.    (tl=«. 

im-'  ®\^»-  (m=»- 
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The  axes  of  x  and  y  will  be  the  axes  of  the  indicatrix  of  the  surface 
F(x,  y, «)  =  0  at  the  origin  if  (d^Fi/dx  dy)^  =  0.  To  show  that  this 
is  the  case,  let  us  differentiate  (43)  with  respect  to  y,  omitting  the 
terms  which  vanish  at  the  origin ;  we  find 


or 


(44) 


(  dx\\dx  d'yY  \  dz\\dy  dz}'  ^' 
/dFA    ^    /dF,\        "• 

\a«/o      \^x)^ 


From  the  two  relations  analogous  to  (43)  we  could  deduce  two 
equations  analogous  to  (44),  which  may  be  written  down  by  cyclic 
permutation : 

From  (44)  and  (45)  it  is  evident  that  we  shall  have  also 

which  proves  the  theorem. 

A  remarkable  example  of  a  triply  orthogonal  system  is  furnished 
by  the  confocal  quadrics  discussed  in  §  147.  It  was  doubtless  the 
investigation  of  this  particular  system  which  led  Dupin  to  the  gen- 
eral theorem.  It  follows  that  the  lines  of  curvature  on  an  ellipsoid 
or  an  hyperboloid  (which  had  been  determined  previously  by  Monge) 
are  the  lines  of  intersection  of  that  surface  with  its  confocal  quadrics. 

The  paraboloids  represented  by  the  equation 

p  —  \      g  —  X. 

where  A  is  a  variable  parameter,  form  another  triply  orthogonal 
system,  which  determines  the  lines  of  curvature  on  the  paraboloid. 
Finally,  the  system  discussed  in  §  246, 

^  =  a,     Va:»^-««+Vy«-f  ««  =  )3,     Vx*  ^- ««  -  Vy* -f  »«  =  y, 
is  triply  orthogonal. 


624  SURFACES  [XU,!252 

The  study  of  triply  orthogonal  systems  is  one  of  the  most  interest- 
ing and  one  of  the  most  difficult  problems  of  differential  geometry. 
A  very  large  number  of  memoirs  have  been  published  on  the  sabjeet, 
the  results  of  which  have  been  collected  by  Darboux  in  a  recent 
work.*  Any  surface  S  belongs  to  an  infinite  number  of  triply 
orthogonal  systems.  One  of  these  consists  of  the  family  of  surfaces 
parallel  to  S  and  the  two  families  of  developables  formed  by  the 
normals  along  the  lines  of  curvature  on  S,  For,  let  O  be  any  point 
on  the  normal  MN  to  the  surface  S  at  the  point  M,  and  let  MT 
and  MT'  he  the  tangents  to  the  two  lines  of  curvature  C  and  C 
which  pass  through  M;  then  the  tangent  plane  to  the  parallel  sur- 
face through  0  is  parallel  to  the  tangent  plane  to  5  at  3f ,  and  the 
tangent  planes  to  the  two  developables  described  by  the  normals  to 
S  along  C  and  C  are  the  planes  MNT  and  MNT',  respectively.  These 
three  planes  are  perpendicular  by  pairs,  which  shows  that  the  system 
is  triply  orthogonal. 

An  infinite  number  of  triply  orthogonal  systems  can  be  deriTed 
from  any  one  known  triply  orthogonal  system  by  means  of  succes- 
sive inversions,  since  any  inversion  leaves  all  angles  tmchanged. 
Since  any  surface  whatever  is  a  member  of  some  triply  orthogonal 
system,  as  we  have  just  seen,  it  follows  that  an  inversion  caTriesthe 
lines  of  curvature  on  any  surface  over  into  the  lines  of  curvature  on 
the  transformed  surface.     It  is  easy  to  verify  this  fact  directly. 

S68.  Applicatioiii  to  certain  cUtset  of  ttirfAcot.  A  large  nomber  of  proUeiDi 
have  been  discussed  in  which  it  is  required  to  find  all  the  surfaces  whose  lines 
of  curyature  have  a  preassigned  geometrical  property.  We  shall  proceed  to 
indicate  some  of  the  simpler  results. 

First  let  us  determine  all  those  surfaces  for  which  one  system  of  lines  of 
curvature  are  circles.  By  JoachimsthaPs  theorem,  the  plane  of  each  of  the 
circles  must  out  the  surface  at  a  constant  angle.  Hence  all  the  normals  to  the 
surface  along  any  circle  C  of  the  system  must  meet  the  axis  of  the  circle,  i.e. 
the  perpendicular  to  its  plane  at  its  center,  at  the  same  point  0.  The  sphere 
through  C  about  0  as  center  is  tangent  to  the  surface  all  along  C;  hence  the 
required  surface  must  be  the  envelope  of  a  one-parameter  family  of  spheres. 
Conversely,  any  surface  which  is  the  envelope  of  a  one-parameter  family  of 
spheres  is  a  solution  of  the  problem,  for  the  characteristic  curves,  which  are 
circles,  evidently  form  one  system  of  lines  of  curvature. 

Surfaces  of  revolution  evidently  belong  to  the  preceding  class.  Another 
interesting  particular  case  is  the  so-called  tubular  surface^  which  is  the  envelope 
of  a  sphere  of  constant  radius  whose  center  describes  an  arbitrary  curve  r.  The 
characteristic  curves  are  the  circles  of  radius  R  whose  centers  lie  on  r  and 
whose  planes  are  normal  to  F.    The  normals  to  the  surface  are  also  normal  to  T ; 

*Le(;on9  sur  le«  «v8tcmc8  ortTiogououa  etU*  cAc>TdAiivn£«A  <!»rvUigne»,  1898. 
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hence  the  second  system  of  lines  of  curvature  are  the  lines  in  which  the  sorfaee 
is  cat  by  the  developable  surfaces  which  may  be  formed  from  the  normals  to  T. 
If  both  systems  of  lines  of  curvature  on  a  surface  are  circles,  it  is  clear  from 
the  preceding  argument  that  the  surface  may  be  thought  of  as  the  envelope  of 
either  of  two  one-parameter  families  of  spheres.    Let  SijSa^St  be  any  three 
spheres  of  the  first  family,  Ci ,  Cs ,  Cg  the  corresponding  characteristic  curves, 
and  Jfi ,  ifs ,  lit  the  three  points  in  which  Ci ,  Cs ,  Ca  are  cut  by  a  line  of  curva- 
ture C  of  the  other  system.    The  sphere  8'  which  is  tangent  to  the  surface  along 
C  is  also  tangent  to  the  spheres  ^i ,  Ss ,  £ls  &t  if i ,  iff ,  Jfs ,  respectively.    Hence 
the  required  surface  is  the  envelope  of  a  family  of  spheres  each  of  which  touches 
three  fixed  spheres.    This  surface  is  the  well-known  Dupin  cydide.    Mannheim 
gave  an  elegant  proof  that  any  Dupin  cyclide  is  the  surface  into  which  a  certain 
anchor  ring  is  transformed  by  a  certain  inversion.     Let  y  be  the  circle  which 
is  orthogonal  to  each  of  the  three  fixed  spheres  8\^S%^8t»    An  inversion  whose 
pole  is  a  point  on  the  circomference  of  y  carries  that  circle  into  a  straight  line 
0(y,  and  carries  the  three  spheres  8i,  8^,  St  into  three  spheres  Zi,  Zs,  Za 
orthogonal  to  0(y^  that  is,  the  centers  of  the  transformed  spheres  lie  on  0(y. 
Let  Ci,  Ci,  C^  be  the  intersections  of  these  spheres  with  any  plane  through 
OCy^  C  a  circle  tangent  to  each  of  the  circles  C{^Ci^Ci^  and  Z'  the  sphere 
on  which  C  is  a  great  circle.    It  is  clear  that  Z'  remains  tangent  to  each  of  the 
spheres  Zi,  Za,  Za  as  the  whole  figure  is  resolved  about  OC/^  and  that  the 
envelope  of  Z'  is  an  anchor  ring  whose  meridian  is  the  circle  C 

Let  us  now  determine  the  surface  for  which  all  of  the  lines  of  curvature  of 
one  system  are  plane  carves  whose  planes  are  all  parallel.  Let  ns  take  the  xy 
plane  parallel  to  the  planes  in  which  these  lines  of  curvature  lie,  and  let 

X  cos  a  ■\-ys\na  =  F(a^  t) 

be  the  tangential  equation  of  the  section  of  the  surface  by  a  parallel  to  the  xy 
plane,  where  F(a,  z)  is  a  function  of  a  and  z  which  depends  upon  the  surface 
under  consideration.  The  coordinates  x  and  y  of  a  point  of  the  surface  are 
given  by  the  preceding  equation  together  with  the  equation 

—  X  sin  a  -h  y  cos  a  = 

The  f ormulsB  for  x,  y,  z  are 

(46)    x  =  Fcosa' sina,        y  =  Fsina'H cosa,        «  =  «. 

da  da 

Any  surface  may  be  represented  by  equations  of  this  form  by  choosing  the 
function  F(a^  z)  properly.  The  only  exceptions  are  the  ruled  surfaces  whose 
directing  plane  is  the  xy  plane.  It  is  easy  to  show  that  the  coefficients  AyB,C 
of  the  tangent  plane  may  be  taken  to  be 

-4  =  cosa',        B  =  sina,        C  = ; 

dz 

hence  the  cosine  of  the  angle  between  the  normal  and  the  z  axis  is 

-F,{a,z) 

V  — 


Vl+F2(a,z) 

In  order  that  all  the  sections  by  planes  parallel  to  the  xy  plane  be  lines  of  curva- 
ture, it  is  necessary  and  sufficient,  by  JoachimsthaPs  theorem,  that  each  of 
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thaie  planes  cat  the  surfaee  at  a  constant  angle,  Le.  that  v  be  independent  of  a. 

This  is  equivalent  to  saying  that  Fs(a,  z)  is  independent  of  a,  Le.  that  J](a,  z) 

is  of  the  form 

F(a.  z)  =  ^(«)  +  f  (a) , 

where  the  functions  ^  and  f  are  arbitrary.    Substitoting  this  value  in  (46),  we 
that  the  most  general  solution  of  the  problem  is  given  by  the  equations 

X  =  f  (a)cosa:  —  f'(a:)sina:  +  ^(s)co8a:, 
(47)  \y  =  f  (a)sina:  +  f'(a:)cosa  +  ^(s)sina:, 


[  X  =  Ha) 
\z  =  z. 


These  surfaces  may  be  generated  as  follows.  The  first  two  of  equations  (47), 
for  z  constant  and  a  variable,  represent  a  family  of  parallel  curves  which  sie 
the  projections  on  the  xy  plane  of  the  sections  of  the  surface  by  planes  parallel 
to  the  asy  plane.  But  these  curves  are  all  parallel  to  the  curve  obtained  by  set- 
ting ^(z)  =  0.  Hence  the  surfaces  may  be  generated  as  follows :  Takxng  in  ikt 
xu  plane  any  curve  whateoer  and  its  paraUel  curves^  l\ft  each  qf  the  cwrvea  vaU- 
caUy  a  dietance  given  by  some  arbitrary  law ;  the  curves  in  their  new  positions  form 
a  surface  which  is  the  most  general  solution  of  the  problem. 

It  is  easy  to  see  that  the  preceding  construction  may  be  replaced  by  the 
following :  The  required  surfaces  are  those  described  by  any  plane  curve  vkm 
plane  rolls  unthout  slipping  on  a  cylinder  of  any  ba»e.  By  analogy  with  plane 
curves,  these  surfaces  may  be  called  roVLed  surfaces  or  rouUUes,  This  &ct  may 
be  verified  by  examining  the  plane  curves  a  =  const.  The  two  fomilies  of  lines 
of  curvature  are  the  plane  curves  z  =  const,  and  a  =  const. 


IV.   FAMILIES  OF  STRAIGHT  LINES 

The  equations  of  a  straight  line  in  space  contain  four  variable 
parameters.  Hence  we  may  consider  one-,  two-,  or  three-parameter 
families  of  straight  lines,  according  to  the  number  of  given  relations 
between  the  four  parameters.  A  one-parameter  family  of  straight 
lines  form  a  ruled  surface.  A  two-parameter  family  of  straight 
lines  is  called  a  line  congruence^  and,  finally,  a  three-parameter 
family  of  straight  lines  is  called  a  line  complex. 

253.  Ruled  surfaces.  Let  the  equations  of  a  one-parameter  family 
of  straight  lines  ((?)  be  given  in  the  form 

(48)  X=^aZ'\-p,  y  =  hz  +  qy 

where  a,  b,  p,  q  are  functions  of  a  single  variable  parameter  u.  Let 
us  consider  the  variation  in  the  position  of  the  tangent  plane  to  the 
surface  S  formed  by  these  lines  as  the  point  of  tangency  moves  along 
any  one  of  the  generators  G.  The  equations  (48),  together  with  the 
equation  z  =  z,  give  the  coordinates  x,  y,  «  of  a  point  3f  on  5  in  terms 
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of  the  two  parameters  ;;;  and  u ;  hence,  by  §  39,  the  equation  of  the 
tangent  plane  at  M  is 

X-x       Y-'ij      Z-z 

a  b  1        =0, 

a'z-\-p'     b'z-^q'         0 

xvhere  a',  b',  p',  y'  denote  the  derivatives  of  a,  b,  p,  q  with  respect 
to  w.  Replacing  x  and  y  by  ««  4-  />  and  bz  -f  y,  respectively,  and 
simplifying,  this  equation  becomes 

(49)     {b'z  +  q'){X  ^aZ  "p)-  (a'z  -|- ;,')(r -  iz  -  y)  =  0. 

In  the  first  place,  we  see  that  this  plane  always  passes  through  the 
generator  Gy  which  was  evident  a  priori^  and  moreover,  that  the  plane 
turns  around  G  as  the  point  of  tangency  M  moves  along  6',  at  least 
unless  the  ratio  (a'«  -^-p^/ib'z  +  q^  is  independent  of  «,  i.e.  unless 
a*q*  —  Vp*  =  0,  —  we  shall  discard  this  special  case  in  what  follows. 
Since  the  preceding  ratio  is  linear  in  Zy  every  plane  through  a  gen- 
erator is  tangent  to  the  surface  at  one  and  only  one  point  As  the 
point  of  tangency  recedes  indefinitely  along  the  generator  in  either 
direction  the  tangent  plane  P  approaches  a  limiting  position  P', 
which  we  shall  call  the  tangent  plane  at  the  point  at  infinity  on  that 
generator.    The  equation  of  this  limiting  plane  P'  is 

(60)  b\X  -aZ^p)-  a\Y  ^bZ  ^q)  =  0. 

Let  «>  be  the  angle  between  this  plane  P'  and  the  tangent  plane  P  at 
a  point  M  (xy  xfy  z)  of  the  generator.  The  direction  cosines  (a'y  p\  y*) 
and  (a,  fi,  y)  of  the  normals  to  P'  and  P  are  proportional  to 

b'y         -  o',         a'b  -  ab' 
Uid 

*'«  +  ?'»     -(«'«+/>%     b(a'z-\'p')-a(b'z  +  q'), 

respectively;  hence 

where 

^  =  a'«   +ft'«   •\-(ab'-bayy 

B  =  a'p'  -f  b'q'  +  (ab'  -  ba')(aq*  -  ftp*), 
C=jp'2    +^'«   -f(ay'-^')«. 

After  an  easy  reduction,  we  find,  by  Lagrange's  identity  (§  ISl), 


(61)      taiio>  =  — : — .   ^     =^-^ ^-^ — : — . 

^    ^  Az-^-B  Az-\-B 
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It  follows  that  the  limiting  plane  P*  is  perpendicular  to  the  tangent 
plane  Pi  at  a  point  Ox  of  the  generator  whose  ordinate  «i  is  giyen  by 
the  formula 

(62)        X,  -      ^  ^      ^'^'  -*•  ^y  +.(^^'  ",^'^K,"  ^"^ 


r»« 


+  V^  +  (a*'  -  fta*)* 


The  point  Ox  is  called  the  central  point  of  the  generator,  and  the  tan- 
gent plane  Pi  at  Oi  is  called  the  central  plane.  The  angle  $  between 
the  tangent  plane  P  at  any  point  M  of  the  generator  and  this  central 
plane  Pi  is  w/2  —  m,  and  the  formula  (51)  may  be  replaced  by  the 
formula 

Let  p  be  the  distance  between  the  central  point  Ox  and  the  point  if, 
taken  with  the  sign  +  or  the  sign  —  according  as  the  angle  which 
OxM  makes  with  the  positive  z  axis  is  acute  or  obtuse.  Then  we 
shall  have  /»  =  («  —  «i)  Vl  +  a*  +  h\  and  the  preceding  formula  may 
be  written  in  the  form 

(53)  tantf  =  ^/», 

where  k,  which  is  called  the  parameter  of  dittrilnaion,  is  defined  by 
the  equation 

^     ^  "■  (a'q*  -  b'p'Xl  +  o*  -f  b^) 

The  formula  (53)  expresses  in  very  simple  form  the  manner  in  which 
the  tangent  plane  turns  about  the  generator.  It  contains  no  quantity 
which  does  not  have  a  geometrical  meaning :  we  shall  see  presently 
that  k  may  be  defined  geometrically.  However,  there  remains  a  cer- 
tain ambiguity  in  the  formula  (53),  for  it  is  not  immediately  evident 
in  which  sense  the  angle  $  should  be  counted.  In  other  words,  it  is 
not  clear,  a  priori,  in  which  direction  the  tangent  plane  turns  around 
the  generator  as  the  point  moves  along  the  generator.  The  sense  of 
this  rotation  may  be  determined  by  the  sign  of  k. 

In  order  to  see  the  matter  clearly,  imagine  an  observer  lying  on  a 
generator  G,  As  the  point  of  tangency  M  moves  from  his  feet  toward 
his  head  he  will  see  the  tangent  plane  P  turn  either  from  his  left 
to  his  right  or  vice  versa,  A  little  reflection  will  show  that  the 
sense  of  rotation  defined  in  this  way  remains  unchanged  if  the 
observer  turns  around  so  that  his  head  and  feet  change  places. 
Two  hyperbolic  paraboloids  having  a  generator  in  common  and 
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lying  symmetrically  with  respect  to  a  plane  through  that  generator 
give  a  clear  idea  of  the  two  possible  situations.  Let  us  now  move 
the  axes  in  such  a  way  that  the  new  origin  is  at  the  central  point  Oi, 
the  new  z  axis  is  the  generator  G  itself,  and  the  xz  plane  is  the  cen- 
tral plane  P^.  It  is  evident  that  the  value  of  the  parameter  of  dis- 
tribution (54)  remains  imchanged  during  this  movement  of  the  axes, 
and  that  the  formula  (53)  takes  the  form 

(53')  tane  =  kz, 

where  $  denotes  the  angle  between  the  xz  plane  Pi  and  the  tangent 
plane  P,  counted  in  a  convenient  sense.  For  the  value  of  Uq  which 
cori*esponds  to  the  z  axis  we  must  have  a=:b=p  =  q=:0,  and  the 
equation  of  the  tangent  plane  at  any  point  M  of  that  axis  becomes 

(b*z  -f  q')X  -  (a'z  -f  i?*)^  =  0. 

In  order  that  the  origin  be  the  central  point  and  the  xz  plane  the 
central  plane,  we  must  have  also  a'  =0,  ^'  =  0 ;  hence  the  equation 
of  the  tangent  plane  reduces  to  r  =  (b'z/p')Xy  and  the  formula  (54) 
gives  k=^b*/p\  It  follows  that  the  angle  $  in  (53')  should  be 
counted  positive  in  the  sense  from  Oy  toward  Ox,  If  the  orienta- 
tion of  the  axes  is  that  adopted  in  §  228,  an  observer  lying  in  the 
z  axis  will  see  the  tangent  plane  turn  from  his  left  toward  his  right 
if  k  is  positive,  or  from  his  right  toward  his  left  if  A;  is  negative. 

The  locus  of  the  central  points  of  the  generators  of  a  ruled  surface 
is  called  the  line  of  striction.  The  equations  of  this  curve  in  terms 
of  the  parameter  u  are  precisely  the  equations  (48)  and  (52). 

Note,  If  a'q'  =  b'p'  for  a  generator  G,  the  tangent  plane  is  the 
same  at  any  point  of  that  generator.  If  this  relation  is  satisfied 
for  every  generator,  i.e.  for  all  values  of  u,  the  ruled  surface  is  a 
developable  surface  (§  223),  and  the  results  previously  obtained  can 
be  easily  verified.  For  if  a'  and  b'  do  not  vanish  simultaneously, 
the  tangent  plane  is  the  same  at  all  points  of  any  generator  G, 
and  becomes  indeterminate  for  the  point  «  =  —  /?'/a'  =  —  q'/b',  i.e. 
for  the  point  where  the  generator  touches  its  envelope.  It  is  easy 
to  show  that  this  value  for  z  is  the  same  as  that  given  by  (52)  when 
a'q*  =  b'p'.  It  follows  that  the  line  of  striction  becomes  the  edge 
of  regression  on  a  developable  surface.  The  parameter  of  distribution 
is  infinite  for  a  developable. 

If  a'  =  b'  =  0  for  every  generator,  the  surface  is  a  cylinder  and 
the  central  point  is  indeterminate. 
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854.  Direct  dflfinition  of  the  penmeter  of  distrilmtion.  The  central 
point  and  the  parameter  of  distribution  may  be  defined  in  an  entirely 
different  manner.  Let  G  and  Gx  be  two  neighboring  generators  co^ 
responding  to  the  values  u  and  u  •\-  hoi  the  parameter,  respectively, 
and  let  Gi  be  given  by  the  equations 

(66)     05  =  (a  -I-  Aa)«  +^  -h  Ap,         y  =  (J  -|-  Ai) s  -|-  3'  -f-  Agr. 

Let  S  be  the  shortest  distance  between  the  two  lines  G  and  (ri,  athe 
angle  between  G  and  G^,  and  (.Y,  r,  Z)  the  point  where  G  meets  the 
common  perpendicular.  Then,  by  well-known  formulae  of  Analytic 
Geometry,  we  shall  have 

Aa  Ag  -I-  A^  A;?  -I-  (g  A^  -  ^  Aa)C(a  +  Aa)  Ay  —  (^  +  Aft)Ap] 
(Aa)«+(A*)«  +  (aA6-6Aa)*  ' 

^__      Aa  Ay  —  A^  Aj? 

""      V(Aa)«  -f  (A*)»  -f  (a  Aft  -  *  Aa)« 


^  V(Aa)'  +  (Aft)*  +  (g  Aft  -  ft  Aa)* 


Va*  +  ft«  -I- 1  V(a  -f  Aa)*  +  (ft  +  Aft)*  + 1 

As  h  approaches  zero,  Z  approaches  the  quantity  z^  defined  by  (52), 

and  (sin  a)/h  approaches  k.    Hence  the  central  point  is  the  limiting 

position  of  the  foot  of  the  common  perpendicular  to  G  and  Gu  ^^^^ 

the  parameter  of  distribution  is  the  limit  of  the  ratio  (sin  a)/3. 

In  the  expression  for  S  let  us  replace  Aa,  Aft,  Ap,  Ay  by  their 

expansions  in  powers  of  hi 

A* 
Aa  =  Aa'  4-  r— o  a"  4-  •  •  • 

and  the  similar  expansions  for  Aft,  Ap,  Ay.     Then  the  numerator  of 
the  expression  for  8  becomes 

AaAy-AftAi?  =  A*(a'y'-ft'^')  +  y(aV  +  a'?"-*V-*y)+-' 

while  the  denominator  is  always  of  the  first  order  with  respect 
to  h.  It  is  evident  that  8  is  in  general  an  infinitesimal  of  the  first 
order  with  respect  to  h,  except  for  developable  surfaces,  for  which 
a'q^  =  h^p\  But  the  coefficient  of  A*/ 2  is  the  derivative  of  a^q*  —  l>j>\ 
hence  this  coefficient  also  vanishes  for  a  developable,  and  the  shortest 
distance  between  two  neighboring  generators  is  of  the  third  order 
(}  230).  This  remark  is  due  to  Bouquet,  who  also  showed  that  if 
this  distance  is  constantly  of  the  fourth  order,  it  must  be  precisely 
zero;  that  is,  that  in  that  case  the  given  straight  lines  are  the 
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tangents  to  a  plane  onnre  or  to  a  conical  surface.  In  order  to  prove 
this,  it  is  sufficient  to  carry  the  derelopment  of  Aa^q  —  ^^p  to 
terms  of  the  fourth  order. 

255.  Congmenoes.  Focal  sorfaoe  of  a  congruence.  Every  two-parameter 
family  of  straight  lines 

(66)  aj  =  a«+/>,         y=zb*  +  q, 

where  a,  h,  p,  q  depend  on  two  parameters  a  and  fiy  is  called  a  line 

eonffruenee.    Through  any  point  in  space  there  pass,  in  general,  a 

certain  number  of  lines  of  the  congruence,  for  the  two  equations  (56) 

determine  a  certain  number  of  definite  sets  of  values  of  a  and  fi  when 

2,  y,  and  z  are  g^ven  definite  values.    If  any  relation  between  a  and  p 

be  assumed,  the  equations  (56)  will  represent  a  ruled  surface,  which 

is  not  usually  developable.    In  order  that  the  surface  be  developable, 

We  must  have 

dadq  —  dbdp  =  0f 

or,  replacing  da  by  (da/da)  da  +  (da /dp)  dfi,  etc., 


(67) 


-(S^4;'"')(l!-+8«)-«- 


rrhis  is  a  quadratic  equation  in  dp/da.     Solving  it,  we  should  usu- 
idly  obtain  two  distinct  solutions, 

(68)  g  =  ^,(a,y8),        ^  =  ^.(a,y8), 

either  of  which  defines  a  developable  surface.  Under  very  gen- 
eral limitations,  which  we  shall  state  precisely  a  little  later  and 
which  we  shall  just  now  suppose  fulfilled,  each  of  these  equations 
is  satisfied  by  an  infinite  number  of  functions  of  a,  and  each  of  them 
has  one  and  only  one  solution  which  assumes  a  given  value  ^  when 
a  =  aQ,  It  follows  that  every  straight  line  G  of  the  congruence 
belongs  to  two  developable  surfaces,  all  of  whose  generators  are 
members  of  the  congruence.  Let  r  and  r'  be  the  edges  of  regression 
of  these  two  developables,  and  A  and  A '  the  points  where  G  touches 
r  and  r',  respectively.  The  two  points  A  and  A '  are  called  the  focal 
points  of  the  generator  G,  They  may  be  found  as  follows  without 
integrating  the  equation  (57).  The  ordinate  z  of  one  of  these  points 
must  satisfy  both  of  the  equations 

zda-^  dp=:0,         zdb  -^  dq  =  0, 
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or.  replacing  da,  db,  dp,  dq  by  their  developments, 


(dh 


dp 

Ca  cfi    '^Z       da  dp    ^ 


Eliminating  z  between  these  two  equations,  we  find  again  the  equa- 
tion (57).  But  if  we  eliminate  dfi/da  we  obtain  an  equation  of  the 
second  degree 

whose  two  solutions  are  the  values  of  z  ior  the  focal  points. 

The  locus  of  the  focal  points  .1  and  A'  consists  of  two  nappes 
]§  and  X  of  a  surface  whose  ec^uations  are  given  in  parameter  form 
by  the  formulae  (56)  and  (59).  These  two  nappes  are  not  in  general 
two  distinct  surfaces,  but  constitute  two  portions  of  the  same  anar 
lytic  surface.  The  whole  surface  is  called  the  focal  surface.  It  is 
evident  that  the  focal  surface  is  also  the  locus  of  the  edges  of  regres- 
sion of  the  developable  surfaces  which  can  be  formed  from  the  lines 
of  the  congruence.  For  by  the  very  definition  of  the  curve  T  the 
tangent  at  any  point  a  is  a  line  of  the  congruence ;  hence  a  is  a 
focal  point  for  that  line  of  the  congruence.  Every  straight  line 
of  the  congruence  is  tangent  to  each  of  the  nappes  ^  and  %',  for  it 
is  tangent  to  each  of  two  curves  which  lie  on  these  two  nappes, 
respectively. 

By  an  argument  precisely  similar  to  that  of  §  247  it  is  easy  to 
determine  the  tangent  planes  at  A  and  ^'  to  S  and  X  (Fig.  51)- 
As  the  line  G  moves,  remaining  tangent  to  r,  for  example,  it  also 
remains  tangent  to  the  surface  S'.  Its  point  of  tangency  A'  will 
describe  a  curve  y'  which  is  necessarily  distinct  from  r'.  Hence 
the  developable  described  by  G  during  this  motion  is  tangent  to  i 
at  .4 ',  since  the  tangent  planes  to  the  two  surfaces  both  contain  the 
line  G  and  the  tangent  line  to  y'.  It  follows  that  the  tangent  plane 
to  2'  at  i4'  is  precisely  the  osculating  plane  of  r  at  -4.  Likewise, 
the  tangent  plane  to  S  at  A  is  the  osculating  plane  of  T'  at  A'' 
These  two  planes  are  called  the  focal  planes  of  the  generator  G, 

It  may  happen  that  one  of  the  nappes  of  the  focal  surface  degen- 
erates into  a  c\irve  C.  In  that  case  the  straight  lines  of  the  con- 
gruence are  all  tangent  to  2,  and  merely  meet  C.  One  of  the 
families  of  developables  consists  of  the  cones  circumscribed  about  1 
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whose  vertices  are  on  C.  If  both  of  tlie  nappes  of  the  focal  surface 
ciegenerate  into  curves  C  and  C\  the  two  families  of  developables 
consist  of  the  cones  through  one  of  the  curves  whose  vertices  lie 
on  the  other.  If  both  the  curves  C  and  C  are  straight  lineSy  the 
congruence  is  called  a  linear  congruence, 

256.  Congmenoe  of  normals.  The  normals  to  any  surface  evidently 
form  a  congruence,  but  the  converse  is  not  true:  there  exists  no 
surface,  in  general,  which  is  normal  to  every  line  of  a  given  con- 
gruence. For,  if  we  consider  the  congruence  formed  by  the  normals 
to  a  g^ven  surface  »S,  the  two  nappes  of  the  focal  surface  are  evidently 
the  two  nappes  %  and  %*  of  the  evolute  of  S  (§  247),  and  we  have  seen 
that  the  two  tangent  planes  at  the  points  A  and  A^  where  the  same 
normal  touches  ^  and  ]§'  stand  at  right  angles.  This  is  a  character- 
istic property  of  a  congruence  of  normals,  as  we  shall  see  by  trying 
to  find  the  condition  that  the  straight  line  (56)  should  always  remain 
normal  to  the  surface.  The  necessary  and  sufficient  condition  that  it 
should  is  that  there  exist  a  function /(a,  P)  such  that  the  surface  S 
represented  by  the  equations 

is  normal  to  each  of  the  lines  (Cf),    It  follows  that  we  must  have 

dx  ,   .dy      dz      ^ 

dx  ,  .dy  ,  dz      . 

or,  replacing  x  and  y  by  a«  +^  and  bz  +  q,  respectively,  and  divid- 
ing by  Va«  -f  *»  -f  1, 

—  (g  Va' -f  6« -H) -f  — =  =  0, 


(61) 


a^  +  *^ 


The  necessary  and  sufficient  condition  that  these  equations  be  com- 
patible is 

3)8\Vo'  +  J«  +  l/      «a\Va»  +  6»  +  l, 


634  SURFACES  [xn,  f  296 

If  this  condition  is  satisfied,  z  can  be  found  from  (61)  by  a  single 
quadrature.  The  surfaces  obtained  in  this  way  depend  upon  a  con- 
stant  of  integration  and  form  a  one-parameter  family  of  parallel 
surfaces. 

In  order  to  find  the  geometrical  meaning  of  the  condition  (62),  it 
should  be  noticed  that  that  condition,  by  its  very  nature,  is  inde- 
pendent of  the  choice  of  axes  and  of  the  choice  of  the  independent 
variables.  We  may  therefore  choose  the  z  axis  as  a  line  of  the  con- 
gruence, and  the  parameters  a  and  p  as  the  codrdinates  of  the  point 
where  a  line  of  the  congruence  pierces  the  xy  plane.  Then  we  shall 
have  p  =  o[9q  =  P,  and  a  and  b  given  functions  of  a  and  p  which  van- 
ish f or  a  =  /3  =  0.  It  follows  that  the  condition  of  integrability,  for 
the  set  of  values  a=s  p  =  0,  reduces  to  the  equation  da/dp  =  U/dou 
On  the  other  hand,  the  equation  (57)  takes  the  form 

which  is  the  equation  for  determining  the  lines  of  intersection  of 
the  xy  plane  with  the  developables  of  the  congruence  after  a  and 
P  have  been  replaced  by  x  and  y,  respectively.  The  condition 
da/dp  =  db/daj  for  a  =  )8  =  0,  means  that  the  two  curves  of  this 
kind  which  pass  through  the  origin  intersect  at  right  angles ;  ^ 
is,  the  tangent  planes  to  the  two  developable  surfaces  of  the  congru- 
ence which  pass  through  the  z  axis  stand  at  right  angles.  Since  the 
line  taken  as  the  z  axis  was  any  line  of  the  congruence,  we  may  state 
the  following  impoi-tant  theorem: 

The  necessary  and  sufficient  condition  that  the  straight  lines  of  a 
given  congruence  be  the  normals  of  some  surfa,ce  is  thai  the  focal  planes 
through  every  line  of  the  congruence  should  be  perpendicular  to  each 
other. 

Note.  If  the  parameters  a  and  p  be  chosen  as  the  cosines  of  the  angles  wbicb 
the  line  makes  with  the  x  and  y  axes,  respectively,  we  shall  have 

a  =  -—=?=,        b=  ^ VrToM^  = -^====L=====» 

and  the  equations  (61)  become 


w 


\>/\-a.»-«fl         5?         dp 
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Then  the  condition  of  integrability  (62)  reduces  to  the  f  onn  dg/da  =  dp/d/S,  which 
means  that  p  and  q  must  be  the  partial  deriyatives  of  the  same  fanction  in(a,  fi): 


dF 

P  =  — » 
da 


dF 


where  F(a,  /3)  can  be  found  by  a  single  quadrature.    It  follows  that  z  is  the 
solution  of  the  total  differential  equation 


4  ^ U,/.g!f  ^^j^W-/a 


w, 


whence 


where  C  is  an  arbitrary  constant. 

S67.  Theorem  of  Mains.  If  rays  of  light  from  a  point  source  are  reflected  (or 
refracted)  by  any  surface,  the  reflected  (or  refracted)  rays  are  the  normals  to 
each  of  a  family  of  parallel  surfaces.  This  theorem,  which  is  due  to  Mains,  has 
been  extended  by  Cauchy,  Dupin,  Oergonne,  and  Quetelet  to  the  case  of  any 
number  of  successive  reflections  or  refractions,  and  we  may  state  the  following 
more  general  theorem : 

If  a  family  of  rays  of  light  are  normal  to  some  surface  at  any  time^  they  retain 
that  property  after  any  number  of  reflections  and  refractions. 

Since  a  reflection  may  be  regarded  as  a  refraction  of  index  —  1,  it  is  evidently 
sufficient  to  prove  the  theorem  for  a  single  refraction.  Let  5  be  a  surface  nor- 
mal to  the  unrefracted  rays,  mM  an  incident  ray  which  meets  the  surface  of 
separation  Z  at  a  point  Jlf,  and  MR  the  refracted  ray.  By  Descartes*  law,  the 
incident  ray,  the  refracted  ray,  and  the  normal  MN  lie  in  a  plane,  and  the 
angles  i  and  r  (Fig.  62)  satisfy  the  relation 
n  sin  i  =  sin  r.  For  definiteness  we  shall  sup- 
pose, as  in  the  figure,  that  n  is  less  than 
unity.  Let  I  denote  the  distance  3ff7i,  and 
let  us  lay  off  on  the  refracted  ray  extended 
a  length  V  =  Mm'  equal  to  k  times  Z,  where 
^  is  a  constant  factor  which  we  shall  deter- 
mine presently.  The  point  m'  describes  a 
surface  8\  We  shall  proceed  to  show  that 
k  may  be  chosen  iff*  such  a  way  that  Mm'  is 
normal  to  ^S^  Let  C  be  any  curve  on  8, 
As  the  point  m  describes  C  the  point  M 
describes  a  curve  F  on  the  surface  Z,  and 
the  corresponding  point  m'  describes  another 
curve  C  on  8\  Let  s,  <r,  s'  be  the  lengths  of  the  arcs  of  the  three  oorves  C,  T, 
C  measured  from  corresponding  fixed  points  on  those  curves,  respectively, 
w  the  angle  which  the  tangent  MTi  to  F  makes  with  the  tangent  MT  to  the 
normal  section  by  the  normal  plane  through  the  incident  ray,  and  ^  and  ^'  the 
angles  which  MTi  makes  with  Mm  and  Mm%  respectively.  In  ordtr  to  find 
0080,  for  example,  let  us  lay  off  on  Mm  a  unit  length  uid  pvo^«ot  Vt^v^iDLllTv> 
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flnt  direetly,  then  by  projecting  it  apon  MT  and  from  MT  opon  MTi.  lliii, 
and  the  limilar  projection  from  Mm'  uptm  IfTi,  give  the  etioatioiis 

co«^  =  8in<co«M,        008^' =  sin  r  008  w. 

Applying  the  formula  (1(K)  of  §  82  for  the  differential  of  a  segment  to  the  8%- 
menu  Mm  and  Mm%  we  find 

dl  =  — doicoswsint, 

(tt'' =  —  do' cos  w  sin  r  —  cb^  cos  9 , 

where  0  denotes  the  angle  between  m'M  and  the  tangent  to  C.    Hence,  repladog 

dl'hjkdlj  we  find 

cos  M  do'(A;  sin  i  —  suir)  =  ds'co6^, 
or,  assuming  k  =  n, 

dg'c(M0  =  O, 

It  follows  that  Mm'  is  normal  to  C,  and,  since  C  is  any  cuire  whatever  on 
ST,  Mm'  is  also  normal  to  the  surface  S'.  This  surface  S'  is  called  the  oiUi- 
caiatic  surface,  or  the  secondary  cauttie.  It  is  clear  that  Sf  is  the  enrelope  of 
the  spheres  described  about  M  as  center  with  a  radius  equal  to  n  times  Jfm; 
hence  we  may  state  the  following  theorem : 

Let  UB  consider  the  surface  8  which  is  normal  to  the  incident  rayt  as  tA«  envelope 
of  a  family  of  spheres  whose  centers  lie  on  the  surface  of  separaiion  Z.  Then  <^ 
awticaustic  for  the  r^racted  rays  is  the  envdope  of  a  family  of  spheret  with  tk 
same  centers,  whose  radii  are  to  the  radii  of  the  corresponding  spheres  of  Uapd 
family  as  unity  is  to  the  index  of  refraction. 

This  envelope  is  composed  of  two  nappes  which  correspond,  respectively, 
to  indices  of  refraction  which  are  numerically  equal  and  opposite  in  sign.  In 
general  these  two  nappes  are  portions  of  the  same  inseparable  analytic  sorfoce. 

858.  Complexes.  A  line  complex  consists  of  all  the  lines  of  a  three-psiameter 
family.    Let  the  equations  of  a  line  be  given  in  the  form 

(64)  x  =  a2+p,        y  =  hz-\-q. 

Any  line  complex  may  be  defined  by  means  of  a  relation  between  a,  b,  p,  9  ol 
the  form 

(66)  F(a,6,p,g)  =  0, 

and  conversely.  If  F  is  a  polynomial  in  a,  &,  p,  g,  the  complex  is  called  i& 
algebraic  complex.  The  lines  of  the  complex  through  any  point  (aco,  ^ot  ^)  ^^^ 
a  cone  whose  vertex  is  at  that  point ;  its  equation  may  be  found  by  eliminating 
a,  6,  p,  q  between  the  equations  (64),  (65),  and 

(66)  xo  =  azo'+  p ,        yo  =  &2o  +  g. 

Hence  the  equation  of  this  cone  of  the  complex  is 


(67) 


./g  -  Xq    y  -vo    Xqz  -  xzq    ypz  -  yzo\  _ 

\Z  —  Zq      Z  —  Zq  Z  —  Zq  z  —  Za    / 


Similarly,  there  are  in  any  plane  in  space  an  infinite  number  of  lines  of  the 
complex ;  these  lines  envelop  a  curve  which  is  called  a  curve  of  the  comp^- 
If  the  complex  is  algebraic,  the  order  of  the  cone  of  the  complex  is  the  aameca^ 
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dam  cf  the  ewrve  cf  the  complez.  For,  if  we  wish  to  find  the  nnmber  of  lines  of 
the  complex  which  pev  through  any  given  point  A  and  which  lie  in  a  plane  P 
through  that  point,  we  may  either  count  the  number  of  generatora  in  which  P 
cuts  the  cone  of  the  complex  whose  vertex  is  at  ^,  or  we  may  count  the  number 
of  tangents  which  can  be  drawn  from  A  to  the  curve  of  the  complex  which  lies 
in  the  plane  P.  As  the  number  must  be  the  same  in  either  case,  the  theorem  is 
proved. 

If  the  cone  of  the  complex  is  always  a  plane,  the  complex  is  said  to  be  linear^ 
and  the  equation  (65)  is  of  the  form 

(68)  ^a  +  JB6  +  Cp  +  Dj  +  E{aq  -  6p)  +  F=  0. 

Then  the  locus  of  all  the  lines  of  the  complex  through  any  given  point  (Xot  Vo  t  *o) 
is  the  plane  whose  equation  is 

X*he  curve  of  the  complex,  since  it  must  be  of  class  unity,  degenerates  into  a 
|K>int,  that  is,  all  the  lines  of  the  complex  which  lie  in  a  plane  pass  through  a 
single  point  of  that  plane,  which  is  called  the  pole  or  the  foeue,    A  linear  com- 
plex therefore  establishes  a  correspondence  between  the  points  and  the  planes 
of  space,  such  that  any  point  in  space  corresponds  to  a  plane  through  that  point, 
and  any  plane  to  a  point  in  that  plane.    A  correspondence  is  also  established 
mmong  the  straight  lines  in  space.     Let  D  be  a  straight  line  which  does  not 
Itelong  to  the  complex,  F  and  F"  the  foci  of  any  two  planes  through  D,  and  A 
the  line  FF*.    Every  plane  through  A  has  its  focus  at  its  point  of  intersection  0 
with  the  line  D,  since  each  of  the  lines  <^F  and  4tF'  evidently  belongs  to  the 
complex.    It  follows  that  every  line  which  meets  both  D  and  A  belongs  to  the 
complex,  and,  finally,  that  the  fociis  of  any  plane  through  D  is  the  point  where 
that  plane  meets  A    The  lines  D  and  A  are  called  conjugate  lines;  each  of  them 
is  the  locus  of  the  foci  of  all  planes  through  the  other. 

If  the  line  D  recedes  to  infinity,  the  planes  through  it  become  parallel,  and 
it  is  clear  that  the  foci  of  a  set  of  parallel  planes  lie  on  a  straight  line.  There 
always  exists  a  plane  such  that  the  locus  of  the  foci  of  the  planes  parallel  to  it 
is  perpendicular  to  that  plane.  If  this  particular  line  be  taken  as  the  z  axis, 
the  plane  whose  focus  is  any  point  on  the  z  axis  is  parallel  to  the  xy  plane.  By 
(69)  the  necessary  and  sufficient  condition  that  this  should  be  the  case  is  that 
A=B=C  =  D  =  0<,  and  the  equation  of  the  complex  takes  the  simple  form 

(70)  aq  -bp  +  K  =  0. 

The  plane  whose  focus  is  at  the  point  (jc,  y,  z)  is  given  by  the  equation 

(71)  Xy  -Yx-\-  K{Z  -  z)  =  0, 

'Where  X,  F,  Z  are  the  running  coordinates. 

As  an  example  let  us  determine  the  curves  wliose  tangents  belong  to  the 
(^receding  complex.  Given  such  a  curve,  whose  coordinates  x,  ^,  z  are  known 
-(unctions  of  a  variable  parameter,  the  equations  of  the  tangent  at  any  point  are 

X-  z _  Y-y _  Z -z 

dx  dy  dz 
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The  neoeasftry  and  sufficient  condition  that  this  line  should  belong  to  the  giyen 
complex  is  that  it  should  lie  in  the  plane  (71)  whose  focus  is  the  point  (x,  y,  t), 
that  is,  that  we  should  have 

(72)  xdy-ydx  =  Kdz. 

We  saw  in  §  218  how  to  find  all  possible  sets  of  functions  x,  ^,  z  of  a  single 
parameter  which  satisfy  sach  a  relation ;  hence  we  are  in  a  position  to  find 
the  required  curves. 

The  results  of  §  218  may  be  stated  in  the  language  of  line  complexes.  For 
example,  differentiating  the  equation  (72)  we  find 

(78)  xdPy  -yd^x  =  KiPz, 

and  the  equations  (72)  and  (73)  show  that  the  osculating  plane  at  the  point 
(x,  y,  z)  is  precisely  the  tangent  plane  (71) ;  hence  we  may  state  the  following 
theorem : 

IfaUthe  tangents  to  a  skew  curve  belong  to  a  linear  line  compUz,  the  oscuialting 
plane  at  any  point  of  that  curve  is  the  plane  whose  focus  is  at  that  point, 

(Appell.) 

Suppose  that  we  wished  to  draw  the  osculating  planes  from  any  point  0  in 
space  to  a  skew  curve  r  whose  tangents  all  belong  to  a  linear  line  complex.  Let 
M  be  the  point  of  contact  of  one  of  these  planes.  By  Appell's  theorem,  tbe 
straight  line  MO  belongs  to  the  complex ;  hence  M  lies  in  the  plane  whose  locos 
is  the  point  0.  Conversely,  if  the  point  M  of  T  lies  in  that  plane,  the  straigbt 
line  MOy  which  belongs  to  the  complex,  lies  in  the  osculating  plane  at  Jf ;  hence 
that  osculating  plane  passes  through  0.  It  follows  that  the  required  points  are 
the  intersections  of  the  curve  with  the  plane  whose  focus  is  the  point  0  (see 
§  218). 

Linear  line  complexes  occur  in  many  geometrical  and  mechanical  applica- 
tions.   The  reader  is  referred,  for  example,  to  the  theses  of  Appell  and  Picard.* 


EXERCISES 

1.  Find  the  lines  of  curvature  of  the  developable  surface  which  is  the 
envelope  of  the  family  of  planes  defined  in  rectangular  coordinates  by  the 
equation 

z  =  ax  +  y<f>{a)  +  iiVl  -r  <i-  -  0*-(<r). 

where  a  is  a  variable  parameter,  <f>{a)  an  arbitrary  function  of  that  parameter, 

and  22  a  given  constant. 

[Licence,  Paris,  August,  1871] 

2.  Find  the  conditions  that  the  lines  x  =  az  -\-  a.  y  =  bz  -\-  p,  where  a.  h,  <^-^ 

are  functions  of  a  variable  parameter,  should  form  a  developable  surface  f'"" 

which  all  of  the  system  of  lines  of  curvature  perpendicular  to  the  generators  lie 

on  a  system  of  concentric  spheres. 

[Licence^  Paris,  July,  1871] 


*  Aunale.8  scionfi^fiques  (ff  V Kcole  Normale  suptrieure,  l.S7()  and  1877. 
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3.  Determine  the  lines  of  curyature  of  the  surface  whose  equation  in  rec- 
tangular coordinates  is 

e*  =  coszcosy. 

[Licence,  Paris,  July,  1875.] 

4.  Consider  the  ellipsoid  of  three  unequal  axes  defined  by  the  equation 

and  the  elliptical  section  E  in  the  xz  plane.  Find,  at  each  point  Mot  E:  1)  the 
values  of  the  principal  radii  of  curvature  Ri  and  JSa  of  the  ellipsoid,  2)  the  rela- 
tion between  Ri  and  R^,  3)  the  loci  of  the  centers  of  curvature  of  the  principal 
sections  as  the  point  M  describes  the  elHpse  E. 

[Licence,  Paris,  November,  1877.] 

5.  Derive  the  equation  of  the  second  degree  for  the  principal  radii  of  curva- 
ture at  any  point  of  the  paraboloid  defined  by  the  equation 

x^      y^ 

-  +  ^  =  22. 

a       0 

Also  express,  in  terms  of  the  variable  z,  each  of  the  principal  radii  of  curva- 
ture at  any  point  on  the  line  of  intersection  of  the  preceding  paraboloid  and  the 
paraboloid  defined  by  the  equation 


a-x      b-\ 

[Licence,  Paris,  November,  1880.] 

6.  Find  the  loci  of  the  centers  of  curvature  of  the  principal  sections  of  the 

paraboloid  defined  by  the  equation  xy  =  oz  as  the  point  of  the  surface  describes 

the  X  axis. 

[Licence,  Paris,  July,  1888.] 

7.  Find  the  equation  of  the  surface  which  is  the  locus  of  the  centers  of  cur- 
vature of  all  the  plane  sections  of  a  given  surface  S  by  planes  which  all  pass 
through  the  same  point  M  of  the  surface. 

8.  Let  MT  be  any  tangent  line  at  a  point  M  of  a  given  quadric  surface,  0  the 
center  of  curvature  of  the  section  of  the  surface  by  any  plane  tli rough  MT, 
and  (y  the  center  of  curvature  of  the  evolute  of  that  plane  section.  Find  the 
locus  of  0^  as  the  secant  plane  revolves  about  MT. 

[Licence,  Clermont,  July,  1883.] 

9.  Find  the  asymptotic  lines  on  the  anchor  ring  formed  by  revolving  a  circle 

about  one  of  its  tangents. 

[Licence,  Paris,  November,  1882.] 

10.  Let  C  be  a  given  curve  in  the  xz  plane  in  a  system  of  rectangular  coordi- 
nates. A  surface  is  described  by  a  circle  whose  plane  remains  parallel  to  the 
xy  plane  and  whose  center  describes  the  curve  C,  while  the  radius  varies  in  such 
a  way  that  the  circle  always  meets  the  z  axis.  Derive  the  differential  equation 
of  the  asymptotic  lines  on  this  surface,  taking  as  the  variable  parameters  the 
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eo(Mliiai«  «  of  aaj  iMiliit,  and  tlM  aiiile  #  iHddi  tlM  ndnso<  the  cir^ 
the  point  makee  with  the  tnee  of  the  plane  of  the  eiiele  on  the  xi  plue. 

Apply  the  result  to  the  peiticiiUr  caae  wliere  the  dure  C  is  a  panboh 
wiioee  vertex  is  at  the  origin  and  whose  azia  is  the  z  axia. 

[Lieemccj  Faria,  July,  1880] 

11.  Determine  the  aajrmptotie  linea  on  a  ruled  sorfaee  which  ia  tangoit  to 
another  ruled  surface  at  every  point  of  a  gmerator  A  of  the  aeeond  mnbet, 
every  generator  of  the  first  snrfiice  meeting  A  at  aome  point. 

It.  Determine  the  curves  ou  a  rectilinear  helieoid  whose  osculating  phae 

always  containa  the  normal  to  the  sur&ice. 

[Lieemee,  Paria,  July,  187&] 

It.  Find  the  asymptotic  lines  on  the  ruled  sur&ice  defined  hj  the  eqnatioes 
2  =  (l  +  ii)cos«,        y  =  (1  — ic)sin«,        t  =  u. 

[Licence,  Nancy,  November,  1900.] 

14*.  The  sections  of  a  surface  iS  by  planes  through  a  straight  line  A  and  the 

curves  of  contact  of  the  cones  circumscribed  about  8  with  their  vertices  od  A 

form  a  conjugate  network  on  the  surface. 

[KoBinGfl.] 

16*.  As  a  rigid  straight  line  moves  in  such  a  way  that  three  fixed  points 
upon  it  always  remain  in  three  mutually  perpendicular  planes,  the  straiglit  line 
always  remains  normal  to  a  family  of  parallel  surfaces.  One  of  the  bnaij  of 
surfaces  is  the  locus  of  the  middle  point  of  the  segment  of  the  given  line  bounded 
by  the  point  where  the  line  meets  one  of  the  coordinate  planes  and  by  the  foot 
of  the  perpendicular  let  fall  upon  the  line  from  the  origin  of  codrdinates. 

[Darboux,  Comptes  rendus,  Vol.  XCII,  p.  446, 1881.] 

16*.  On  any  surface  one  imaginary  line  of  curvature  is  the  locus  of  the  points 
for  which  the  equation  l+p>  +  9^  =  0is  satisfied. 

[In  order  to  prove  this,  put  the  differential  equation  of  the  lines  of  curvatuf^ 
in  the  form 

{dpdy  -  dgda;)(l  +  1)3  +  q*)  +  {pdy  -  qdx){pdp  -\-qdq)  =  0.] 

[Darboux,  Annalea  de  VEcole  normalej  1864.] 
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Abdank-Abakanowicz :  201,  ftn. 
Abel:  15S,  76;  ns,  106;  S4S,  166; 

S77,  177. 
AbePs  lemma:  163, 76 ;  378, 166 ;  379, 

178;  test:  34S,  166;  theorem:  ^77, 

177. 
Abelian  integrals :  9ee  Integrals. 
Absolute  value :  9ee  Value. 
Algebraic    curves:    see   Curves    and 

Functions,  implicit. 
Algebraic  equations :  see  D' Alembert's 

theorem. 
Amp^e :  68,  ftn. ;  78,  42. 
Ampere's  transformation :  78,  42. 
AmsUr:  201,  102. 
Amsler'splanimeter:  201,  102. 
Analytic  extension :  385,  180. 
Analytic  functions,  curves,  etc.:   see 

Functions,  Curves,  etc. 
Anomaly,  eccentric :  248,  ex.  10 ;  406, 

189. 
Apsidal  surfaces :  see  Surfaces. 
Appetti  638,  268. 
AppelPs  theorem :  638,  268. 
Approximate  evaluation:  see  Evalua- 
tion. 
Archimedes  I  134i  M> 
Arcdne,  seriei  for :  383,  179. 
Arctangent,  series  for :  382,  179. 
Area,  of  a  curve :  136,  64 ;  168,  76 ; 

see  also  Quadrature;   of  a  dosed 

curve:    187,  04;   see  also  Integral 

Pdz  +  Qdy;  of  a  surface :  264,  — ; 

272,  181;  in  oblique  coordinates; 

191,  96 ;  in  polar  coordinates :  189, 

96. 
Amdt:  356,  169. 
Array :  353, 169 ;  see  also  Double  series 

and  Infinite  series. 


Assemblages :  140,  68. 
Asymptotic  lines :  606,  242. 
Asymptotic  value  of  T :  291, 14L 
Average  value  theorem:  see  Law  of 
the  mean. 

Balitraindi  496,  ex.  11. 

Bdbrami :  87,  ex.  21. 

BenwuUi,  D.:  411,  196. 

Bertrani :  63,  82 ;  80,  ftn. ;  1S3,  ex.  10 ; 

201,  101 ;  484,  282;  486,  233. 
Bertrand's  curves :  485,  233. 
Bilinear  covariants :  see  Covariants. 
Binomial  differentials :  247,  ex.  8. 
Binomial  theorem :  104,  60 ;  383, 179 ; 

391,  182;  474,228. 
Boniuti  414,  196. 
Bouquet :  480,  280. 
Borda's  series :  133,  ex.  11. 
Bruno,  Faa  de :  34,  ex.  19. 

Calculus  of  variations :  see  Variations. 

Cardioid,  length :  164,  80. 

CaUUani  262,  ftn.;  294,  ex.  9. 

Catenary:  220, 107;  292,  ex.  1;  440, 
208. 

Cauchyz  7,  6;  29, 18;  di,  44;  106,  60; 
183,  91;  288,  140;  ^f^,  166;  331, 
167 ;  ^^f  ,  169 ;  336,  160 ;  5^7,  166 ; 
362,  168 ;  369,  178 ;  ^7^,  ftn. ;  391, 
182 ;  4^,  187;  49S,  ex.  9 ;  636,  267. 

Cauchy*s  test  (series  constant  terms): 
332,  169;  theorem  (series  constant 
terms):  336,  161;  theorem  (integral 
convergence  test):  369, 172. 

Caustics:  4S2,  204;  5^tf,  267. 

Cayley:  279,  184. 

Change  of  variables :  see  also  Transfor- 
mation ;  definlVft  mXA^en^Ax  l^Q>^i^\ 
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double  integrals:  264,  127;  line  in- 
tegrals :  186, 08 ;  moltiple  integrals : 
3 IS,  160;  triple  integrals:  300,  145. 

CbaracterisUc  carve :  4^9,  210. 

ChaaUs :  166,  88. 

Chadet*  theorem :  166,  88. 

Center  of  conratoie :  tee  Carratnie. 

Cead.ro :  495,  ezs.  10  and  11. 

Complexes  (algebraic,  linear,  cone  of, 
etc.):  536,  268. 

Complex  Yariable :  376. 

Conditional  convergence:  tee  Con- 
vergence. 

Congruences,  line:  55i,  266;  linear: 
533,  265 ;  of  normals :  633,  256. 

Conies  (as  anicursal  curves) :  216, 106 ; 
222,  108. 

Conjugate  curves:  495,  ex.  8;  lines: 
511,  246;  tangents:  tee  Tangents. 

Conoid :  509,  248. 

Contact  (of  plane  curves):  443,211; 
(of  skew  curves) :  4S6,  284 ;  (of 
curves  and  surfaces) :  490,  286. 

Contact  transformations:  see  Trans- 
formations. 

Continuity  (definition)  i  2,S;  12,  10 ; 
uniform :  144,  70 ;  261,  120. 

Continuous  functions :  tee  Functions. 

Contour  lines :  262,  125. 

Convergence :  327, 166 ;  360, 167;  354, 
160;  359, 171 ;  see  also  Infinite  series, 
Integrals,  etc. ;  absolute :  344t  164 ; 
351, 167  ;  355, 169;  conditional:  5^7, 
166;  interval  of:  375, 177;  of  inte- 
grals :  369, 176 ;  uniform :  367, 174. 

Convex  surfaces :  500,  239. 

Coordinates,  elliptic:  268,  129;  307, 
147 ;  orthogonal :  see  Orthogonal 
systems ;  polar :  SI,  ex.  1 ;  66,  34 ; 
74,  38 ;  268,  129. 

Comer  (of  a  curve) :  5,  6. 

Cotes  I  199,  100. 

Covariants,  bilinear :  87,  ex.  20. 

Cubic  curves  (unicursal) :  222,  108. 

Cubic  forms :  see  Forms. 

Curvature,  of  a  plane  curve  (center  of) : 
OS,  32  ;  433,  206  ;  (circle  of) :  63,  32  ; 
434^  206 ;  448,  213  ;  (radius  of) :  63, 
32;    66,  34;    433,  206;   of  a  skew 


curve  (center,  radios,  etc):  4^d,2i5; 
471,  226;  of  a  surface:  ^,S391L; 
(principal  centers  of) :  128, 01 ;  501, 
240;  (princ^al  radii  of):  m,^\ 
601,  240 ;  5(^5,  241 ;  619,  249;  lines 
of:  6 14,  246;  5jfi,  260,  251. 

Curves,  algebraic :  221,  108 ;  fee  olio 
Functions,  implicit;  analytic:^, 
102;  409,  103;  deficiency  of:  HI, 
108;  tee  alao  Curves,  unicnnal; 
plane:  6,  5;  5^,32;  df,45;  ^, 
102 ;  426,  201  ff. ;  regular :  408^  1^> 
skew:  5,  6;  52,  27;  4fi9, 103;  ^^, 
215 ff.;  unicursal:  215,  106;  f^i^ 
108. 

Curvilinear  integrals:  tee  Integn^ 
line. 

Cusp:  113,  53;  ^9,  102. 

Cuspidal  edge:  tee  Striction,  line  of* 

Cuts  (for  periodic  function) :  318^  1^* 

Cyclide  (Dupin's) :  624,  252. 

Cycloid :  438,  207. 

D'AlembeH:  131,  68;  ;?W,  142;  55f, 
159. 

D'Alembert^s  test  (series  of  constant 
terms):  332,  150;  theorem:  l^U 
63 ;  f  di,  142  ;  tee  ate>  Roots,  exist- 
ence of. 

Dartxyuzi  6,  ftn.;  140,  ftn.;  i5i,78; 
J^'^,  251 ;  640,  exs.  15  and  16. 

Darboux's  theorem :  161,  73. 

Deficiency :  221,  108 ;  tee  flUto  Inte- 
grals, Abelian,  ond  Curves,  unicursal. 

Definite  integrals :  tee  Integrals. 

De  V Hospital :  tee  L' Hospital,  de. 

Density :  296,  148. 

Derivatives,  definition  of :  5, 6 ;  i^i  I^'> 
i7,  13;  extensions  of  definition  of: 
17,  13;  ftf5,  127;  of  implicit  func- 
tions :  38,  21 ;  40,  23 ;  42,  24 ;  rules 
for:  16,  11. 

Descartes*  folium :  246,  ex.  2. 

Determinants,  functional :  see  Func- 
tional determinants. 

Developable  surfaces :  tee  Surfaces. 

Development  in  series :  405,  189 ;  t^ 
also  Infinite  series,  Taylor's  teiiesi 
Fourier's  series,  etc. 
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DextTOTsal  (skew  cnnre) :  476^  228. 

Differential  equations :  see  Equations ; 
invariants:  see  Invariants;  notation: 
19^  14  ff. ;  parameters :  81^  43 ;  87^ 
ex.  21 ;  510,  244. 

Differentials,  binomial:  aee  Binomial 
differentials;  definition  of:  19,  14; 
higher  orders:  20,  14;  total:  22, 
15  ;  SIS,  151  ff. ;  see  (dso  Integrals, 
line,  and  Integral  P(2x  +  Qdy. 

Differentiation,  order  immaterial :  IS, 
11;  of  integrals:  154,  76;  192,  97; 
194,  97;  55^,  176  ;  S70, 175 ;  of  line 
integrals:  194,  07;  of  series:  S64, 
174;  5*d?,  179;  405,  189. 

Direction  cosines :  i&4f'81- 

Direct  path  (for  periodic  functions): 
S19,  163. 

DiricJdet :  ;e5d?,  124 ;  SOS,  148 ;  S47, 
165;  -^i^  196. 

Dirichlet's  integrals :  SOS,  148 ;  condi- 
tions: 4U,  195. 

Discontinuity  i  4,  i;  6,  ftn. 

Discontinuous  functions:  see  Func- 
tions. 

Division  of  series:  S9S,  183. 

Dominant  functions :  see  Functions. 

Double  integrals :  see  Integrals,  double. 

Double  points,  of  a  curve:  112,  58; 
221,  108;  of  involutions:  2S2,  112; 
of  unicursal  curves :  222,  108. 

Double  power  series :  see  Power  series, 
double. 

Double  series:  S5S,  169;  SS7,  174; 
S88,  182;  see  also  Infinite  series 
and  Substitution  of  series. 

Duliameli  1S6,  ftn. ;  151,  ftn. ;  S40, 
168. 

Duhamel's  test  (series  of  constant 
terms) :  S40,  163. 

JDupini  521,  261 ;  624,  262  ;  5S6,  267. 

Dupin*s  oyciide :  524,  262 ;  theorem : 
521,  261. 

Eccentric  anomaly :  see  Anomaly. 
Edge,  cuspidal :  see  Striction,  line  of ; 

of  regression :  46S,  221. 
Element  of  area :  267,  128 ;  275,  132. 
Element  of  volume :  S04,  146. 


Ellipse,  area  of:   189,  94;  220,  106; 
;^^,  ex.   19;  length  of:  2S4,  112; 
S66,  174. 
Ellipsoid,  area  of :  294,  ex.  9 ;  volume 
of:  285,  137. 

Elliptic  coordinates :  see  Coordinates ; 
functions :  see  Functions ;  integrals : 
see  Integrals ;  points :  5(70,  239. 

Envelopes  (of  plane  curves) :  426,  201 ; 
(of  skew  curves) :  465,  223 ;  (of  sur- 
faces) :  459,  219. 

Epicycloid :  452,  ex.  7. 

Equations,  differential  (developable 
surfaces,  asymptotic  lines,  etc.) :  see 
Surfaces,  developable ;  Asymptotic 
lines,  etc. 

Equations,  total  differential :  see  Dif- 
ferentials, total. 

Equations,  partial  differential  (classi- 
fication):  7S,  38;  (Laplace's):  SO, 
43 ;  (reduction  of) :  72,  38. 

Equations,  intrinsic  (of  a  curve) :  441, 
210;  reciprocal:  2S4, 113;  solutions 
of:  see  Roots  anA  D'Alembert*s 
theorem ;  tangential  (of  a  curve) : 
207,  ex.  21. 

Error,  limit  of:  see  Remainder  and 
Evaluation. 

Euleri  184,  92;  2S6,  113;  24^,  ex.  4; 
280,  134;  ^ii,  196;  501,  240. 

£uler*s  constant :  lOS,  49 ;  integrals ; 
184, 92  ;  280,  134 ;  see  atao  Function 
r ;  theorem  (surfaces) :  501,  240. 

Evaluation,  approximate  (of  definite 
integrals) :  197,  99 ;  199,  100 ;  201, 
101;  207,  ex.  24;  see  also  Pla- 
nimeter;  (factorials):  291,  141; 
(logT):   291,  141. 

Evaluation  of  integrals:  287,  140; 
f 54,  128 ;  297,  143 ;  Sll,  160 ;  575, 
176. 

Evolute:  492,  204;  .^^,  206;  48O, 
231 ;  5i^,  247. 

Existence  of  roots:  see  Roots  and 
Functions,  implicit. 

Exponential,  series  for :  100,  48. 

Extrema:  116,  66;  118,  56;  2:^5,  69; 
128,  61 ;  ;?5i,  120;  see  also  Maxima 
and  Minima. 
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FtoiUiit  (of  ftraight  lines):  6$e, 
868  fl. 

Format :  137,  06. 

Finite  fnnotione :  we  Fonetioiie. 

Focal  pUnee :  S3£,  866 ;  points :  SSI, 
866;  sorfaoe:  SSI,  866. 

Ftems,  binary  cable:  60,  80;  in- 
determinate: we  Indeterminate 
forms. 

Formnln  of  reduction :  aee  Bednction 
fommte. 

Fourier :  4IS,  IV{, 

Foarier*8  series:  4IS,  lOTIL;  aee  aUo 
Trigonometric  series. 

Franklin  I  2S7,  188. 

Frendi  477,229, 

Frenet*s  formnln :  477,  889. 

Fresnel :  86,  ex.  17. 

Fresnel's  wave  surface :  S6,  ex.  17. 

Fonctiooal  determinants:  46,  86;  52, 
28;  5S,  89;  265,  187;  SO4,  146. 

Functions,  analytic:  407,  191  ff.; 
B{p,q):  279, 184 ;  continnons :  14S, 
70;  200,  ftn.;  250,  180;  ^^,  178; 
S78,  178;  ^Jf,  199;  eee  (Um  Con- 
tinuity ;  discontinuous  1-^4;  161, 
79;  195^  98;  fd?5,  exs.  6  and  7; 
defined  by  integrals:  192,  97;  id5, 
98;  221,  108;  dominant:  ^^tf,  181; 
S96,  186;  elliptic:  ;?5;y,  112;  expo- 
nential :  we  Exponential ;  r(a) :  18S, 
92  ;  ;?7P,  134  ;  290,  141 ;  SOS,  148 ; 
^i^,  160;  homogeneous:  29,  18; 
hyperbolic :  219^  106 ;  implicit :  S5, 
20;  4^,  26;  ^dP,  187;  integrable: 
147,  72 ;  ;?d?5,  ex.  8 ;  inverse :  41, 
28;  50,  26;  4^6,  190;  logarithmic: 
we  Logarithm;  monotonic:  148, 
72;  periodic:  ^fi^,  158;  primitiTe: 
see  Primitive  functions  and  Inte- 
grals; rational:  S,  3;  158,  77;  205, 
ex.  12 ;  208,  103;  real  variables:  2, 
2;  ii,  10;  (etc.,  we  special  titles) ; 
transcendental :  221,  108 ;  2S6, 114 ; 
^f,  199;  trigonometric:  100,  48; 
;?;?&,  106;  2S6,  114;  trigonometric 
(inverse):  104,  60;  ;y^;?,  179. 

Fundamental  theorem  of  Algebra :  we 
D'Alembert*8  theorem. 


GaUleo :  ^9,  807. 

Gamma  function:  sw  Function  r(a). 
QoMMi  199, 101;  291^  148;  S44, 168. 
Geometry  of  hig^tor  dimensions:  aw 

Higgler  dimensions. 
Geiyoniie:  6S6,  867. 
(Toufsot:  ^5, fta.;  4S,  fto.;  ^,  ex. 88. 
Growe:  166,  88. 
Graves*  theorem :  166,  88. 
Greatest  limit:  ^f«,  166;  SS6,  160; 

55i,  167  ;  S77,  177. 
CTreen:  «&f,  186;  28S,  140;  509, 149; 

S16,  168 ;  5i«,  163. 
Green*s  theorem:  288,  140 ;  S09, 149; 

^7«,  162 ;  SIS,  168. 

Hodamard :  57^,  ftn. 

Halphen :  55,  ex.  11 ;  5ff,  ex.  18. 

Harmonic  series:  lOS,  49;  5^7, 165. 

Haro*s  series:  18S,  ex.  11. 

Helicoid  t  509,24Zi  619,  849. 

Helix:  482,  881;  ^5,  888. 

Hermite :  97, 46 ;  171, 87;  505, ex.  18; 

2S6,  ftn. 
Hessians:  5^,  30. 
Higher  dimensions :  SIO,  160. 
Highest  common  divisor :  211,  104. 
HiXbert :  i7i,  87. 

Hospital,  deV:  see  L' Hospital,  de. 
Houa :  219,  106. 
Hyperbola,  area  of :  218,  106. 
Hyperbolic  functions :  sw  Functions. 
Hyperbolic  point :  500,  889. 
Hypocycloid:  242,  117;  452,  ex.  7. 


Implicit  functions :  sw  Functions  and 

D^Alembert's  theorem. 
Improper  integrals :  sw  Integrals. 
Incommensurable  numbers :  i^,  ftn.; 

171,  87 ;  249,  ex.  81. 
Indefinite  integrals :  sw  Integrals. 
Independence  of  Path:  S16,  168;  see 

also  Integral  Pdz-\-  Qdy}  of  sur* 

face;  S2S,  156;  sw  oleo  Integrals, 

surface. 
Indeterminate  forms :  10,  S;  97,  47. 
Index  (of  a  function) :  157,  77;  205, 

exs.  11  and  12 ;  322,  164. 
\xi^\<s».txvx:  501,  240  fl. 
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Infinite,  definition  of :  4t  4. 

Infinite  limits :  tee  Integrals,  improper. 

Infinite  series:  2^  1;  99^  ftn.;  18S^ 
01;  S27,  156;  alternating:  182, 
91 ;  complex  terms :  S60,  167  ft ; 
constant  terms:  329,  167 fiL;  devel- 
opment in  :  9J,  46 ;  98, 48 ;  201,  101; 
575,  177;  404,  189;  4^^  1»6;  4i^, 
107;  422,  199;  see  oZto  Taylor's 
series,  etc. ;  differentiation  of :  S64', 
174 ;  380, 179;  405, 189 ;  division  of : 
392, 188 ;  dominant :  see  Functions, 
dominant ;  Fourier's :  418,  197  ff. ; 
harmonic :  103, 49 ;  347, 165 ;  of  in- 
finite series :  see  Substitution  of  series 
and  Double  series;  integration  of: 
201,  101;  364,  174;  368,  174;  Mc- 
Laurin's:  see  McLaurin's  series; 
multiplication  of:  331,  158;  379, 
178;  positive  terms:  2,  1;  329, 
157  fiL;  reversion  of:  407,  190; 
substitution  of:  see  Substitution  of 
series;  sum  of:  V9,  ftn.;  329,  157; 
see  alM  Convergence ;  Taylor's :  see 
Taylor's  series;  trigonometric  1411, 
195  ff.;  variable  terms:  360,  173; 
see  alM  Double  series,  etc. 

Infinitely  small  quantity :  19,  14  ;  see 
alao  Infinitesimal. 

Infinitesimal:  19,  14;  160,  72;  252, 
120. 

Integrable  functions :  see  Functions. 

Integrals,  Abelian :  215, 105;  221, 108; 
;9;9&,  110 ;  differentiation  of :  see  Dif- 
ferentiation of  integrals;  definite: 
149,  68  ff. ;  see  alao  Evaluation  of 
integrals ;  double :  250, 120  ff.;  ellip- 
tic: 226,  110;  231,  112;  233,  112; 
246,  ex.  6;  functions  defined  by: 
see  Functions;  hyx>erelliptic :  226, 
110;  improper:  i75,  89;  179,  90; 
i*5,  91;  ;?5tf,  140;  277,  183;  ;?5P, 
161 ;  369, 173 ;  ^ftfd,  175;  indefinite : 
154,  76 ;  208,  103  ff. ;  see  oZso  Func- 
tions, primitive,  ani  Evaluation  of 
integrals;  integration  of:  see  Inte- 
gration of  integrals;  line:  I84,  98; 
201,  102;  263,  126;  316,  152;  ;»;?;?, 
155 ;  see  also  Differentials,  total,  wnd 


Integral  Pdx  +  Qdy,  and  Green's 
theorem;  logarithm :  245, 118 ;  mul- 
Uple :  310,  150  ff. ;  368,  171 ;  367, 
174;  Pdx  +  Qdy:  5itf,  152  ff.; 
pseudo-elliptic :  234, 118 ;  246,  ex.  5 ; 
247,  ex.  7 ;  surface :  280, 185  ff . ;  322, 
155;  triple:  ;9^,  143;  xdy  -ydx: 
189,  94;  i5i,  96;  206,  ex.  14. 

Integraphs:  201,  102. 

Integration,  of  binomial  differentials: 
224,  109;  of  integrals:  266,  123; 
mechanical:  ;P0i,  102;  of  series: 
201,  101;  ;y&4,  174;  368,  174;  see 
also  Integrals. 

Interpolation :  198,  100. 

Interval:  function  defined  in :  2,2;  7, 
5 ;  of  convergence :  see  Convergence. 

Intrinsic  equations :  see  Equations. 

Invariants  :69,30;  70,  37. 

Inverse  functions :  see  Functions. 

Inversion,  of  functions:  see  Func- 
tions; transformation  of:  66,  35; 
69,  36. 

Involutes :  432, 204;  4^^, 206;  4^0, 231. 

Involutions:  ;?5i,  112;  234, 113;  ;?^7, 
ex.  7. 

Involutory  transformations:  69,  36; 
7^,  41 ;  7.9,  42. 

Jacotri:  22,  ftn.;  5;?,  ex.  5;  46,  ftn.; 
tf^,  ftn. 

Jacobians:  see  Functional  determi- 
nants. 

Jame^ :  609,  243. 

JoacAimstAol :  520,  250. 

Joachimsthal's  theorem :  520,  250 

Jordan :  5&(?,  ftn. 

Xeloin,  Lord :  ^5,  ex.  10. 

KepUri  4O6,  189. 

Kepler's  equation :  249,  ex.  19 ;  4O6, 

189. 
Koenigs :  54^,  ex.  14. 

Lagrange:  6,5;  7,6;  ;?P,  18;  5(?,44; 
198,  100 ;  ;?7-^,  131 ;  404,  189 ;  4^, 
212. 

Lagrange's  formula  (implicit  func- 
tions) :  34,  ex.  8 ;  404, 1S9 ;  formula 


546 


INDEX 


(interpolation):  198,  100;  identity: 

t74,  181. 

Lamii  80^  ftn.;  82,  48;  S26,  ex.  10. 

Laplaeei  73,  88;  84,  ex.  8;  404,  180. 

Lftpl«ce*8  equation :  73,  88. 

Laugeli  14O,  ftn. 

Law  of  the  mean,  for  deriTat^Tea :  8, 
8;  16,\\\  /e,ftn.;  P^,  48;  i55,76; 
265, 127;  for  integral8(l8tlaw):  i5i, 
74 ;  263, 121 ;  for  integrals  (2d  law) : 
151,14;  206,  ex.18;  generalizations: 
10,  ^\  98,4»\  265,  127. 

Lebmffwt  4^2,  100. 

Legendre:  33,  ex.0;  0^,  86;  173,  88; 
5^0,  174;  59^  184. 

Legendre*8  polynomials:  33,  ex.  0; 
173,  88;  f(?A  101;  formula:  431, 
208;  integrals:  fJJ,  112;  366,  174; 
59^  184;  transformation:  68,  36; 
77,  41. 

LeOmi* :  7, 6 ;  iP,  — ;  27, 17 ;  fP,  18. 

Leibniz*  formula :  27,  17. 

Lemnis6ate:  223,  108;  £5^  112. 

Length :  161,  80 ;  164,  80 ;  etc. 

Lie :  68,  ftn. 

r Hospital,  de:  10,  8. 

L* Hospital,  de,  theorem:  /(?,  8. 

Limit:  /,  1 ;  a  lower:  140,  68;  an 
upper :  91,  ftn. ;  140,  62 ;  greatest : 
see  Greatest  limit;  of  error:  see 
ETaluation ;  of  integration :  see  In- 
tegrals; the  lower:  142,  68;  the 
upper :  141,  62. 

Line  complexes :  see  Complexes ;  con- 
gruences :  see  Congruences ;  inte- 
grals: see  Integprals. 

Line  of  curvature :  see  Curvature. 

Line  of  striction :  see  Striction. 

Linear  transformations:  see  Trans- 
formations. 

Liouville:  231,  111. 

Logarithm :  57,  28  ;  100,  49 ;  102,  40 ; 
S8S,  170. 

Loop-circuit:  819,  163. 

Lyon :  484,  ftn. 

Malus :  535,  267. 

Mains*  theorem :  535,  267. 

Mannheim :  495,  exs.  7  and  11 ;  524, 262. 


Jfofision :  207,  ex.  24. 

Maai:  296,  148. 

BCaximnm :  ^,  3 ;  116, 56  ff. ;  .'Ji.  120 , 

see  oteo  Extremnm. 
McLaarin*s  series:  99,  48 ;  S8i.  1T»' 

see  oteo  Taylor's  series. 
Mean,  law  of  the :  see  Law. 
Mechanical  quadrature :  301, 102. 
Jfertens:  362,  168. 
Meusnier:  497,  289. 
Mensnier's  theorem :  497,  230. 
Minimum :  3,  S;   116,  bb;  tee  aiw 

Extremnm. 
M5bius*  strip :  280,  ftn. 
Monge:  29,  18 ;  44,24;  o^S,  251. 
Monotonically    increasing  functions: 

see  Functions,  monotonic. 
Multiple  series :  310, 150 ff.;  ^171; 

367,  174. 
Multiplication  of  series :  see  Series. 
Murphy :  373,  ex.  1. 

.yetoton:  /^,  ftn. 

Normal  sections :  497,  239 ;  501,  340. 

Normals,  congruence  of:  5SS,  266; 
length  of:  30, 10 ;  plane  curves:  SO, 
10;  principal  (skew  curves):  471, 
226. 

Numbers,  incommensurable:  i^^i^'^-* 
171,  87;  ^4^1  ex.  21;  transcenden- 
tal :  171,  87. 

Order  of  contact :  see  Contact. 
Ordinary  points :  see  Points. 
Orthogonal  systems,  of  curves:  f75, 

182;  triple:  80,  43 ;  521,  251. 
Oscillation :  I42, 69;  251, 120;  ^,213. 
Osculating  plane:  453,  215;  455,216; 

sphere :  492,  237. 
Osculation :   93,  45  ;   448,  213 ;  4''>^^ 

215  ;  465,  216  ;  4^5,  235  ;  493,  237. 
Osgrood :  53,  ftn. ;  i5i,  ftn. ;  S69,  ftn. 
Ostrogradsky :  5(?9,  ftn. 
Ostrogradsky^s  theorem  :  309, 149. 

Painlev4 :  ^^,  ex.  23. 
Parabola :  i55,  64  ;  137,  66  ;  ?^0, 107. 
Parabolic  point :  600,  239  ;  5»^(>,  249. 
Paraboloid :  615,  246 ;  5.?8,  251. 
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1  curves :  207,  ex.  20 ;  surfaces : 

X.  16. 

»ter  of  distribution :  628,  263  ; 

254. 

)teT8,   differential;   see  Differ- 

1. 

differential    equations :    tee 
.tions,  partial  differential. 

466,  ftn. 

curves:   69,  36;   207,  ezs.  21 
i2. 

4B6,  ex.  11. 

c  functions :  see  Functions. 
i:  S18,  153. 
:  S22,  154  ;  6S8,  258. 
eter:  201,  102. 
Hi  S86,  181. 

ransf ormatlons :  see  Transfer- 
>n& 
ordinary :  110,  53 ;  408,  Wl. 

singular:   110,   53;   114,  54; 
153  ;  408,  192  ;  409,  ftn. 
. :  204,  ex.  6 ;  5j?.5,  ex.  8. 
Dordinates :  see  Coordinates, 
ne :  473,  227. 
urface :  47S,  227. 
mials,  continuity  of :  ^,  3 ;  rela- 
'  prime :  211,  104  ;  214,  104. 
al  equation :  see  Laplace^s  equa- 

series :  S75,  177  ff. ;   double : 
185. 

76  functions :  139, 67;  154,  76 ; 
90  Integrals. 

eU  normals,  tangents,  etc. :  see 
lals,  Tangents,  etc. 
mmi  340,  162. 
d:  285,  188;  310,  160. 
dal  formula:  286,  138. 
ive  transformations :  see  Trans- 
itions. 

•elliptic  integrals :  see  Integrals. 
; :  4S4,  232. 

ture :   134,  64  ;  135,  66 ;   itf(?, 
ee  al9o  Area,  Integrals,  etc. 
!s,  confocal :  5^^,  251. 

curves:  223^  108. 

:  536,  257. 


liaahei  340,  163. 

Kaabe'K  test :  340,  163. 

Radius  of  curvature,  of  torsion:  see 

Curvature,  Torsion. 
Rational  functions :  see  Functions. 
Reciprocal  equations:  see  Equations; 

polars :  see  Transformations ;  radii : 

see  Transformations. 
Rectification  of  curves :  see  Length. 
Reduction  formulffi:  208,  103;  j?i^, 

104;  226,  110;  J?f7,  110;  299,  115; 

j?^(?,  116;  £44,  118;  248,  exs.  16, 

16,  and  17 ;  249,  ex.  21. 
Regression,  edge  of:  4^3,  221. 
Regular  curves :  see  Carves. 
Remainder  (Taylor*s  series) :  90,  i^; 

98,  48. 
Reversion  of  series :  407,  190. 
Riccati  equations :  611,  244. 
Riemann:  I40,  ftn.;  309,  ftn.;   547, 

166. 
Riemann^s  theorem :  309,  ftn. ;  see  also 

6reen*s  theorem. 
Roberta :  294,  ex.  10. 
Rodriguea  2  S3,  ex.  8 ;  517,  248. 
Rodngues*  formula :  517,  248. 
Rollers  theorem :  7,  7. 
Roots,  existence  of:  3,  S;  291,  142; 

5;?i,  154;    see  elZso  Functions,  im- 
plicit, and  D^Alembert*s  theorem. 
Roulette :  207,  ex.  23 ;  220, 107 ;  626, 

252. 
Rouqueti  496,  ex.  4. 
Ruled  surfaces :  see  Surfaces. 

Schsfferi  125,  66. 

Sc^22 :  4^5,  ex.  7. 

Schwarz :  ii,  9. 

Schwarzian :  88,  ex.  22. 

Sequences :  327,  166  ;  see  also  Infinite 

series. 
Series :   see   Infinite  series,  Taylor*s 

series,  Double  series,  etc. 
iSerret :  234,  ftn. ;  495,  ex.  7. 
Serret*s  curves :  234,  ftn. 
Simpson:  199,  100. 
Singular  points:    110,  63;    II4,  54; 

5i5,   163;   408,  192;   405»  ftn. 
Sinistrorsal  (skew  curve) :  476,  228. 
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Skew  corres :  act  Carvw. 

SUin^i  Jin,  ex.  33. 

Stokmi  JSJ^  130. 

Stoket'  theorem :  J8S,  136. 

Slriolioii«  line  of:  5;^9,  868. 

Sdmii:  /74,  88. 

Smnii  seqaencet :  17 4^  88. 

SnlmoniuU :  SOy  10. 

Sutetiiutloii  of  MriM :  ^M,  188 ;  597, 

188 ;  tie  olao  Doable  Mriet. 
SabiUlatioiM :  Mt  Tttunfonnalionii. 
Subumgent:  50, 10. 
SnrtMe  iniegrals :  Mt  Integrals. 
Soiftkcee:  75,  80;  ^97,  88811.;  uia- 

lyUo:  4i0,  IMII.;  apddal:  86y  ex. 

17;  drrekHpable :  79,48;  ^i,881; 

4«4t888;  505,841;  f6eal:55i, 855; 

pmlM:  ^ez.  18;  niled:  f^,  188; 

509« 844;  5i«,  863;  treuintkHi :  SIS, 

846;  tubular:  Jii5«868;  unilateral: 

ft90^  186;  wate:  M,  ex.  17. 

TiMfentlal  equalione:  f97,  eoL  81. 
TMDtfenta,  aeymptoilc :  505, 840;  oon- 

)ufaie:5ii,846;  lengtliof:50,19; 

principal:  SOS,  840;  atatlonaiy:  AS7, 

817;  to eurree (plane) :  5, 6 ;  65,  38; 

M,46;  5r,47;  tocunrei  (akew):  5, 

6;  5i,  87;  to  surfteee:  i«,  18;  5.9, 

88;  76,  38 and  fin. 
T^amry :  55«'(«  fin. 
TV^*«  ••iriw:  59,4411.;  95«48ft.; 

/7i,  88;  197s  61 ;  554. 180;  596, 186. 
l\^MyfMf :  tST,  183. 
Term^by^em  dlftwentlation :  Mt  Dif- 

ANrentlation  of  aeriee;  integration: 

i«e  InlQfTation  of  serk«. 
Tieta  for  conrerfenoe:  Mt  Con^rer- 

gence. 
nUmijMMi,  5^  1I*M. :  Me  Ktfvtii,  Lord. 
TiMol :  4  A^«  ex.  d. 
*I\^T«i\ui  and  R*dias  of  tormon:  47S 

and  ^74s  38^ 
Total  differentials:  3«e  DiffetenUals. 


Traetrix:  441,  200. 

Transcendental  numbers :  17 1,  87. 

Transformations,  contact :  67,  36 ;  77, 
41;  78,  42;  involiitory:  69,36;  78, 
41;  79, 42;  linear :  59, 30 ;  of  codidi- 
nates:  65, 34;  76, 40;  etc. ;  of  curves: 
S6, 36;  of  independent  variable :  61, 
31;  79,38;  7^,39;  of  integrals:  tee 
Change  of  variables ;  point :  66,  35 ; 
65,36;  77,40;  projective:  66,35; 
69,  37;  reciprocal  polars:  69,  36; 
78,  41 ;  reciprocal  radii :  66, 35 ;  69, 
36. 

Trigonometric  functions:  see  Fanc- 
tions;  series:  411,  105. 

Triple  integrals :  see  Integrals. 

Triply  orthogonal  systems :  see  Orthog- 
onal systems. 

UmbUics:  50S,  241 ;  6i0,  240. 

Uniform  curves,  continuity,  conver- 
gence, infinitesimal:  see  Carves, 
Continuity,  Convergence,  Inflniteii- 
mal,  etc. 

Unilateral  surfaces :  see  Surfaces  aid 
M6bius*  strip. 

Upper  limit :  see  Limit. 


Value,  absolute:  5,  3;  S75. 
Variable,  complex :  S75. 
Variations,  calculus  of :  267, 123. 
Ftviaai:  286,  130. 
Viviani*s formula:  286,  130. 
Volume:  254^  122 ;  284, 137;  555, ex.  8; 
S26,  ex.  13. 

WmttUi  240,  116. 
WalUs*  formula:  240,  116. 
Wave  surface :  86,  ex.  17. 
Wewntnmi  6,  6;  i55,  75;  200,  ftn.; 

402.  87;  ^V.  100. 
Weieistrass'  theorem :  422, 109. 

ZtiseC:  .^06,  fm. 
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